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ABSTRACT. A circular distribution is a Galois equivariant map 1 from the
roots of unity peo to an algebraic closure of Q such that 1 satisfies product
conditions, [Jra_. ¥(¢) = ¥(€) for € € poc and d € N, and congruence condi-
tions for each prime number [ and s € N with (I,s) = 1, ¥(e{) = 9(¢) modulo
primes over | for all € € y;,{ € ps, where y; and ps denote respectively the
sets of Ith and sth roots of unity. For such 1, let P;p be the group generated
over Z[Gal(Q(s)/Q)] by ¥(¢),¢ € ps and let C¥ be P¥Y (Us, where Us de-
notes the global units of Q(us). We give formulas for the indices (Ps : P¥)
and (Cs : C;l)) of P;p and C;b inside the circular numbers Ps and units Cg of
Sinnott over Q(us)-

1991 Mathematics Subject Classification: 11R18, 11523, 11R27, 11R29, 11531,
11R34, 11R37.

1. INTRODUCTION

Circular distributions of Coleman(cf. [2]) arise in various contexts in number
theory. In particular, they give rise to Euler systems (cf. [5]) and higher special
units over number fields(cf. [11]). They play a role in connecting the structure of
the ideal class group with that of a certain quotient of special units of an abelian
number field. Circular distributions can also be characterized using an Archimedean
place(ct. [2]). One of the fundamental questions of this paper is computation of the
indices between the circular units coming from various circular distributions. Let p
be the set of sth roots of unity and let (s be a primitive sth root of unity in a fixed
algebraic closure Q2 of Q. Let poo = Uyey #s and pf = s \ {1}, pio = poo \ {1},
where N is the set of positive integers. A circular distribution after Coleman is a
Galois equivariant map f from p* to Q8 such that f satisfies product conditions,

[T #¢) = f(e), for e € p, and d € N

(l=e
and congruence conditions for each prime number [ and s € N with (I,s) = 1,
f(e€) = f(¢) modulo primes over [

for all € € uj, ¢ € pi. Let F denote the set of all circular distributions. Let R; =
Z[G(Q(us)/Q)] be the group ring of the Galois group G(Q(us)/Q) and Roo = lim R,
be the projective limit of R, with respect to the natural restriction maps. Then
R, acts naturally on the group F. In this note, [ denotes a fixed odd prime. For
an abelian group A, we denote by A[l] the profinite I-completion liLnA/Al" of A.
For any subgroup of the global units of a number field being finitely generated as a
Z-module, its profinite [-completion can be identified with the tensor product with
Z;. Let F(s) be the group generated by f(¢) for all f in F and all ¢ in p* and let
1
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Fs be the intersection of F(s) and the global units of Q(us). Then F(s) and F;
contain respectively the circular numbers Py and the circular units Cs of Q(us) in
the sense of Sinnott, as defined in [14] and [15]. In this paper, we let s,, denote (" *1.
Let k = ko = Q(us,) and k, = Q(us, ) be the intermediate field of the cyclotomic
Zy-extension koo = J,, kn of degree I over kg. In fact, we have

F(sa)ll] = Ps, [l], Fs, 1] = Cs,[1]

for all n € N{J{0}(cf. [10]), where P, and Cj, denote the circular numbers and
the circular units respectively of k, in the sense of Sinnott. For each 1 in F, let
PY be the group generated over R,, by ¥(¢),¢ € p} , and let C¢¥ = PY NUs,,
where Us, denotes the global units of k,. Then from the above equation, we have

PUIIC P lll, CF C Gy, ]

for all n € N{J{0}. The group ring R, acts naturally on the groups P¥ and C¥ .
Let £ be the element of F defined by £(¢) =1 — ¢, ¢ € pi.. Notice that P$ and
C¢ are the circular numbers P, and the circular units Cs, of k,. We compute
formulas for the indices of the ¢-circular numbers P¥ and units C¥ coming from
a single circular distribution 1 of F rather than the whole circular units s, inside
the circular numbers P, and units Cs . Suppose that [ is prime to ¢(s), the Euler
phi function. Let

hsn - [kn : @W(Csnm

be the degree of the field extension k,/Q(v((s,)). Notice that if hs, > 1 for
infinitely many numbers n, then t({s, ) is a root of unity for all n(cf. [12]). By
Dirichlet’s unit theorem, in order for the index (Cs, : C¥) to be finite, ¢ must
satisfy the assumption that ¢ ((s, ) ¢ s, , and hs, = 1 as well. Hence in this note,
we will assume that hs, = 1. Let = be the set of nontrivial Dirichlet characters of
Q(us, ), which are even, i.e., x(—1) = 1. If x in Z is of conductor f, then for each
Y € F, we write

200 =2 3 x(a)log (CH)l-
(a,f)=1

We write t(x) = t¢(x). Let Ok, denote the ring of integers of k,. For each prime
l, we define the sign,

sgny () = v, (P(Gn))
of ¢ at [ to be the [,-adic valuation v, (1)(¢in)) of ¥({n), where [, is the unique
prime of Q(u») lying over [ and vy, is the discrete valuation of k,, associated to [,
defined as aQy, = I g with (a,1,) = 1. According to the product conditions
of circular distributions, sgn;(v)) does not depend on n. It depends only on 3 and
prime [. Let v; denote the l-adic valuation defined as v;(I) = 1 and let |.|; denote

the l-adic absolute value normalized by |I|; = 1/I. For a finite set S, we denote by
#(S) the cardinality of S.

Theorem 1.1. PY[l] and C¥ [I] are contained in P, [l] and Cs,[l], respectively.
Suppose that sgn;(v) # 0, and t¥(x) # 0 for all x € Z, then the v-numbers
PY 1] and the ¢-units C¥ [I] have finite indices in Py [I] and Cs, [l], respectively.
Conversely, if PY [l] and C? [l] have finite indices respectively in Py, [l] and Cs,[1],
then we have sgn,(y) # 0, and t¥(x) # 0 for all x € =. In this case, we have the
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following formulas,

(P, 1] : P2 [1]) = 1 Ne@leng T 00t 00" i

XEE

=105, H 100t 00~ i

XEE

era t(x)

SOV ) = |0, =XEE
(Cs, [ : CY 1) = |6, ezt ()

where 0, = #(us,, /11s, N CL).

Sn

In §2, we compute the cohomology groups of the circular numbers and circu-
lar units and relate it to the A-module structures of the inverse limits of circular
numbers and units. We give the outline of the proof of Theorem 1.1.

In the appendix, we apply Sinnott’s argument to compute the index of the -
circular numbers and units using the cohomology groups of -circular numbers and
units, and hence recover the proof of Theorem 1.1. Finally, we remark that if r
is bigger than or equal to the rank rankg, Cls, [I] of Q;-vector space Cl,, [[] ®z, Q,
of the l-primary part Clg, []] of the ideal class group Cl,  of Q(us, ), then all the
results in this note remain valid when the circular distributions are replaced by the
truncated Euler systems & of depth r(cf. [13]). The notion of £ will be briefly
introduced at the end of the appendix.

Acknowledgement: The author is grateful to the referee for helpful comments
on an earlier version of this paper.

2. COHOMOLOGY OF CIRCULAR DISTRIBUTIONS

For a finitely generated Z-module A, let A be the quotient of A by the torsion
subgroup Agor, A = A/Aor. Let k = ko be the cyclotomic field Q(us) or Q(ps1)
according as s is divisible by [ or not. Let k., be the cyclotomic Z;-extension of
k with its unique subfield k, = Q(us,), which is fixed by the Galois group I'"
where I' = G(koo/k). Let Cll] be the inverse limit of Cj, [I] with respect to
the norm maps, where Cs, is the circular units of k,. Then Cu.[l] has a natural
Ryeo-module structure, where Ry = lim Z;[G (k,/Q)] is the completed group ring of
G(koo/Q). The group G(kso/Q) has a direct decomposition G(keo/Q) = G (koo /k) X
G(ko/Q) into the [-part G(ko/k) and the prime to Il-part G(ko/Q). We have
Rieo = A[G(ko/Q)], where A = Z,[[I']] = lim Z,[I'/T',], and I';, = I'"" is the unique
subgroup of I" of index ™. We need the following theorem of Kuz’min.

Theorem 2.1 (=Theorem 1.1 of [7]). The groups Py[l] and Cll] are free A-
modules of rank 1[ko : Q].

For a number field F, let Uy be the l-units of F, i.e., the group of elements of F'
which are unit over the primes not dividing I. For any Z-extension Fio = J,, F}, of
F, let U/, be the [-units of F,, and let U’ [l] = liinﬁsn [l] be the inverse limit of
U’ 4n[l] with respect to the norm maps. The following theorem is due to Kuz'min.
Theorem 2.2 (=Theorem 7.2 of [6]). Suppose that Fu/F is cyclotomic. Then

U'[l] is A-free of rank r1 + o, where 1,712 are the numbers of real places and
complex places of F, respectively.

Note that Greither(cf. [3]) proved a more general theorem on U’ [l] when F.,/F
is cyclotomic or F' does not contain a primitive {th root of unity. In this case, it is
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proved that U’ [l] is A-free of rank 71 + ro + g, where g is the number of primes
lying over [, which split completely over Fi, /F.

Let CZ[l] be the inverse limit of C%.[I] with respect to the norm maps, where
C%, is the t-circular units of k,. We need a proposition of Belliard(cf. [1]). In the
proposition, G,, denotes G(k,/Q).

Proposition 2.3 (=Proposition 1.3 of [1]). Let M, C L, be Z;|Gy]-modules
equipped with the natural norm map Ny, pn @ Ly — Ly and the extension map
inm : Ln — Ly, satisfying the following properties:

(1) Loo »=lim Ly, is A-free.

(ii) 4n,m : Ln — L,C,T;(k’"/k") 18 injective.

(iil) Let M,, verify asymptotic Galois descent, i.e., AN € N such that for all
m>n>N, Mncfz(k’”/k”) = M,,. Then My, := }iﬂan s A-free.

For a circular distribution v, the product condition [[.a_ 1(¢) = 9(e) for € € pieo
and d € N, is known to be equivalent to the following conditions (cf. [9]). For any
prime number, [, and square free integer, r, with (r,1) =1,

NoGu) /G ¥ (G6r) = (G) ™71

and for n —i > 1,

NQ(/J’Z""T')/Q(HN‘Lfl,,-),(/)(Cln Gr) = P(Gn— d)

where Fr; is the Frobenius at [. In the sections to follow, we often use these equiv-
alent conditions rather than the product conditions. In the following proposition,
we give a necessary and sufficient condition for the Oth Tate cohomology group
of the t-circular units to be trivial. The proof follows from arguments similar to
those used for Theorem 2.2 of Belliard(cf. [1]) and Lemma 4.2 of Nguyen Quang
Do(ct. [8]).

Proposition 2.4. Suppose (Co [l]/@:ﬁo ()" < oo, for alln € N. Then the follow-
ing two statements are equivalent.

(i) There exists a positive integer N such that ﬁO(G(km/kn), L ) is trivial for
allm>n> N.

(i) élopo (1] is a A-free module.

Proof. If HO(G(ku/kn),CL.[I]) = 0, then (CZ, [[)Ckn/ka) = N, C¥ 1],

which is equal to C’sdil []] by the assumption on . By Theorem 2.2 and Proposition
2.3, 550[[] is a A-free module. Suppose now that éi [7] is a A-free module. Let 7
be the natural projection from Uy into Ug. We denote the group 7(Us) of norm
coherent units by Ug°!, and similarly for U;?:h and

(Cw )coh — Cw m Ucoh

Sn Sn

for the coherent global units and coherent -circular units of k,,, respectively. When
1 = &, the following lemma is the same as Lemma 2.5 of Belliard(cf. [1]). For a
general v, it follows easily from the same argument. We leave the proof of the
following lemma to the reader.

Lemma 2.5. Let K be a number field and K,/K be a Z;-extension. Let K, be
the unique subfield of Ko, which has degree I"™ over K. Let n € N and let I, be the
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inertia field of K, atl. Then we have
CRll = CF W(CR)*" 1),

If we let I denote the inertia field of p in Ko then we have I C K,:
CElll = CP )M -

It follows from the above Lemma that if [ is totally ramified in k& then the -
circular units of k, are norm coherent. It follows from the exact sequence 0 —

@[l] — U xll] > U [l]/ig’o[l] — 0 and Theorem 2.2 and the snake lemma that

— (Woo[l]/Cépo[l])FT: (CLlr, — (U7so[r,,- As A is noetherian, there is
N such that (U7 [1]/CLI)" = (U7 [l]/CL[I)EN for all n > N. Theorem 7.3
of Kuz'min in [6] tells us that the natural map (U'«[l])r, — U’se[l] is injective.

Hence, we obtain an exact sequence,
0 — (Do [ll/CEIN™ — (CL[r, — (CL)M[l] — 0.

As @[l] is A-free, (@[l})pn is Zi[G(km [kn)]-free. Moreover, G (ky,/ky) acts triv-

ially on Z-free module (U7 [1]/C%[I])T~. For all n > N, we have that the Tate

cohomology HO(G(kp/ky), Cia]l]) is isomorphic to HO(G(km/kn), (CL,)R[l]) =
ﬁ]l(G(km/kn), (U7 [1]/CLDT~) = 0. Let &k be the maximal real subfield of ki,.
For every subgroup A of k,, we write A" := ANk} for its intersection with k.
Let D, := ([ ][]l YN (Cl} ® Z;) be the subgroup of I-Sylow subgroup Cl} ® 7
of k" generated by the primes lying over [. Taking the inverse limits to the exact
sequence 0 — D,, — Clz R Ly — Clz ® Z;/D,, — 0, we have an exact sequence,
0 — Dy — CIf. ® Z; — Cokernel — 0. As [ is totally ramified, T',, acts trivially
on D By the snake lemma, we have 0 — Do, — (ClT, ® Z;)' — (Cokernel)'™.
Leopoldt conjecture, which is true for our abelian case, tells us that the second term
(C1}, ® Z;)" is finite and hence so is D.,. Write S, for the set of primes of &}
lying over I. From the exact sequence 0 — (U, )*[I]/US [I] — Zi[S,] — D, — 0,
we have

0— UL/ (CL

)] = (UL) I/ (CE) NI = Zi[Sc] = Doo — 0
where Z;[Seo] = lim 7, [Sn] = Zi[So) by the assumption on [. Since D is finite,

we have 0 — UL[l]/(CL)*[I] — (UL)F[[]/(CL)H)[I] — Fr — 0, where Fr is a free
Z;-module with trivial Galois action. The snake lemma induces,

0 — (UL[/(CL)FINT™ — (U F[0/(CL) DI ™ — Fr™.

Thanks to the Iwasawa main conjecture, (U%[l]/(Coo)T[l]) and CIE, ® Z; have the
same characteristic ideal. For the latter group, Cl; ® 7Zy, its Galois coinvariant
(ClY, ®7;)"™ is finite by the Leopoldt conjecture. Hence, from the assumption, we
have

(UL/(CR) )™ < oo
If j denotes the complex conjugation then N; = 1 + j is the norm map from k,
to k7. If « lies in the kernel of N, then o/ = a~!, which implies that all the
conjugates of o have an absolute value of one. Because the kernel is a subset of the
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units, the kernel is the set p(k,) of all roots of unity in k,. The exact sequence

0— pu(kn)NCL —C¥ Ny (C¥ )T induces

L — CLll — (C5) ) — (CE)*I/NCE ) — 0
and ((C¥ )™)2 C N;C¥ C (C¥)*. For an odd prime [, we have (Ci)‘*‘[l]/Njaﬁ[l] =

0, CL 1 = (CL)+[I] and CL[l] = (CL)*+[I]. It follows that (CL)*[]] is a free A-
module under our assumption. Since @[Z] is A-free(cf. [1]), M := ﬁ[l]/(C’g’o)Jr[l}
has a projective dimension less than or equal to one. Hence, the maximal finite
submodule My must be trivial. From the exact sequence above, it follows that
((UL)F[1/(CL)+ 1) is isomorphic to a Z;-free module with trivial Galois action.
Hence, we can apply the same argument for the maximal real subfield to obtain
the following isomorphisms. The Tate cohomology HO(G (ky/ky), (CL.)+]1]) is iso-

morphic to HO(G(km /kn), ((CL,)+)<°N[l]), which is isomorphic to the first Tate
group HY(G(k /kn), (UL)T[1]/(CL)F[()T~), which is the trivial group. The
isomorphism above shows that for all m > n > N, H(G(km/kn),CL 1)) =

ﬁIO(G(km/kn), (C¢ )*[I]) = 0. This completes the proof of Proposition 2.4. O

Let % be a circular distribution in F. As was defined in the introduction, let P;/i
be the subgroup of the multiplicative group k,° of k,, generated by the elements
¥(¢) and ps,, for ¢ € ps,,¢ # 1, and let PY = mpgﬁ If sgn;(¢) = 0, then the
index of circular numbers become infinity,

(P, [1] - P 1) = oo,

Hence, we will consider the case ¥((s, ) with sgn;(¢) # 0. Notice that if (¢, ) is
Z-torsion, then PY is either trivial or Z;. Let &,, be the degree of field extension
[Q(¥(Cs,,)) = Q] and Ay, = [k, = Q]/6m- Notice that if h,, > 1 for infinitely many
numbers m, then ¢((s,,) is a root of unity for all m. Hence, if (s, ) is Z-torsion
free then there is an integer N such that for all m > N,h,, = 1. If the [-part
of the index (Cs,,[I] : C¥ [I]) is finite, then ¢ must satisfy the assumption that
¥(Cs,,) & ps,, for an m and hence ¥((s,) ¢ ps, for all @ > m equivalently, and
h, = 1 as we assumed in the introduction. The latter condition is asymptotically
implied by the former condition in the following sense(cf. [12]).

Lemma 2.6. If ¥((s,,) ¢ ps,,, then for all sufficiently large numbers m, h,, = 1.

In order to apply the cohomology groups of circular distributions to the index
formula in the next section, we determine the cohomology groups in the following
proposition. When ) = £, the cohomologies are well known(cf. [4]). For an arbitrary
distribution ¢, we need more calculations. We give here a detailed proof in a self-
contained way.

Proposition 2.7. Suppose that the quotient Cs, [I]/C¥ 1] is finite and sgn; (1)) #
0. Then the Tate cohomology groups of -circular units C’g’m are

H(G(kn/Q),CY ) =0, H'(G(km/Q),CL.) =7/ ¢(5:)Z

Sm

and the Tate cohomology groups of V-circular numbers P;l’m are

H(G(km/Q),PY ) =0, H'(G(km/Q),PY)=0.

Sm
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Proof. Let G = G(kn/Q), H = G(km/Q(%(¢s,,))) and A = G/H. We have a
natural surjection from the group ring Z[A] to P¥ via e — ((s,,). If I¥ denotes
the kernel of this surjection, then Z[A}/I;bm = P;f". Since I;bm is the annihilator
of P¥ inside Z[A], each element Y A ao0 € IY must satisfy > .na0 = 0
from sgn;(v) # 0. It follows that (I%)¢ = 0 and (I%)s) = I, and hence
fIO(G(km/@) I¥ ) = 0. We have an exact hexagon

— H°(G(k /Q), I,) = H(G(km/Q), Z[A)) — H*(G(km/Q), PL) —
— HYG(kn/Q), L) — B (G(kn/Q). ZIA]) — HY (G (ki /Q). I};) <
induced from the exact sequence
0— I} — Z[A] — PY —0.
It follows from the exact hexagon above that
H"(G(kn/Q), PL,) =0

because the first cohomology group H'(G(kn/Q),Z[A]) is trivial. From the as-
sumption of sgn;(¥) # 0, the absolute norm map Ng = Ny, /o induces an exact
sequence,

0—>C’§fn —>P;/jn —7Z —0
where the last map is Ng, and Z is the cyclic group generated by Ng(((s,,)). The
exact sequence induces the exact hexagon.

— H(G(kn/Q),CL ) — H(G(kn/Q), P ) — H(G(km/Q),Z) —
— HY(G(kn/Q), Z) — HY(G(kn/Q), PY ) — H (G(km/Q),CY )

From the remark above, the exact hexagon reduces to
0 — H(Glkn/Q), CL,) — H(Glkn/Q), PL,) > H(Glkn /), 2) —

— HYG(km/Q),CY ) — 0.

First, we show that the map Ny is injective. Let o € (P;fn)G(km/Q). Suppose that
o belongs to the kernel of Ng. Then there is an integer r such that

a‘b(sm) — NQ(OC) — lnlr¢(5m) — NQ(w(CSm))T¢(9m)

where n; is the integer with v;(Ng(¢((s,,))) = m. Hence a = £Ng(¢((s,,))"
because both lie in the rational field and the roots of unity in the rational field are
+1. Hence, the map is injective modulo £1. We can ignore this part because we
will consider for the [-parts, an odd prime [. Hence, we have

H(G(kn/Q),CY ) = 0.

The exact hexagon reduces to the following short exact sequence,
0 — (Gl /Q), PY) 2% HO(Ghn /Q), Z) — HY(G(kn/Q),CL,) — 0.

We now claim that HO(G (kn/Q), PY ) is trivial, and hence Ny is a trivial map.

In order to confirm this, we first consider the short exact sequence above with

1 replaced by £&. Then n; = 1 and Z is generated by [, and (psﬁm)G(km/Q) =

pClhn/Q _ o pGlim/Q)
bl Sm

Sm

are [-units in the rational field containing [%. The
absolute norm map Ny is then a trivial map from Pf(’“m/@ =12 t0 Z)p(s8m)Z =

n

HY(G(ky/Q),Z) in the short exact sequence above. Hence, the first cohomology
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HO(G(ky/Q), P,,)) is a trivial group from the exact hexagon above. From this,
we compute the first cohomology H (G (kyn/Q), PY ) using the Herbrand quotient.
Since 11 ¢(s), F(sm)/P*(sm) = F(8m)/P(sm) is of order prime to I from Theorem
A of [10] and hence F(s,) ® Z; = P(8y,) ® Z;. From this, a natural inclusion
PY [l] < P, [l] follows. Then the cokernel is either infinite or finite. By applying

the snake lemma to the exact sequences,
Ng

0 —— C¥ [I] —— PY 1] Z 0
| | | Metwtcann
0 —— Cy [I] —— P, [I] -2, 7 0

we have that P, [I]/P¥ [I] is finite if and only if C,, [[]/C¥ [I] is finite and the top

absolute norm map Ng is non trivial, i.e., sgn;(¢)) # 0. In this case the indices of
circular numbers and units are given as follows,
(Ps, [l : P2 [0) = 1Moy 1] CF [0).

Sm
If it is infinite then the index (Cs,, [I] : C¥ [I]) is infinite and hence we exclude this

Sm

case. By applying the Herbrand quotient hgx,, /g)(—) to the short exact sequence
0— Py [l] — Py, [l] — P, [I}/P2 [l] — 0,

S

we have

hG (ki /@) (Ps,, 1) = ek, j0) (Pe,, (1)
since the quotient P [I]/P¥ [I] is finite. It follows from the triviality of the
cohomologies H'(G(km/Q), P ), H(G(km/Q), Py, ), H'(G(km/Q), Ps,, ), and the
equality hG(km/Q)(Psm) = hG(km/Q) (P;Z:n) that
H(G(kn/Q), P, 1) = 0.
Let Gy = G(km/ko) be the I-Sylow subgroup of G(k,,/Q) and G = G(k.,/Q)/Go.
As Gy is an I-group, we have H°(Go,P¥ ) = H°(Go,P¥ [l]). It follows that
HO(Gy, (P¥ )G0) = 0 because the order of Gy is prime to I and HO(Gy, (PY)Co) is
of order [-power. From the following equality,
1= H°(G(kn/Q). PL, 1) = (5, 1) /D /Ny, o P I
which is equal to ((P¥ [I])¢*)% /Ng,(Ng, P¥ [l]) and by applying the triviality of
HO(Gy, P¥ ) = HY(Gy, PY [I]), we have
1= (P& 1)) /Na, (PE I = HO(Go, PY, [117") = H*(Go, (PL,) " 1),

Since G is an [-group and H Gy, Pj’m) is a trivial group, it reduces to

H(Go, (PY )Y = H(G(km/Q), PL ).

Sm
Hence we obtain

H(G(kn/Q), PY,) = 1.
It follows from the reduced exact hexagon that HO(G (kn,/Q), C? ) =0, and
H(G(kn/Q),CY,) = H(G(kn/Q), Z) = Z/§(s1)Z.
This completes the proof of Proposition 2.7. O
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Notice that the structure of cohomology groups in Proposition 2.7 is not valid
without the finiteness condition on C;,, [[]/C¥ [I]. Write s(G(Q(u)/Q)) for the sum

in Z[G(Q(u;)/Q)] of elements of G(Q(1)/Q). Let 1(¢) = (1 — ()™, where N, is a
fixed preimage 771 (s(G(Q(u1)/Q))) of s(G(Q(x;)/Q)) under the natural projection
map 7 from the Galois group G(Q(peo)/Q) of the maximal abelian extension Q(fts0)
to the Galois group G(Q(u;)/Q). In this case, ﬁO(G(kO/Q),PjS) =Z/(l - 1)Z.
Hence, in general, the cohomology groups vary depending on . As [ is an odd
prime, it follows that for ¢+ = 1,2 and any subgroup p of s, , the cohomology
group H*(G(ky,/Q), ) is trivial. From this and the short exact sequences 0 —

s, ﬂC;” — C;p —cY - 0, and 0 — ps,, ﬂPSw — P;” — P;fn — 0 induce

Sm

the following isomorphisms
H'(Gkin/Q), CY,) = H (G (kn/Q), C8,), H' Gk /Q), PY) = B (G (ki /Q), P1,,)-
Hence, Proposition 2.7 leads to the following corollary.
Corollary 2.8. Under the assumptions of Proposition 2.7, we have
A Gk /Q). CY,) = 0, H'(Glkn/Q),CL,) = L/ 9(5)
H(Glkn/Q), P1) = 0, H'(G(kn/Q), PY,

Sm Sm

) =0.

In the next section, we will find certain conditions on sgn;(¢), h,, and characters
where the finiteness of indices is satisfied. As a direct consequence of Proposi-
tions 2.4, 2.7, we infer that if the quotient Cs,, [I]/C¥ [I] is finite then T[] is A-
free. From the assumption of I and Corollary 2.8 we have that (P, [{])G(km/kn) =
Ny, /kngﬁ[l], which is equal to P2 [I]. By Theorem 2.2 and Proposition 2.3, Pfo (1]
is a A-free module. We derive the following corollary, which asserts that ﬁi []] and
6150 (1] are A-free.

Corollary 2.9. Under the assumptions of Proposition 2.7, we have that ?i []] and
¢ l] are A-free.

ool

From this freeness result, we can outline the proof of Theorem 1.1.

Sketch of the proof of Theorem 1.1. With simplified notation, let C.[l] be gen-
erated over Ry, by &, and 6:50 [[] by ¥so. Then there is a unique o € Ry, with
Yoo = Esov. By applying an even character x plus the logarithmic embedding ex-
plained in the appendix to this we see that y(«) is exactly t¥(x)/t(x). On the other

hand, C o [l] /éfo [I] is Roo-isomorphic to Ry /aRs. By codescent to finite level for
each character y, the result follows. O

In the appendix, we will give a detailed version of the proof by applying Sinnott’s
argument for its own interest. If ¢ = &, then sgn,;(¢) = 1 and h,, = 1, and hence the
corollary above tells us that Pu[l] and Cuo[l] are A-free, which is known. Theorem
A of [10] leads us to the exact sequence, 0 — CZ.[I] — C, [I] — Cs. [1]/CL 1] — 0,
and because the functor of the inverse limit is left exact we have the short exact
sequence, L L

0— Cé"o[l] —>6oo[l] —>6oo[l]/0§’o[l] — 0.
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We now suppose that the quotient Coo[l]/CL%[l] is finite. For a finitely generated
A-module A, the rank of A is the vector space dimension of A ®, Q(A) over Q(A),
where Q(A) is the quotient field of A. We write Ao := {a € A | IN € A, da =
0, A # 0}. Aissaid to be a A-torsion free module if Ao, = 0. We need the following
proposition of Kuz'min.

Proposition 2.10 (=Proposition 1.1 of [6]). Let A be a A-torsion free module of
rank r. Then A is isomorphic to a submodule of finite index of some A-free module
of rank r. This index is equal to one if and only if A is free.

According to Corollary 2.9, Proposition 2 10 and the short exact sequence above

show that when C [l ]/Cffo[] is finite C". ~[l] must be equal to Cw[l], which is a
A-free module.

Corollary 2.11. Under the assumptions of Proposition 2.7, we have that C o [l]/C 1]
is finite if and only zf@i (1] = Cll].

3. APPENDIX

In this appendix, we apply Sinnott’s argument of [14] to our circular distri-
butions. Let @ be a circular distribution in F. Let ﬁsw be the subgroup of
the multiplicative group k) of k, generated by the elements ¢(¢) and pg, , for
( € ps,,¢ # 1, and let C¥ = PY NU,,. Hence, the y-circular units C¥ of
ko satisfy C¥ = O p,. Write 05, for the cardinality #(us, /ps, NCL). If
P(¢) = £(¢) = 1 — ¢, then 5;”" = C¥ . In this section, we will compute the index
i-circular units of k,, inside the circular units of Sinnott. In order for the index
to be finite we need to assume that ({5, ) ¢ us, and h, = 1, as in the intro-
duction. By Lemma 2.6, the former condition implies the latter condition for all
sufficiently large numbers n. Let U be the global units of the maximal subfield

ki of k, and let (C¥ )t = CY NU; . By the assumption on [/, we have that
Us, = Ut ps, = U C¥ and an isomorphism, U, /C¥ = UF /(C¥)T. Write G,
for the absolute Galois group G(k,/Q) of k,, and write s(G L) for the sum in Z[Gs,)]
of elements of G .

Lemma 3.1. Let a = ¥(() € ZgjfL Then o*(G=n) = 1 if and only if o € éswn, and
alti =1 if and only if a € s, .

Proof. If a € C¥

Sn?

then its absolute norm %) is one because our k,
is imaginary. If a®(@s) = 1, then since C;"n contains (¢)1=7 for 0 € G,
1 = a8(Gn) = o#(Gan) modulo C;/;/. This shows that o must be a unit and hence

an element inside C”/’ If o't = 1, then o*(©») = 1 and hence o must be a unit
whose conjugates have an absolute value of one. This shows that a is a root of
unity. O

Following Sinnott, we now define the map ¢ from k) — R[G, ] to be

t(a) = Z —27og [a? |0

oelG

If t(a) = 0, then o'*7 = 1. By Lemma 3.1, o must be a root of unity in k,. Hence,
the map ¢ induces an isomorphism U, /C¥ = t(U,,)/t(C¥ ). For an R, -module
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A, write Ag,, for the set of elements of A, which is annihilated by s(Gs, ). Using
Lemma 3.1 and the argument of Lemma 4.2 of Sinnott in [14], we obtain
Lemma 3.2. Let T =t(PY). Then t(éﬁ;) = (T¥)q

Sn sn

Let e1 = |G,,|7" Y cq. o be the idempotent associated to the trivial character
of G, . We prove the following lemma, which will be used in the main theorem.

Lemma 3.3. (TY)q, =T N1 —e))TY . If g denotes the number of primes
dividing sy, then the index (1 — e))TY : (T¥ )q.,) is finite and it is given by
(L —e)TE : (T).,) =279¢(sn).

Proof. As (G, )s(Gs,) = #(Gs,)s(Gs,), (TE)a,, =T N(1 —e1)T¥ follows
immediately from the definitions. ((1—e)T¥ /(T¥)a, = ((1—e)T¥ /T N(1—
e1)T¥ ), which is isomorphic to TY + (1 — e1)TY /T¥ = (TY + e TY)/TY =

TY /(TY NeiTE). As TY NerTY = (T¥ )%, there results an isomorphism
(L=e)TE /(TE)a.,, = Ty /(TL) .
First, we compute the numerator,
Ty, = ¢(sn) ' s(Gu JH(PL) = ¢~ (sa)t((PL)* ).

We need the following lemma of Coleman. We include its proof for the reader’s
convenience.

Lemma 3.4 (Coleman). Let f be a circular distribution in F. If s, is divisible
by at least two different primes, then f((s,) is a unit of Q(us,). If s, is a prime
power 1" L then f((s,) is an l-unit of Q(us, ).

Proof. By the norm coherent property of circular distribution f, we have the
equality, No(u,,,)/Qun)f(Gntr) = f(Gn), for any 7 > 0. Let [* denote the prime
ideal of Q(u«) lying over I. Let p be a prime ideal dividing the principal ideal
(f(r)), which is prime to [. Let p be the rational prime, which is divisible by p.
The decomposition group D), of p must be [*Z;, for some a > 0. The inertia group
I, of p is either zero or 1°Z;, for some b > 0. By the local class field theory, the
inertia group I, comes from the local units of the complete local field at p. Hence
if I, is 1°Zy;, then we have a surjection from Z,, to 1°Z; which is impossible. Hence,
the inertia group I, of p must be trivial. The decomposition D, has an infinite
residue class degree, which means (f((;»)) is infinitely divisible by the prime p.
This contradiction implies that f({;») is an l-unit. If s,, is divisible by at least two
different primes [, v, then f((s, ) is a unit outside both ! and v. Hence, f((s, ) must
be a global unit. This completes the proof of Lemma 3.4. O

If 1 # C € ps, and the order of ¢ is not a prime power, then we have (¢)*(Gsn) =
1 by Lemma 3.4. If the order of { is a prime power [* with a > 0, then by Lemma
3.4 and under the assumption sgn;(¢) # 0, there exists a positive rational n;(v))

such that
QZJ(C)S(GSH) — lnl("p)¢(5n)/¢(la’)

and hence (]5;‘71)5(6%) =I1ys., 19(5n) /)2 Tt follows that

1T = ¢(sn) " 1t((BY ) )y = 37 ()

— ] . 7.
2 gy 8t o)
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We now compute (T )% . For an element o € ]3‘” , t(a) € (TY )% if and only if
(0 — Dt(a) =t(a”1) =0, for all 0 € Gy,. As the kernel of ¢ in Pw is the group
of roots of unity, ¢t(a) € (T )% if and only if 1 = (a7~ 1)1 = ( H5yo=1 for
all o € G, , if and only if o™/ € Q*. Let (]5;1:7)1 be the set of elements o € Pé}i
satisfying a7 € Q*. Then we have t((ﬁ;‘;)l) = (TY)%n. Write et = (14 j)/2.
By applying et we have (Ti)GSn = 2*115((13;/;/)}”). Let L be the imaginary
quadratic field in Q(u;). Write ay = Ng(y,)/2¥(G). The integer n;(¢) defined
above satisfies alHj = Ng(¢) = ™). Hence, oy is contained in (ﬁ;ﬂ)l and
(Zgjfl)ﬁj contains the subgroup HY = (™)) of Q* generated by the prime power
M%) As stated in the introduction, for the index to be finite, it is assumed that
hs, = 1. It follows that

<lm(¢)> — gY C (ﬁi)iJrJ C (ﬁszl;)Gw

Sn

and by Proposition 2.7, (P¥ )% is contained in Ng, PY C (Ng, () = ().
Hence, HY = (P¥);™ and (T¥)%n = 27127 () logl) - s(Gs,)Z. By compar-
ing the formulas e, T and (T )%, we obtain the index formula of Lemma 3.3.
O

Here, we define notions that will be used in the proof of Theorem 1.1. Write
u?(r) = —2711og |1 ()], for r € Q\ 1. Then for each even nontrivial Dirichlet char-
acter x associated with k, u¥ (x) = 35, pyo1 X(@)u?(a/f) = =27 35, p—; x(a) log
[(CH) = t¥(). Let X be the complex conjugate of the primitive Dirichlet character
associated with y. Write w¥ = 3 NN Y (X)ey, with the sum taken over the IlOIltI‘lV—
ial characters of G, . Let e, denote the idempotent |G, [~* > .o x(0)o™" asso-
ciated with x. Let 3, = }_  X(l)ey, and let Hy denote the subgroup”of G, consist-
ing of the elements oy, with (¢,m) =1 and ¢t = 1 mod f. By Proposition 2.1 of Sin-
nott in [14], T satisfies (1 —e1)T¥ = w¥W, where W denotes the Z[G,,]-module
generated in (C[Gén] by the elements s(H) H”f(l 71),1 < f < sy, flsn. Asin the
introduction, let v; denote the I-adic valuation defined as v;(l) = 1 and let |.|; denote
the l-adic absolute value normalized by |I|; = 1/l. For a finite set S, #(S) denotes
the cardinality of S. From U, /5“’ = US/(CL)T = (U, )/t(éw) and Theo-
rem 4.1 of [14] and Lemma 3.3, we have that the index (¢(Us,) : (C”/’ )) is equal to
(t(Us,) : €Y Z[Gs,)a,, )T Z[Gys, ]a,, et Wag,, (et Weg,, : (1 el)Tlﬂ’)((l—el)Tfn :
(T¥ )g., )- It is known that the first two indices are finite and independent of our
1. The last index is Lemma 3.3, and hence it remains to compute the index
(e"Wg, : (1 —e1)T¥). Note that (1 —e1)T¥ C X := (1 —e1)e™R[G,,]. It follows
from (1 —e1)T¢ = w*W and (1 — er)etz =z for any z € X that (1 —e)T¥ =
w¥(1—e1)TY¥ . It also follows from ibid that (1—e1)W = W, . The linear transfor-
mation AY on X induced by A¥(z) = w¥z and hence AV (e™Wg,) = (1 —e)TY.
Hence, the index is finite if and only if det(A¥) = ;ﬂ t¥(x) # 0. In this case, the
index is equal to det(A?) = 751 t¥(x). As in the introduction, F(s,,) denotes the
group generated by f(¢) for all f in F and all ¢ in p . Then F(s,) contains the
circular numbers P of Q(us, ). Aslt @(s), the index (F(sy,,) : Ps,) is finite by The-
orem A of [10]. Hence, there is an integer ¢ prime to ¢(s) such that C*(s,)? C P,
If t¥(x) # 0 for all x € Z, then é’l’(sn)q has also a finite index in the global units
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U,, and hence (C¥(s,)? : P, ) is finite. The formula above shows that we can

compute the indices (U} Cw( )9 = (Us, (Cw) )= (t(Us,) : ((éw) )) and
(U;, :Ps,)=(Us, : Cs,) = (t(Us,) : t(Cs, )) The I-primary part of Psn/Cw(sn)
is trivial as ¢ is prime to I. Hence (P;,[I] : C¥(s,)7[l]) = (Py,[I] : C¥(s,)[l]). We
have the following indices,
By e oy - GO HCL ) | det(A¥)
(Cn 1+ G411 = (UCw, 1)+ 4CL 1) = T i) =) e "
which, by det(AY) = 7&1 v (x) is equal to,
[l e=t(x .
| HxE: L‘w - | Ht |l

From the isomorphism C;”H/C’;Z’n = CY p,, /CY = pg, [ps, NCY ., we prove the
second index formula,

o) (HUL, 1) : (G2 1)
(t(Us, [1) - 1(Cs,.[11))
where 6, denotes the cardinality #(ps, /115, (VCY.). Finally from the equality that

(P, [1] : P2 1)) = 1 WNe@nD)(Cy (1] C¥ [1]), we have
er: t(X) |
s T o7 |
er~ tw (X)

which proves the first index formula. This recovers the proof of Theorem 1.1. O

(Cu, 1) O 1)) = 1) (1)) = (G, 1)) = 1

(P,, [I] : P¥ [1]) = 1" WNe((Cm)))|g

Sm

Remark. As we mentioned in the introduction, our results in this study are valid
when the circular distributions are replaced by the truncated Euler systems of a
certain depth. We briefly recall truncated Euler systems of a fixed depth r(cf. [13]).
Let K be an abelian extension of F' containing the Hilbert class field of F. Let
I /p be the set of square free integral fractional ideals a of F, such that each
prime p dividing a has an absolute degree one and splits completely in K, and the
number of primes dividing a is less than or equal to r. For each prime ideal p of
F, let F(p) denote the ray class field of F modulo p, and for an integral fractional
ideal a, let F'(a) denote the composite field of F(p) for all prime divisors p of a.
Let K(a) be the composite of K and F'(a). We define truncated Euler systems
Sf{/F of depth r to be the set of maps ¢ from ITK/F to a fixed algebraic closure
Q*%, such that for each m,n € If/p with njm, ¢(m) € K(m), N (m)/xm®(m)

is equal to z/J(n)Hv\""Pf"(lfFrOb;l), and ¥(np) is congruent to ¥ (n) modulo primes

over p, whenever n is prime to p. Write & for 5}'(/1, when F' = K = Q. Let
Cl,, denote the ideal class group of k,, and let rankg, Cl,, [I] denote the Q;-rank of
Cls,, [l ®z, Q;. Based on these definitions, if r > rankg, Cls,, [I], then all the results
in this note are valid when the circular distributions are replaced by the truncated
Euler systems & of depth 7. This follows from the fact(cf. ibid) that under the
assumption r > rankg, Cl[l] and It ¢(s), we have the following equality,

Ep(sm) ® Zy = Ps,, @ 7y,

where £ (sy,) denotes the set { (C) | ¥ € &), ¢ € ps,, } of all special numbers
coming from truncated Euler systems & of depth r.
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