LAGRANGIAN FLOER SUPERPOTENTIALS AND CREPANT
RESOLUTIONS FOR TORIC ORBIFOLDS
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ABSTRACT. We investigate the relationship between the Lagrangian Floer superpotentials
for a toric orbifold and its toric crepant resolutions. More specifically, we study an open
string version of the crepant resolution conjecture (CRC) which states that the Lagrangian
Floer superpotential of a Gorenstein toric orbifold X and that of its toric crepant resolution
Y coincide after analytic continuation of quantum parameters and a change of variables.
Relating this conjecture with the closed CRC, we discover a geometric explanation (in terms
of virtual counting of stable orbi-discs) for the specialization of quantum parameters to roots
of unity which appeared in Y. Ruan’s original CRC [39]. We prove the open CRC for the
weighted projective spaces X = P(1,...,1,n) using an equality between open and closed
orbifold Gromov-Witten invariants. Along the way, we also prove an open mirror theorem
for these toric orbifolds.
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1. INTRODUCTION

The crepant resolution conjecture (abbreviated as CRC) [7, 22 23, B9] has attracted a
lot of attention in the last ten years, and much evidence has been found, especially in toric
cases [4], [8, 19} 22| 20, 38]. This conjecture arises from string theory: if X is a Gorenstein
toric orbifold and Y is a crepant resolution, then X and Y correspond to two large radius
limit points (or cusps) in the so-called stringy Kdhler moduli space M 4 which parametrizes
a family of topological string theories (A-model) whose chiral rings should be given by the
small quantum (orbifold) cohomology ring of the corresponding target space near each cusp.
Hence it is natural to expect that the quantum cohomology rings QH, (X) and QH*(Y)
should be closely related.

Ruan [39] gave the first precise conjecture which asserts that QH*(Y') is isomorphic to
QH:, (X) after analytic continuation of the quantum parameters of Y and specializing the
exceptional ones to roots of unity. Later, Bryan and Graber [7] proposed a significant
strengthening of this, asserting that, if X satisfies a Hard Lefschetz condition, then even
the big quantum cohomology rings are isomorphic after analytic continuation and specializa-
tion of quantum parameters. At around the same time, Coates, Iritani and Tseng [22] (see
also Coates-Ruan [23]) gave a rather different and more general formulation of the conjec-
ture using Givental’s Lagrangian cones and symplectic formalism [21], B2]; their conjecture
is expected to hold without the Hard Lefschetz assumption on X. See Subsection [4.2| and
Conjecture [31] below for more details.

In this paper, we study how the Lagrangian Floer superpotential of a Gorenstein toric
orbifold and and that of its toric crepant resolution are related under analytic continuation
of quantum parameters. We propose an open string version of the CRC in the toric case. A
compact toric manifold Y has a Landau-Ginzburg (LG) mirror [33], which can be constructed
using Lagrangian Floer theory (due to Fukaya, Oh, Ohta and Ono in [28]). More precisely,
the Lagrangian Floer superpotential WY which is part of the data in the LG mirror of
Y, is defined by virtual counting of stable holomorphic discs in Y bounded by Lagrangian
torus fibers of the moment map. In general, the coefficients of Wi which are generating
functions of open Gromov-Witten (GW) invariants, are just formal power series with values
in the Novikov ring Ag := {d 72, CxT** | C), € Q, A\, € Rxg, limy_y00 Ay = 00}, where T is a
formal parameter. In case these formal power series are convergent, this produces a family
of holomorphic functions on the algebraic torus (C*)" (n = dim(Y")) over a neighborhood Uy
of the cusp in M4 corresponding to Y.

Recently, the second author and Poddar [I7] developed Lagrangian Floer theory for moment
map fibers in compact toric orbifolds. They classified all holomorphic orbifold discs in a
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compact toric orbifold X bounded by these Lagrangian tori and defined open orbifold GW
invariants by virtual counting of stable holomorphic orbi-discs. In particular, they defined a
Lagrangian Floer superpotential W using the counting of smooth holomorphic discs, and also
a bulk deformed superpotential W°. The latter is defined by the virtual counting of stable
orbifold discs where the bulk deformation b (i.e. insertion at interior orbifold marked points)
is given by fundamental classes of twisted sectors.

In this paper, we define the Lagrangian Floer superpotential W of X', which is different
from W or W', as a formal power series whose coefficients are generating functions of certain
open orbifold GW invariants. Assuming convergence, this gives a family of holomorphic
functions on (C*)™ over a neighborhood Uy of the cusp in M4 corresponding to X.

We can now state our open CRC (same as Conjecture [30)):

Conjecture 1 (Open Crepant Resolution Conjecture). Let X be a toric variety with at worse
Gorenstein quotient singularities. Let X be the canonical toric orbifold with X as its coarse
moduli space (see [5l, Section 7]). And let Y be a toric crepant resolution of X. The flat
coordinates on the Kahler moduli of X and Y are denoted as q and Q) respectively. Let [ be
the dimension of the Kdhler moduli of X (which equals to that of V).

The Lagrangian Floer superpotential WEE (q) of X is a Laurent series over the Novikov
ring in q. Similarly the Lagrangian Floer superpotential WE(Q) of Y is a Laurent series
over the Novikov ring in (). Then there exists

(1) € > 0;

(2) a coordinate change Q(q), which is a holomorphic map (A(e) — Rep)t — (CX), and
A(e€) is an open disc of radius € in the complex plane;

(3) a choice of analytic continuation of coefficients of the Laurent series W (Q) to the
target of the holomorphic map Q(q),

such that WEF (Q(q)) defines a holomorphic family of Laurent series over a small neighborhood
of q =0, and

Wi (@) = W (Q(a)-

Indeed the above conjecture is part of the global picture given by the stringy Kéhler moduli
which is not mathematically defined yet. The stronger conjectural global statement (for toric
varieties) may be formulated as follows: There exists

(1) a manifold M4, the so-called stringy Kéhler moduli;

(2) a holomorphic family of Laurent series W over M 4;

(3) a coordinate patch (Uy, q) of M4 such that ¢*(W) equals to the Lagrangian Floer
superpotential of X’;

(4) a coordinate patch (Uy, Q) of M4 such that Q*(W!) equals to the Lagrangian Floer
superpotential of Y.

Since we do not have a global construction of the stringy Kahler moduli space M4 and
also the chiral rings over points far away from the cusps, analytic continuation is required in
all the crepant resolution conjectures. In practice, in order to prove the open or closed CRC,
one first constructs the B-model moduli space Mg (in toric cases, this is simply given by the
toric orbifold associated to the secondary fan of the crepant resolution Y'). Mirror symmetry
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will identify the neighborhoods Uy and Uy with neighborhood of certain cusps in M pg. Since
the B-model moduli space is global, one can then perform analytic continuation over Mg,
and (by applying mirror symmetry again) obtain the change of variables.

A remarkable feature of our open crepant resolution conjecture is that it predicts equalities
between generating functions of open GW invariants for X and Y after analytic continuation
and a change of variable. See the equalities , and the discussion after Conjecture
B0l at the end of Subsection 4.1l

Conversely, one may consider that the change of variable formula needed in the closed
CRC, actually comes from the geometric data of open GW invariants of an orbifold and its

crepant resolution (by the equalities (4.1)), (4.2))).

Our open CRC also sheds new light on the study of the closed CRC. Namely, using the
open CRC, we discover a geometric explanation for the specialization of quantum parameters
to roots of unity which appeared in Ruan’s conjecture. We show that the specialization
corresponds precisely to the vanishing of coefficients of W which count stable holomorphic
discs meeting the exceptional divisors in Y. See Theorem [34] for the precise statement and
Subsection [4.3] for more details.

Indeed, we expect that the open and closed CRC are closely related to each other since
the Jacaobian ring of the Lagrangian Floer superpotential should be isomorphic to the small
quantum cohomology ring. For toric manifolds, this was proved by Fukaya, Oh, Ohta and
Ono in their recent work [25]{]

QH*(Y) = Jac(W¢h).

We plan to investigate the analogous story on the orbifold side in a subsequent work. What
we expect to be true is the following

Conjecture 2. There is an isomorphism:

QHu(X) = Jac(Wx").

orb

Combining these two isomorphisms with the open CRC, we conclude that
QH"(Y) = QHgy (X)),
via analytic continuation in quantum parameters and a change of variables. If we specialize
the exceptional parameters to suitable values (not necessarily roots of unity), this will imply

the “quantum corrected” version of Ruan’s conjecture as formulated by Coates-Ruan [23].
See Subsection .3 below for more details.

In this paper, we will prove the open CRC for the weighted projective space X = P(1,...,1,n):

Theorem 3 (=Theorem . For the weighted projective space X = P(1,...,1,n) whose
crepant resolution is given by Y = P(Kpn-1 @ Opn-1), the open CRC is true.

We prove this by first establishing a formula relating open and closed orbifold GW invariants
for Gorenstein toric Fano orbifolds (Theorem [3F)); this generalizes the formula in [10) 36]
to the orbifold setting. Then, we use toric orbifold mirror theorem (for closed theories)

'In fact, they proved a much stronger result: the big quantum cohomology ring of Y is isomorphic to the
Jacobian ring of the bulk-deformed Lagrangian Floer superpotential.
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in the forthcoming work of Coates-Corti-Iritani-Tseng [20] to deduce an open toric mirror
theorem for P(1,...,1,n) (Theorem and establish the convergence of the Lagrangian
Floer superpotential WL, More generally, we expect that this open toric mirror theorem
(Conjecture[23), which is an orbifold version of the one formulated in Chan-Lau-Leung-Tseng
[11], is true for any compact toric Kéhler orbifold (see Subsection [3.3). Now the open CRC
follows from this open mirror theorem and analytic continuation of the mirror maps for X
and Y (the convergence of the Lagrangian Floer superpotential W& is already proved in
[11]). We remark that the analytic continuation process was also done in the construction of
the symplectic transformation U which appeared in Coates-Iritani-Tseng’s formulation of the
closed CRC [22]. We will discuss how the open toric mirror theorem is related to the open
CRC in general (see Subsection [£.2).

Our strategy for proving Theorem (3| above is expected to work more generally in all semi-
Fano cases. More precisely, we consider a compact simplicial toric variety X which is semi-
Fano in the sense of Definition I8l In this case the canonical toric orbifold X is also semi-
Fano. If Y is a toric crepant resolution of X, then Y is also semi-Fano. The strategy may be
summarized in the following diagram:

open
mirror theorem

W (Q) WY (U)

open crepant
resolution conjecture

orbifold open
mirror theorem

Wx"(q) WiV (y)

On the right hand side we have the Hori-Vafa superpotentials WV and WHV which are
combinatorial in nature, see Definitions [1§ and 28] On the top part of the diagram, the open
mirror theorem for compact semi-Fano toric manifolds (Conjecture , which was proposed
and proved under certain convergence assumption in [11], relates Wi and W{V:

Wy (@) = WV (U(Q)),

where U = U(Q) is the inverse mirror map. On the bottom part of the diagram, the open
mirror theorem for compact semi-Fano toric orbifolds (Conjecture [23) relates W and WY

Wx' (@) = Wi (u(9)),

where y = y(q) is the inverse of the mirror map ¢ = ¢(y). One can patch W{#V and WV to
form a global family of functions by analyzing the toric data. Open CRC for X and Y can
then be deduced by a suitable analytic continuation of the (inverse) mirror map of Y.

Example: X = P(1,1,2). To illustrate our results, let us consider the n = 2 case of
Theorem . Let N = Z?. The weighted projective plane X = P(1,1,2) is a Gorenstein toric
Fano orbifold whose coarse moduli space is the toric variety defined by the simplicial fan Xy
in Ng = R? generated by

b1 :(1,0),b2 = (-1,2),’)3 - (O, —1) S N
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There is a unique isolated Zs-singularity at the point corresponding to the cone generated by

b, and bs.

A crepant resolution of X is given by the Hirzebruch surface Y = Fy which is defined by
the fan ¥y in Ngr generated by

by =(1,0),by = (—1,2), b3 = (0,—1),by = (0,1) € N.

b1 " bl

b3 b3
FIGURE 1. The fans ¥y (left) and Xy (right).
The Lagrangian Floer superpotential Wi was first computed by Auroux [3] using degen-

eration method and wall-crossing formulas. Different proofs appeared later in [10, [30]. The
result is the following

(1.1) WEF(Quy Q) = 21 + 2+ 02 @150
2175 29

where 21, 2, are the standard coordinates on (C*)? and @1, Q- are coordinates in the neigh-
borhood Uy of the cusp corresponding to Y in the stringy Kahler moduli space M. @
corresponds to the exceptional (—2)-curve in [Fy while Q2 corresponds to the fiber class if we
view Fy as a P-bundle over P'.

On the other hand, we define the Lagrangian Floer superpotential WL using counting
of Maslov index two smooth holomorphic discs in X as well as (virtual) counting of orbi-
disc with possibly multiple 75 orbifold insertions. Here, 75 is the orbifold parameter which
corresponds to the twisted sector &)/, supported at the isolated Zj-singularity. We prove a
relation between open and closed orbifold GW invariants (Theorem [35), and from this we
can compute the Lagrangian Floer superpotential WL

1/2 .
q 2q," " sin 2

(1.2) WE (g1, q0) = 21 + 20 + —5 + — 2
2175 Z9

where ¢1, g2 := €™ are coordinates in the neighborhood Uy C M4 of the cusp corresponding
to X'. Here, ¢; corresponds to the hyperplane class in P(1,1,2).
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FIGURE 2. An orbi-disc with three orbifold point (left) and a stable orbi-disc (right).

The coefficient
T 73 75 T4

B R T TN T TR
is the generating function of the (virtual) counts of stable holomorphic orbi-discs with interior
orbifold marked points mapped to the twisted sector & /o. The first term 7, corresponds to the
basic orbi-disc classified in [I7], and the subsequent contributions with multiple 75-insertions
all come from the same minimal homotopy class of the basic orbi-disc. Namely the latter is
from the virtual perturbation of the orbi-disc attached with constant orbi-sphere bubble as
shown in the right-hand-side of Figure [2} actual holomorphic orbi-discs with more than one
Ty insertions do not have this minimal homotopy class.

A glance at the formulas (1.1) and ((1.2)) immediately shows that the substitution

(13> Ql _ e*i(ﬁ772)7 QQ _ q}/Zei(ﬂf‘rg)/Z
will give the open CRC in this example:
WséF(Ql(Ch» Q2), QQ(le C_I2)) = W;%F((h; Q2)-

We emphasis that there is an analytic continuation hidden here: a priori the Lagrangian
Floer superpotential W (Qq, Q») is defined only when the quantum parameters Q1, Qo are
small, say |Q1], |Q2] < 1, so we need to analytically continue W (Q1, Q2) to places where

|Q1| =1

Notice that the change of variables is affine linear. Hence it preserves the canonical
flat structures near the cusps. In fact, it was shown in [22] that the Frobenius manifolds
defined by the genus 0 Gromov-Witten theory for the orbifold P(1, 1,2) and its resolution F
are isomorphic after analytic continuation of quantum parameters. This is true in general for
any toric orbifold with the Hard Lefschetz property.

Now the specialization
Ql = _17 QZ = IQ%/27

which corresponds to setting the orbi-parameter 7, = 0, gives the isomorphism

QH"(F;) = QH"(P(1,1,2))
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asserted by Ruan’s CRC (see [22, Theorem 1.1]). From the point of view of Lagrangian
Floer theory, this specialization corresponds to turning off orbifold parameters 7, = 0, or
equivalently, the vanishing of the term %j@l) in W which counts stable discs in Y which
meet the exceptional (—2)-curve in Y = Fy. This gives a new geometric interpretation of the
specialization. O

Remark 4.

(1) We point out that for 3-dimensional toric Calabi- Yau geometry, one can consider open
Gromov- Witten invariants with respect to Lagrangian submanifolds of Aganagic-Vafa
type [1]. Open crepant resolution conjecture in this setting has been studied, see for
example [9]. We remark that open GW invariants in [9] (and in related works) are
defined by localization and not by moduli spaces of orbi-discs.

(2) It is expected that open Gromov-Witten theories of an orbifold an its crepant resolution
are related even beyond the toric case. In toric case the open Gromouv- Witten theory is
encoded in the superpotential. In more general case one must work with more general
objects such as the Fukaya category. It is natural to speculate that a relation between
open Gromov-Witten theories of an orbifold and its crepant resolution takes the form
of an equivalence between (suitable variants of ) their Fukaya categories, after analytic
continuation.

The rest of this paper is arranged as follows. In Section 2| we briefly go through the theory
of Maslov index for orbifolds (following the recent work of Cho-Shin [18]) and open orbifold
GW theory for toric orbifolds (following Cho-Poddar [17]). These are prerequisites for defining
the Lagrangian Floer superpotentials and hence LG models mirror to toric orbifolds, which
we introduce in Section [3| where we also state the open toric mirror theorem. In Section []
we formulate the open CRC, discuss its relations with the closed CRC and explain a new
geometric meaning of the specialization of quantum parameters in Ruan’s conjecture. Section
contains the proof of the equality between open and closed orbifold GW invariants (Theorem
. In Section @, by applying the open-closed equality, we establish the open mirror theorem
and deduce the open CRC for the weighted projective space X = P(1,...,1,n).
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2. PRELIMINARIES

In this section, we review the Chern-Weil Maslov index for orbifolds introduced by Cho-
Shin [18] and also the classification of holomorphic orbifold discs and the definition of open
orbifold Gromov-Witten (GW) invariants for toric orbifolds following Cho-Poddar [17].

2.1. Maslov index. Given a real 2n-dimensional symplectic vector bundle £ over a Riemann
surface Y and a Lagrangian subbundle £ over the boundary 0%, one can associate a Maslov
index to the bundle pair (£, £), which is defined as the rotation number of £ in a symplectic
trivialization £ & % x R?",

To extend the notion of Maslov index to the orbifold setting, the second author and Shin
[18] introduced its Chern-Weil definition as follows. Let .JJ be a compatible complex structure
of £. A unitary connection V of £ is called L-orthogonal if £ is preserved by the parallel
transport via V along the boundary 0%; see [I8| Definition 2.3| for the precise definition).

Definition 5 ([1§], Definition 2.8). The Chern-Weil Maslov index of the bundle pair (€, L)
is defined by

/Lcw(g,[,) = i/EtT(Fv)

T

where Fy € Q*(32, End(€)) is the curvature induced by an L-orthogonal connection V.

It was proved in [I8, Section 3| that the Chern-Weil definition agrees with the usual one.

Now let ¥ be a bordered orbifold Riemann surface with interior orbifold marked points
2, ...,z € ¥ such that the orbifold structure at each marked point z;" is given by a
branched covering map z — 2™ for some positive integer m;. For an orbifold vector bundle
& over ¥ and a Lagrangian subbundle £ — 03, the Chern-Weil Maslov index ucw (€, L) of
the pair (£, L) is defined by taking an L-orthogonal connection V, which is invariant under
the local group action, and evaluating the integral in Definition |5 in an orbifold sense (see
[18, Definition 6.4]). It was shown in [I8, Proposition 6.5] that the Maslov index ucw (&, £)
is independent of both the choice of the orthogonal unitary connection V and the choice of a
compatible complex structure.

In [1I7], the second author and Poddar have introduced yet another orbifold Maslov in-
dex, the so-called desingularized Maslov index 1%, defined by the desingularization process
introduced by Chen-Ruan [I3]. Instead of recalling its definition (for which we refer the
reader to [I7, Section 3]), let us recall the following result relating the Chern-Weil and the
desingularized Maslov indices:

Proposition 6 ([I§], Proposition 6.10). We have

l

(2.1) pow (€, L) = p™(€,£) +2) (& 2)),

i=1

where 1(E;2) is the degree shifting number associated to the Z, -action on & at the i-th
marked point z; € ¥.
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2.2. Toric orbifolds. A compact toric manifold is constructed from a complete fan of smooth
rational polyhedral cones (see the books [2, B1]). Analogously, a compact toric orbifold can
be constructed from a combinatorial object called a stacky fan, which consists of a complete
fan ¥ of simplicial rational polyhedral cones together with the choice of a multiplicity (or
equivalently, a choice of lattice vector) for each 1-dimensional cone in X.

Consider the lattice N = Z" and its dual lattice M = Homy(N,Z). For any Z-module
R, we denote Np = N ®; R, Mr = M ®z R and by (-,-) : Mr x Ng — R the natural
pairing. Let ¥ be a fan of simplicial rational polyhedral cones. We denote by ®*) the set
of all k-dimensional cones in ¥. The minimal lattice generators of 1-dimensional cones 2}
are labelled as G(X) := {vy,..., vy}, where v; = (v;1,...,vj,) € N. For each j, fix a lattice
vector b; = cjv; € N where ¢; is a positive integer. We call {by, ..., b,,} the stacky vectors,
and denote b = (by,...,b,). The data (X,b) is called a stacky fan, and this defines a toric
orbifold as follows (for more details, see Borisov-Chen-Smith [5]).

Recall that a subset P = {v;,,...,v;,} C G(X)is called a primitive collectionif {v;,,...,v;,}
does not span a p-dimensional cone in ¥, while any k-element subset of P for 0 < k < p,
spans a k-dimensional cone in ¥. For a primitive collection P = {v;,,...,v;,} in G(X), we
denote

AP)={(21,---,2m) €C™ | 2, = -+ = 2, = 0}.
Consider Z(X) = UpA(P), the closed algebraic subset in C™, where P runs over every
primitive collections in G(X).We define U(X) = C™\ Z(%).

Consider the map g : Z™ — N which sends the basis vectors e¢; to b; for i = 1,...,m. Note
that S may not be surjective. We obtain the following exact sequences by tensoring with R

and C*:

(2.2) 0—t—R™ 5 N 0.
(2.3) 0 — Ke — (C)™ %5 New — 0.

Here the map [c¢+ is given by

Bes(Aty oo Am) = <HA§HA§> :
J J

For a complete stacky fan (X, b), the algebraic torus K¢ acts effectively on U(X) with finite
isotropy groups. Then, the global quotient

(2.4) Xy =U(X)/Kc
is called the compact toric orbifold associated to (X, b).

Consider a d-dimensional cone o in ¥ generated by b, = (b;,, ..., b;,). Define

d
BOng = {V eN ‘ V= Ztkblm ty € [0,1) ﬂ(@} .

k=1

2Note that the construction in [5] is more general since toric Deligne-Mumford stacks considered there can
have non-trivial generic stabilizers. We do not need this generality.
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Note that Boxp, is in a one-to-one correspondence with the finite group Gy, = N/Np,, where
Np, is the submodule of N generated by lattice vectors {b;,,...,b;,}. It is easy to see that
if 7 < o, then we have Box,_ C Boxp,. Define

o __
Box,_ = Boxp, — U Boxp_,

TS0
and
Box = U Boxy, = |_| Boxy,_ .

oen(n) oeX
We set Box' = Box \ {0}. Then Box' is in a one-to-one correspondence with the twisted
sectors, i.e. mnon-trivial connected components of the inertia orbifold of As,. We refer the
readers to [5] for more explanations (see also [34, Section 3.1] for an excellent review on the
essential ingredients of toric orbifolds). For v € Box, we denote by X, the corresponding
twisted sector of X'. Note that A = X.

Twisted sectors were used by Chen-Ruan [14] to define a cohomology theory for orbifolds.
For the toric orbifold X', the Chen-Ruan orbifold cohomology H, (X;Q) is given by

H3(X:Q) = @ H*M(X,;Q),
veBox

where ((v) is the degree shifting number of the twisted sector X, and the cohomology groups
on the right hand side are singular cohomology groups. In [I4], Chen and Ruan introduced
a product structure which gives H, (X; Q) a Frobenius algebra structure under the orbifold
Poincaré pairing.

By a theorem of Delzant, a symplectic toric manifold is completely determined, up to equi-
variant symplectomorphisms, by its moment polytope. Lerman and Tolman [37] generalized
this to the orbifold case, showing that a symplectic toric orbifold is completely determined

by a simple rational convex polytope together with a positive integer attached to each of its
facets.

More precisely, let P be a simple rational convex polytope in Mr = R" with m facets
Fy,...,F,. Denote by v; € N (j = 1,...,m) the inward normal vector to F; which is the
minimal lattice vector. If we label each facet F); by a positive integer c¢; and set b; = c;v;, then
the data (P, b) is called a labeled polytope, where we denote b = (by,...,b,,). By choosing
suitable A\; € R, the polytope P can be written as

(2.5) P=({ue M| (ub;) >N}
j=1
For each stacky vector b;, we define the linear functional ¢; : Mz — R by
(2.6) i(u) = (u, bs) — Aj,
Then, we have
P = ﬂ{u € Mg | ¢;(u) > 0}.
j=1
Let 3(P) be the normal fan of P. Then the stacky fan (X(P),b) defines a compact toric
orbifold Xy,(py as explained above.
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We can now state the theorem of Lerman and Tolman as follows.
Theorem 7 ([37], Theorem 1.5).

(1) Let (X,w) be a compact symplectic toric orbifold with moment map © : X — Mg.
Then the moment map image P := w(X) is a simple rational convex polytope in Mg,
and for each facet F; of P, there exists a positive integer c; (the label of Fj) such that
the structure group of every p € m(int(F})) is Z/c;Z.

(2) Two compact symplectic toric orbifolds are equivariantly symplectomorphic (with re-
spect to a fized torus acting on both orbifolds) if and only if their associated labeled
polytopes are isomorphic.

(8) Every labeled polytope arises from a compact symplectic toric orbifold (X, w).

2.3. Holomorphic (orbi-)discs. Let (X,w) be a compact Kéahler toric orbifold of complex
dimension n, equipped with the standard complex structure Jy. Denote by (P, b) the associ-
ated labeled polytope, where b = (by,...,b,,) and b; = c;v;. The polytope P is defined as
in ([2.5). We let D; be the toric prime divisor associated to b;.

Let L C X be a Lagrangian torus ﬁbelﬂ of the moment map 7 : X — P, and fix a relative
homotopy class 8 € m(X,L) = Hy(X,L;Z). We are interested in holomorphic (orbifold)
discs in X bounded by L and representing the class (.

Let (D,z2,...,2) be an orbifold disc with interior orbifold marked points 2,..., 2.
Here D is analytically the disc D? C C, together with orbifold data at each marked point z;-
for i = 1,...,l. For each i, the orbifold data at z;" is given by a disc neighborhood of z;*

which is uniformized by a branched covering map br : z — 2™ for some positive integer m;.
If m; = 1, we regard z;” as a smooth interior marked point.

An orbifold holomorphic disc in X with boundary in L is a continuous map
w: (D,0D) — (X, L)

such that for any zy € D, there is a disc neighborhood of 2z, with a branched covering map
br : z — 2™, and there is a local chart (Vi(.y), Gu(zo), Tw(z)) of X at w(z) and a local
holomorphic lifting w,, of w satisfying

W 0 b1 = Typ(zy) © Wy
We additionally assume that the map w is good (in the sense of Chen-Ruan [13]) and repre-

sentable. In particular, for each marked point z;", we have an associated injective homomor-
phism

between local groups which makes w,+ equivariant. Denote by v; € Box the image of the

generator 1 of Z,,, under h; and let X,,: be the twisted sector of X’ corresponding to v;. Such
a map is said to be of type  := (X,,,..., X,).

We recall the following classification theorem due to the second author and Poddar:

3Throughout this paper Lagrangian torus fibers are chosen to be general, i.e. fibers of the moment map
over general points in the interior of the moment polytope.
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Theorem 8 ([17], Theorem 6.2). Let X be a symplectic toric orbifold corresponding to

(3(P),b) and L a Lagrangian torus fiber. Consider a fized orbit L ccCm \ Z(X) of the
real m-torus T™ which projects to L. Suppose w : (D,0D) — (X, L) is a holomorphic map
with orbifold singularities at interior marked points z{, ...,z € D. Then

(1) For each orbifold marked point ", we have a twisted sector v; = > ey tijbi, € Box,

obtained as in ([2.7)).

(2) For an analytic coordinate z on D* = |D|, the map w can be lifted to a holomorphic
map
@ : (D*,0D%) — (C™\ Z(%))/Ke, L/ Ke N'T™),
so that the homogeneous coordinate functions (modulo Kc-action) w = (w1, ..., W)
are given by

ANV g A
0 = a. - Z 795 i
(2.8) w; = a; Hl—aj,szH< _+>

s=1 1 \1—2z 2

ford; € Zso (j=1,...,m) and a; € int(D?), a; € C*.
(3) The map w whose lift is given as (2.8) satisfies

m l
pow(w) =Y 2d; + > 2u(vy),
j=1 i=1
where v, is the degree shifting number associated to the twisted sector X,,.

In the above theorem, if we set [ = 0 and d; = 0 for all j except for one j, where d;, =1,
then the corresponding holomorphic disc is smooth and intersects the associated toric divisor
D, € X with multiplicity one; its homotopy class is denoted as ;,. On the other hand,
given v € Box/, if we set [ = 1 and d; = 0 for all j, then we obtain a holomorphic orbi-disc,
whose homotopy class is denoted as £3,.

We have the following lemma from Cho-Poddar [17]:

Lemma 9 ([I7], Lemma 9.1). For X and L as above, the relative homotopy group ma(X, L)
is generated by the classes (; for j =1,...,m together with B, for v € Box'.

We call these generators of my (X, L) the basic disc classes. They are the analogue of Maslov
index two classes in toric manifolds. Recall that the Maslov index two holomorphic discs in
toric manifolds are minimal, in the sense that every non-trivial holomorphic disc bounded by
a Lagrangian torus fiber has Maslov index at least two. Also, such discs play a prominent
role in the Lagrangian Floer theory of Lagrangian torus fibers in toric manifolds, namely, the
Floer cohomology of Lagrangian torus fibers are determined by them. Basic disc classes were
used in [I7] to define the leading order bulk orbi-potential, and it can be used to determine
Floer homology of torus fibers with suitable bulk deformations.

We recall the classification of basic discs from [17]:
Corollary 10 ([17], Corollaries 6.3 and 6.4).

(1) The smooth holomorphic discs of Maslov index two (modulo T™-action and automor-
phisms of the domain) are in a one-to-one correspondence with the stacky vectors

{b,....by}.
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(2) The holomorphic orbi-discs with one interior orbifold marked point and desingularized
Maslov index zero (modulo T™-action and automorphisms of the domain) are in a one-
to-one correspondence with the twisted sectors v € Box' of the toric orbifold X.

For each v € Box’, we introduce the linear functional ¢, : Mz — R, defined as
(2.9) y(u) = (u,v) = Ay,
which is analogous to for stacky vectors. Here, )\, is the unique constant which makes
0,(n(X,)) = 0.

Alternatively, (2.9) can be defined as follows. For v = Z;n:l t;b;, we can define

g,} == Xm: tjgj.
j=1

In this case, we have A, = > ™ ¢;);. Thus, for any u € P, £,(u) > 0fora € {1,...,m}UBox".
Geometrically, ¢,(u) is the symplectic area (up to a multiple of 27) of the basic disc class
B, bounded by the Lagrangian torus fiber L(u) over u € int(P), where int(P) denotes the
interior of the polytope P (see [I7, Lemma 7.1]).

2.4. Moduli spaces of holomorphic (orbi-)discs. Consider the moduli space Zﬁfﬁ(L, B,x)

of good representable stable maps from bordered orbifold Riemann surfaces of genus zero with

k + 1 boundary marked points 2o, 21 . . ., z; and [ interior (orbifold) marked points 2", ..., 2"

in the homotopy class 3 of type & = (X,,,...,A,,). Here, the superscript “main” indicates

that we have chosen a connected component on which the boundary marked points respect

the cyclic order of S' = 0D?. Let M (L, B, ) be its subset consisting of all maps from

an (orbi-)disc (i.e. without (orbi-)sphere and (orbi-)disc bubbles). It was shown in [I7] that
Zﬂfﬁ(L, B, x) has a Kuranishi structure of real virtual dimension

l
(2.10) nA B @) +k+1+20—3=n+pow(B) +k+1+20-3-2) 1(1).

i=1
The following proposition was proved in [17].

Proposition 11 ([17], Proposition 9.4).

(1) Suppose that p@(3,x) < 0. Then, M?ﬁtll’reg([/,ﬁ,a}) is empty.

(2) For B satisfying p(B,2) = 0 and B # B, for any v € Box, the moduli space
ML, B, w) is empty.

(8) For any B, M\V"(L, B, @) is Fredholm regular. Moreover, the evaluation map
evg M;rf;fll’mg([/, B,x) — L (at the boundary marked point z) is a submersion.

(4) If M’l’fi’m(L,ﬁ) is non-empty and if OF ¢ Ny, then there exist v € Box, k; € N
(G=1,...,m) and o; € Hy(X;Z) such that

g = 5u+zk‘jﬁj +Zai>
j=1 i

where each «; is realized by a holomorphic (orbi-)sphere.
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(5) For v € Box', we have
ML B) = ME™(L B)

The moduli space /\/lm‘“”( , By) is Fredholm regular and the evaluation map evq is an
orientation preserving diffeomorphism.

2.5. Open orbifold Gromov-Witten invariants. We are now ready to introduce open
orbifold GW invariants following Cho-Poddar [I7, Section 12].

First of all, fix [ twisted sectors X,,,..., X, of the toric orbifold X. Consider the moduli
space Tfm(L, B,x) of good representable stable maps from bordered orbifold Riemann
surfaces of genus zero with 1 boundary marked points and [ interior orbifold marked points
of type ® = (&X,,,...,&,) representing the class f. By [I7, Lemma 12.5], for each given
E > 0, there exists a system of multisections 31, on MP*"(L, 8, ) for S Nw < E which

are transversal to 0 and invariant under the 7T"-action.

Hence, if the virtual dimension of the moduli space is less than n, then the perturbed
moduli spaces M7 (L, 3, )% 4= is empty. From the dimension formula (2.10), the virtual
dimension of the moduli space ./\/lm‘“”( , B, ) is equal to n if and only if

l
(2.11) pew (B) = Z (2u(v;) — 2).

Now let 3 € ma(X, L) be a class with Maslov index satisfying (2.11). Then the virtual
fundamental chain
[(Muu(L, B, 2)]"" o= M (L, 5, )™ o]
becomes a cycle because it has no real codimension one boundaries (because of 7" equivariant
perturbation). Hence we can define the following open orbifold GW invariant:

Definition 12. Let 8 € mo(X, L) be a class with Maslov index pow (8) = 2+ 3, (20(v;) —2).
Then we define ny; 5([pt]; 1, ..., 1) € Q by the push-forward

nfl,@([pt]L; 11/1? SRR 11/1) = eUO*([Ml,l<L7 57 m)]mT> € H, ( Q) @7
where evy : M (L, B,x) — L is evaluation at the boundary marked point, [pt]y, € H"(L; Q)

is the point class of the Lagrangian torus fiber L, and 1,, € H°(X,.;Q) C Hgﬁ,(;’i)(él’;@)
denotes the fundamental class of the twisted sector X, .

By [17, Lemma 12.7], the numbers n{; 4([pt]z; 1,,, .. .,1,,) are independent of the choice of
the system of multisections used to perturb the moduli spaces, so they are indeed invariants.

Suppose that ¢(v;) = 1 for all 4, then pcw () = 2 satisfies the condition for any
number of interior orbifold marked points. Thus we can possibly have infinitely many nonzero
invariants associated to a given relative homotopy class in this situation. These invariants,
as we will see in examples, are quite non-trivial, and it is in sharp contrast with the manifold
case. In the case of manifolds, the virtual counting of discs with repeated insertions of
interior marked points, which are required to pass through divisors (analogous to «(v;) = 1),
are determined by an open analogue of the divisor equation (see [I5]29]). Note that, however,
the divisor equation does not hold for interior orbifold marked points.
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Remark 13. Here we only consider bulk deformations from the fundamental classes of twisted
sectors (which is why we use the notation ny 4([pt]L: 1u,,...,1,,)). This is because for the

purpose of this paper we only need bulk deformations from Hm,b(X).
Consider a cycle A; in X,,, and 7; the Poincaré dual of A; in X,,. As a cohomology class
in X,,, 7 is of degree 2d; := dimg(X,,) — dimg(A;), i.e. 7, € H*(X,,) C g2 Vl)(X). So

orb
the condition T; € HO%)(X) forces T; to have cohomological degree 0 in X,,, i.e. we must have

d; =0 or dimg(X,,) = dimg(A;). This ezplains why we only consider bulk deformations from
fundamental classes of twisted sectors and the invariants nflyﬁ([pt],;; 1,,...,1,). We hope
to discuss the general case elsewhere.

Corollary 14. For v € Box', we have

ni g, ([Pt L) = 1.
For j € {1,...,m}, we have
nfﬂ,ﬁj([pt][/) - 1

Proof. 1t is not hard to see that the count is one up to sign from the classification theorem. But
the sign has been carefully computed in [I6] in the toric manifold case, and the orientations
in this orbifold case is completely analogous. U

Example: orbifold sphere with two orbifold points. To illustrate the importance of
dimension counting, let us consider an orbifold sphere with two orbifold points with 7Z,, Z,
singularities.

Let X = IP)Il,’q for p,q € Z~y and a circle fiber L C P}:,q' There are two orbifold points
x = [{0}/Z,] and 2’ = [{o0}/Z,]. The twisted sectors are given by:

Xi/ps -y Xp—1)/p supported at x, and
Xi/gs - -, X(g—1)/q Supported at z’.

The total orbifold cohomology ring

Orb(]pl )=H’, & H? o . . H[()2p /P g Hf/q S0 H(()zq 2/ g H2,

orb
is generated by
1;(, ll/p, ey l(p_l)/p, ,1/q7 ey ].I(q_l)/q, [pt].
Here, 1y and [pt] have degree shifting numbers equal to zero, while 1;/, and 1;. /4 have degree
shifting numbers i/p and j/q respectively.

Any disc class (3 is generated by the basic disc classes. In this case they consist of basic
smooth disc classes 3y and fj, and basic orbi-disc classes 3;/, which pass through Aj/, for
i=1,...,p—1, and 5§/q which pass through &)/, for j = 1,...,¢—1. B and 3 have Maslov
index two, while 8/, and 3], have Maslov index 2i/p and 2j/q respectively.
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Let 7; be one of the classes 11/, ..., L(p—1)/p; 1'1/q, - 1’(q71)/q fori =1,...,1. By dimension
counting, ng([pt]z; 71,...,7) # 0 only when

l

pew(B) =2- (2-2u,).

i=1
Notice that the right hand side is always smaller than or equal to two.

The above equality is satisfied either when  is a basic smooth disc class fy or 3, in which
case pow(f) = 2 and [ = 0, or when 3 is one of the basic orbi-disc class 3/, or ;/q, in
which case | = 1, pew(8) = 2i/p or 2j/q and 7, = 1;/, or 1;/(] respectively. For all these
basic classes, the open orbifold GW invariants are equal to one. All other disc classes cannot
satisfy the above equality, since the left hand side must increase for other (non-trivial) disc
classes, while the right hand side must decrease when the number of interior orbifold marked
points increases. Il

3. LG MODELS AS MIRRORS FOR TORIC ORBIFOLDS

The Landau-Ginzburg (LG) models mirror to compact toric manifolds have been written
down by Hori and Vafa [33][] Their recipe is combinatorial in nature. In [I6], the second au-
thor and Oh gave a geometric construction of the LG mirrors for compact toric Fano manifolds
using Lagrangian Floer theory of the moment map fiber tori and counting of holomorphic
discs bounded by them. This was later generalized to any compact toric manifolds by the
work of Fukaya, Oh, Ohta and Ono [28 29 25]. In fact the two constructions are related by
mirror maps [I1]; this is the statement of the open mirror theorem.

In this section, we shall introduce the LG models which are mirror to compact toric orbifolds
and formulate an orbifold version of the open toric mirror theorem.

3.1. Extended Kahler moduli. Let (X,w) be a compact toric Kéhler orbifold of complex
dimension n associated to a labeled polytope (P,b), where b = (by,...,b,,) and b; = ¢;v;
denote the stacky vectors. Let (X(P), b) be the corresponding stacky fan.

Definition 15. A complex orbifold X is called (semi-)Fano if for every non-trivial rational
(orbi-)curve C C X, KW (C) >0 (>0).

From now on, we assume that the following conditions are satisfied (cf. Iritani [34, Remark
3.4]):

Assumption 16.
(1) X is semi-Fano, and

(2) the set {by,...,b,} U{v € Box | 1(v) < 1} generates the lattice N over Z.

4The prediction that the mirrors for toric manifolds (or more generally non-Calabi-Yau manifolds) are given
by LG models was made even earlier (perhaps implicitly) in the work of Batyrev, Givental and Kontsevich.
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In this case, we enumerate the set {v € Box' | 1(v) < 1} as
{v € Box' | u(v) <1} ={bpi1,..., b},

where each b; (j =m+1,...,m/) is of the form

bj =v; = thkbi € N, Lir € [0, 1) NQ.
k=1
The stacky fan together with these extra vectors b, .1, ..., b, constitute an extended stacky
fan (in the sense of Jiang [35]).

Consider the map 8¢ : Z™ — N sending the basis vectors e;j tob; for j =1,...,m'. By
(2) of our assumption, this map is surjective. Hence we have the exact sequence

(3.1) 0-L5z" 5 N o,

where L := Ker(5¢). Let r’ := m/ — n denote the rank of L. and let r := m — n denote the
rank of Hy(X;Q) so that ' = r + (m’ —m). We choose an integral basis
d, = Zdajej < Zm,, a = 1,...,7“/
j=1
of L such that d,; = 0 when 1 < a <rand m+1 < j <m/, and {dy,...,d,} provides a
positive basis of Hy(X;Q).

Let {p1,...,p~} be the basis of LY dual to {dy,...,d}. Then the images of py,...,p, in
H?(X;R) is a nef basis {py,...,p,} of H*(X;R) and those of p,1,...,p~ are zero. Define
elements D; € LY (j=1,...,m/) by

Dj = Z dajpa
a=1

so that the map ¢ in (3.1)) is given by ¢ = (D1, ..., D,y). Over the rational numbers, we have
(cf. [34 Section 3.1.2])

Hy(X;Q) = Ker((Dpy1, -, Do) : L®Q — Q™ ™™)

HY(X:Q) =LY @ Q/ P ob;.
j=m+1
We can also identify L.V ® Q with the subspace

m/

H(X)e @ H(X,) C Hap(X)
j=m+1
where Dj is corresponding to 1,, for j=m +1,...,m".

We denote by D; the image of D; in H?(X;R). Note that for j = 1,...,m, D, is the
Poincaré dual of the corresponding toric divisor D; C &, i.e.

Dj = depa = PD(D;) € H*(X;R);
a=1
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while D; =0 € H?*(X;R) for j=m+1,...,m'
Now let Ky C H*(X;R) = HY'(X;R) be the Kahler cone of X.

Definition 17. The extended Kéhler cone of X is defined by

Ky :=Ky® @ R.oD; CLY®R.
j=m+1

3.2. Landau-Ginzburg mirrors. The mirror of a toric orbifold X' is given by a Landau-
Ginzburg (LG) model (X, W) consisting of a noncompact Kéhler manifold X together with a
holomorphic function W' : X — C. The manifold X is simply given by the bounded domain
X := int(P) x Mg/M in the algebraic torus Mc. = (C*)". The holomorphic function W,
usually called the superpotential of the LG model, can be constructed in two ways, one is
combinatorial and the other is geometric. The open toric mirror theorem says that these two
constructions are related by a mirror map.

First of all, Let ey,...,e, be the standard basis of N = Z". Then each e, defines a
coordinate function

2, = exp(2mi (-, ex)) : M« — C.

Let M3 := LY ® C* be the B-model moduli space for X. The basis di,...,d, of L defines
C*-valued coordinates ¥, ...,y on M%.

Definition 18. The extended Hori-Vafa superpotential of X is the function WHV X - C
defined by

ml
Wi =>"C%,

where z¥ denotes the monomial 2V --- 22" if v = Son_,vker € N and the coefficients C; are
subject to the following constraints

m/
daj !
:”C'j‘”, a=1,...,7.

J=1

This defines a family of functions {WHV (y)} parametrized by y = (y1,...,y) € M%

On the other hand, by identifying LV ® C with the subspace
H(X)e @@ H(X,) C Hap(X),
j=m+1

we will regard M7 := LY ® C* also as the A-model moduli space for X. We equip M7 with
another set of C*-valued coordinates ¢y, ..., g, corresponding to the same basis dy,...,d, €

L. Since LY ® C = H*(X) ® @;"Z/mﬂ H°(X,,), we can write an element 7 € LY ® C as



20 CHAN, CHO, LAU, AND TSENG

T = To2 + Tew Where

To2 = ZTapa € H2<X)>

a=1
,r,/ m/
Tiw — Z Ta]‘bmﬁ»afr - @ HO(ij).
a=r+1 j=m+1
This defines the coordinates ¢, = exp(7,) fora=1,...,rand 7, fora=r+1,...,r on M+.

Note that the coordinates in the orbifold directions are not exponentiated coordinates.

We can now define a LG superpotential using Lagrangian Floer theory in terms of the open
orbifold GW invariants n; 5([pt]z;1,,,...,1,,). For u € int(P), let L := L(u) C X be the
corresponding Lagrangian torus fiber of the moment map.

Definition 19. The Lagrangian Floer superpotential of X is the function WEF : X — C
defined by

1
Wik = Z Zﬁnfw([pt]L;Ttw,...,TtW)Z/g

Bema(X,L) 1>0

- Z Z Z %”fl,ﬁ([pth;1um+a1_r,...,1Vm+al_T)Zﬁ,

Bema(X,L) 1>0 ai,...,a

where Zg 1s the monomial given by

Zs(u,0) = exp (— /5 w + 2ri <a/3,9>) ,

the third summation is over all ay,...,a; € {r +1,...,1'}. The superscript “LF” refers to
“Lagrangian Floer”.

Here, if B = 377" k;f3; + Z;.”:/mH kjBy, +d where d € H5"(X), then 98 = 37" k;b; +
> veBow kv € N, so that Zg = ¢* H;”;l ij, where ¢? = q§pl’d>---q§ﬁ“d> and Z; = C;2%
for j = 1,...,m/, are monomials such that the coefficients C; are subject to the following
constraints:

(1) Fora =1,...,r, the element d, € L is a class in Hy(X;Q) and the constraint is given
by

m’ m

daj daj

da = H G = H C;r
j=1 j=1

(2) Fora=r+1,...,r, the element d, € L corresponds to the relation Z;’il dajbj = 0.

For j = m+1,...,m/, write b; = >_;" | t;xby. Then the previous relation can be
rewritten as

> (daj + ) daktkj> b, = 0.

j=1 k=m+1
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This corresponds to a class d, € Hy(X;Q), and the constraint is given by

ml
Cia _ daj
" = HCj :
Jj=1

We emphasize that the coefficients C;’s only depend on the exponentiated coordinates ¢, . .., ¢,
but not the orbifold parameters 7,,1,..., 7. Also note that we need to choose the branches
of fractional powers of ¢, for a = 1,...,r due to the orbifold structure near the cusp

in M%. Altogether this defines a family of functions {W4%(q)} parametrized by ¢ =
(Gy -y Qs Trg1y e, To) € MK,

Throughout this paper, we assume that the infinite sum on the right hand side of the above
definition converges. Strictly speaking, the above just defines a Ag-valued function where Ay
is the Novikov ring. Assuming convergence, then both WV and WELF are holomorphic
functions on X and can be analytically continued to the whole Mg-.

For each 8 € my(X, L), the coeflicient of Zs is the generating function

Z Z l‘ 1lﬁ pt L7 l/m+a1 T""’1Vm+al—7>)7—a1 -..Tal

1>0 ai,...,a

of open orbifold GW invariants. When [ = 0, n1 s([pt]z) counts the virtual number of stable
smooth holomorphic discs representing ; when [ = 1, ny4([pt]r;1,) counts the virtual
number of stable holomorphic orbi-discs with one interior orbifold marked point mapping to
the twisted sector X, representing .

Following [I7], we define the leading order superpotential W)elg to be

/

on = Z”fo,ﬁj([Pt]L)Zﬁj + Z ”fl,,syj ([pt]z; 1uj)7r+jfmZBuj3

7j=1 j=m+1

By Corollary , Wil can be written as

XO—ZZ@JF Z Trtj mZﬁu ZCZ’+ Z CiTryj— 2

j=m+1 j=m+1

where the coeflicients C; (j = 1,...,m’) are subject to the following constraints

m/
do daj o /
q _HCJ ,a=1,...,7".
Jj=1

Note that the terms in the extended Hori-Vafa superpotential WiV are in a one-to-one
correspondence with those in W{. In view of this, we may regard both WV and Wi/{ as
counting only the basic holomorphic (orbi-)discs. The remaining higher order terms in WL
are instanton corrections coming from virtual counting of non-basic holomorphic orbi-discs.
The open mirror theorem below asserts that these are precisely the correction terms that we
get when we plug in the mirror map into WiV,
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3.3. An open mirror theorem. Let us first recall the mirror theorem for toric orbifolds
following Iritani [34]. Consider the subsets
K={deLoQ|{je{l,...,m"} | (D;,d) € Z} € A},
Keg = {d€L®@ | {j € {1,...,m’} | <D],d> EZZ()} S A},

where A is the set of so-called “anticones”. Basically, K.g is the set of effective classes; we
refer the reader to [34, Section 3.1] for the precise definitions. For any real number r € R,
we denote by [r], |r| and {r} the ceiling, floor and fractional part of r respectively. Then

for d € K, we define
Z d)]b; € N.

7j=1
Notice that we can write
v(d) = ({=(Dj,d)} + (D;, d))b; =Y {—(D;,d)}b;,
j=1 j=1

so v(d) € Box and hence it corresponds to a twisted sector &, of X.

Definition 20. The I-function of a toric orbifold X is an HZ,(X)-valued power series on
ME defined by
IX(% ) Za 1 Pa 1Ogya/2

Z y? Ha’:(Dj,d><0 er[<Dj,d>,0)ﬂZ(D i+ (D, d) — k)2) 1
= v(d) | »
JeR o Lo, 950 ke, p;.ay0z (D5 + ((Dj, d)

where y¢ = y<P1 d) yipv’ D and 1,4 € H'(Xq) C Hgﬁg (d))(X) is the fundamental class of
the twisted sector X (d) -

|
5
~~—
N
~—

Under Assumption the I-function is a convergent power series in yi, ...,y by [34
Lemma 4.2]. Moreover, it can be expanded as

( )

In(y,2) = 14+ —= + 0(:7%),

where 7(y) is a (multi-valued) function with Values in H>2(X). We call ¢ = exp7(y) the

mirror map. It defines a local isomorphism near y = 0 ([34, Section 4.1]).
On the other hand, we have the following

Definition 21. The (small) J-function of a toric orbifold X is an H

x 1 (X)-valued power
series on M7 defined by

X
JX(q7 ) _6702/Z 1 + Z Z <1 Tewy - -+ 5 Ttw) i—ad}> (ba )

@ (dD)£(0,0) 0,l+2,d
deHS®(x)

where logq = T = To2 + Tow € HEL(X) with 192 = Y0 Dalogq, € H*(X) and Tty =

ZZ/ r—+1 Ta]‘bm+a—7‘ € @;n;erl HO(ij)7 qd = e<T0’2’d> = Q?Ld) T 'Q7<“ﬁr7d>; {¢a}7 {¢a} are dual
basis of Hjy(X) and (- --)§ 04 denote closed orbifold GW invariants.
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Now the “mirror theorem” for the toric orbifold X states that the J-function can be
obtained from the I-function via the mirror map:

Conjecture 22 (Closed Mirror Theorem). Let X' be a compact toric Kahler orbifold satisfying
Assumption [16. Then we have

JX(Qa Z) = IX(y(Q)v 2)7
where y = y(q) is the inverse of the mirror map q = q(y).

This conjecture will be proved in the forthcoming work of Coates-Corti-Iritani-Tseng [20];
see also [34], Section 4.1].

In terms of the extended Hori-Vafa and Lagrangian Floer superpotentials, we suggest the
following open string version of the toric mirror theorem:

Conjecture 23 (Open Mirror Theorem). Let X be a compact toric Kihler orbifold satisfying
Assumption[16, and let WHY (y) and WEF (q) be the extended Hori-Vafa and Lagrangian Floer
superpotentials respectively. Then, up to a change of coordinates on Mc+, we have

W¥'(a) = Wi (v(9)),
where y = y(q) is the inverse of the mirror map q = q(y).

This is the orbifold version of the open toric mirror theorem conjectured by Chan-Lau-
Leung-Tseng [11]. Since WV and the mirror map are combinatorially defined and can be
written down explicitly, the open toric mirror theorem can be used to compute the open
orbifold GW invariants n{; 5([pt]z;1,,,...,1,). In Section 6 we will prove Conjecture
for the weighted projective spaces X = P(1,...,1,n) using a formula (Theorem which
equates open and closed orbifold GW invariants for Gorenstein toric Fano orbifolds.

4. AN OPEN CREPANT RESOLUTION CONJECTURE

In this section, we shall formulate an open string version of the crepant resolution conjecture
for toric orbifolds, which says that the Lagrangian Floer superpotentials for a Gorenstein
toric orbifold X and a toric crepant resolution Y coincide after analytic continuation of the
Lagrangian Floer superpotential for Y and a suitable change of variables.

4.1. Formulation of the conjecture.

Definition 24. An orbifold X is called Gorenstein if its canonical divisor Ky is Cartier.
Lemma 25. If X is Gorenstein toric orbifold, then u(8) > 2 for any basic disc class €
Uy (X, L) .

Proof. When [ is a basic disc class represented by a smooth holomorphic disc, its Maslov
index pucw (8) = 2 as in the case of smooth toric manifolds (see [16] or [17]).

Consider a basic disc class (3, for some v € Box’, which is represented by a holomorphic
orbi-disc. It was proved in [I7] that u?%(3,,X,) = 0. Hence, from Formula (2.1)), we have

pew (By) = p*(By, X)) + 2u(v) = 2u(v) > 2

since being Gorenstein implies that ¢(v) is a positive integer. O
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Now let X = Xy, be a projective Gorenstein toric variety of complex dimension n defined
by a complete fan ¥ of simplicial rational polyhedral cones. Then X has at worse quotient
singularities, and there is a canonical Gorenstein toric orbifold X = X5 with coarse moduli
space being X and orbifold structures occurring in complex codimension at least two. We
assume that X satisfies Assumption Note that the canonical toric orbifold X is the one
described by the canonical stacky fan in Borisov-Chen-Smith [5], Section 7].

Remark 26. Let us explain the choice of this canonical X. Given X, there can be (infinitely)
many orbifolds with coarse moduli space X. However, if X is the canonical toric orbifold
assoctated to X and p : X — X s the coarse moduli space map, then Ky = p*Kx since
p is an isomorphism in complex codimension one. We can understand this as saying that
the canonical orbifold X is a crepant resolution of X since X is a smooth orbifold, and p is
birational and crepant.

On the other hand, all other toric orbifolds with coarse moduli space X are obtained from
this canonical X by root constructions along toric divisors (see [24] ). A root construction along
a toric divisor introduces orbifoldness along the divisor and changes the canonical divisor by
a multiple of that divisor. For example, if X' is a toric orbifold obtained from the canonical
X by a r-th root construction along the toric divisor D. Then X 1is also the coarse moduli
space of X' and the coarse moduli space map p' : X' — X is birational, but p’ is not crepant
since Ky = p"*(Kx + (r — 1)/rD). So we cannot consider X' as a crepant resolution of X
and consequently X' is not suited for CRC.

Let m : Y — X be a toric crepant resolution. Notice that since X' is semi-Fano, so is Y,
i.e. ¢1(a) > 0 for any effective curve class a € Ho(Y;7Z). Let ¥y be the fan in Ny defining
Y. Then the set of primitive generators of the rays in Xy is given by Zg,l) ={by,..., b}
Let {a,...,a,.} be a positive basis for Hy(Y;Z) such that the classes {m.ay, ..., m.a,} gives
precisely the positive basis {di,...,d,} for Hy(X;Z), where 7, : H.(Y;Q) — H.(X;Q) is
the natural push-forward map which is surjective. By identifying Ho(Y;Z) with L, we can

indeed choose
m/
Qg — da = E dajej
j=1

fora =1,...,r". Let MY := H*(Y;C*) = LV @ C* be the A-model moduli space for Y.
Then the basis dy, ..., d, defines C*-valued coordinates Q1,...,Q, on MY.

We now fix a choice of a Lagrangian torus fiber L C X. Since 7 is T"-equivariant, the
pre-image of L C X is a Lagrangian torus fiber in Y, which, by abuse of notations, will again
be denoted by L. Recall that the relative homotopy group mo(Y, L) = Hs(Y, L; Z) is generated
by the basic disc classes 1, ..., B, each of which is of Maslov index two and represented by
a holomorphic disc w : (D? 0D?) — (Y, L). For each j, the basic disc class 3; intersects with
multiplicity one the toric divisor H; C Y which corresponds to the primitive generator b
of a 1-dimensional cone of the fan ¥y. We can identify Z™ and N with m(Y, L) and 7 (L)
respectively so that the exact sequence becomes

0— Ho(Y;Z) — mo(Y, L) = m (L) — 0.

Now we recall the definition of open GW invariants of Y. Let 5 € my(Y, L) be a relative
homotopy class with Maslov index p(8) = 2. Since Y is semi-Fano, any such g is of the
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form B, + o where $3; is a basic disc class and o € H§T(Y;Z) is an effective class represented
by holomorphic spheres such that ¢;(a) = 0. Let MP*"(L,3) the moduli space of stable
maps from genus zero bordered Riemann surfaces with one boundary marked point repre-
senting the class 3. Then the results of Fukaya-Oh-Ohta-Ono [28] tell us that M7 (L, 3)
admits a Kuranishi structure of real virtual dimension n and has a virtual fundamental cycle
[M1(L, B)]"". Define the open GW invariant

ny = nlos(ptle) = evo ((Mi(L, B)]"") € Ha(L; Q) = Q,

where evy : M7"(L, 3) — L is evaluation on the boundary marked point and [pt]; €
H°(L;Q) is the point class of the Lagrangian torus fiber.

Definition 27. The Lagrangian Floer superpotential of Y is the function WEF © Me« — C
defined by

m/

LF § Y § E Y
WY — nBZB — nﬂj_,’_aQa Zj)
Bemy(Y,L) J=1 | aengf(yv)
w(B)=2 c1(a)=0

where Zg 1is the monomial given by

Zg(u,0) = exp (—/w + 27i <(‘9B,6’)) ,
B
and Z; are monomials C;z% such that the coefficients C; are subject to constraints
Qa = Hc;laj, a = ].,...,7“,.
j=1
So this defines a family of functions WE(Q) parametrized by Q = (Q1, ..., Q) € M.

Again we assume that the infinite sum in the above definition converges and W& defines
an analytic function on Mc-.

On the other hand, let M} := LY ® C* be the B-model moduli space for Y. The same

basis dy, . ..,d, of L defines another set of C*-valued coordinates Uy, ..., U, on M.
Definition 28. The Hori-Vafa superpotential of Y is the function WY : Mc- — C defined
by

W =30,
j=1
where the coefficients C; are subject to the following constraints
o
U=, a=1,....r.
j=1

This defines a family of functions {W{V(U)} parametrized by U = (Uy, ..., Uy) € MY,

In [I1], the following open mirror theorem for semi-Fano toric manifolds was proposed:
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Conjecture 29. Let Y be a semi-Fano toric manifold. Then, up to a change of coordinates
on Mg+, we have

WyH(Q) =Wy (U(Q)),

where U = U(Q) is the inverse mirror map.

The mirror map log@ = log Q(U) for Y is an H?(Y)-valued function given by the 1/z-
coefficient of the I-function for Y. It defines a local isomorphism near U = 0, and U = U(Q)
is its inverse. Under the assumption that W converges, Conjecture [29] was proved in [11]
for all semi-Fano toric manifolds.

We can now formulate the open crepant resolution conjecture (CRC) as follows:

Conjecture 30 (Open CRC). Let X and Y be as above (with the semi-Fano condition). Let
[ be the dimension of the Kdihler moduli of X (which equals to that of Y ). Then there exists

(1) € > 0;

(2) a coordinate change Q(q), which is a holomorphic map (A(e) — Rep)t — (CX), and
A(e€) is an open disc of radius € in the complex plane;

(3) a choice of analytic continuation of coefficients of the Laurent polynomial WEF(Q) to
the target of the holomorphic map Q(q),

such that WE (Q(q)) defines a holomorphic family of Laurent polynomials over a neighbor-
hood of ¢ =0, and

Wi (@) = W(Q(a)-

As X is Gorenstein, «(v) is a positive integer for any v € Box'; in particular, we have
t(r) > 1. Recall that in the definition of the extended stacky fan (and hence W), we
restricted to those v with «(v) < 1. Hence X is Gorenstein implies that ¢(r;) = 1 for
m < j < m/. In particular, WL is summing over all 8 € my (X, L) with Chern-Weil Maslov
index pcw (8) = 2. Moreover, if we Writ/e B=>71 kB + Z;’imﬂ k;if,, +d with k; € Z>
and d € H5"(X), then pow(8) = 23772, k; + 27" (d). Since X is semi-Fano, ¢{" (d) > 0.
Hence the condition pucw () = 2 implies that 5 must be of one of the following forms:

(1) =B +dfor j=1,...,mand d € HS"(X) with {"(d) =0, or
(2) =0, +dfor j=m+1,....,m" and d € H§"(X) with ¢{"(d) = 0.

In view of this, the Lagrangian Floer superpotential of X can be expressed as

m

1
Wit = Z Z Z ﬁnflﬁj—l-d([pth; Tiws - Ton)q" | 2

J=1 | aengf(x) 120
W (d)=0

m’ 1
+ Z Z Z ﬁnfl,ﬁujer([Pt]L; Tows - - > Tew) 4" | Z;.

Jj=mAl | aemsf(x) 120
W (d)=0
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As a result, the open CRC is equivalent to asserting the following equalitiesﬂ between
generating functions of open (orbifold) GW invariants for X and Y

1 (0%
(4.1) > Zﬂnfl,ﬁj—&-d([pt]L;Ttww~~7Ttw)qd: > onk Q%

aengf(x)y 120 acHSE (v)
clc’W(d):(] C1(O¢):0
for j=1,...,m, and
L d Y
(4.2) S0 D s ralPei T o)t = Y0 nY Q%
aengf(x) 120 ’ acHS® ()
SW(d)=0 c1(a)=0
for j = m+1,...,m/, after analytic continuation of the generating functions for Y and a

change of variables Q = Q(q).

4.2. Relation to the closed CRC. The open CRC (Conjecture is closely related to
the closed crepant resolution conjecture. This can be best seen using the formulation due
to Coates-Iritani-Tseng [22] (see also Coates-Ruan [23]). Let us first briefly recall their
formulation.

In [32], Givental proposed a symplectic formalism to understand Gromov-Witten theory.
Let Z be either X or Y. Then let

Mz = Hy(2;8) @ C((z71)),

O

where A is a certain Novikov ring. This is an infinite dimensional symplectic vector space
under the pairing
QZ(fa g) = Resz:ﬂ(f(_z)7 g(z))ZdZ7

where (-,-) denotes the orbifold Poincaré pairing. Givental’s Lagrangian cone for Z is a
Lagrangian submanifold-germ Lz in the symplectic vector space Hz defined as the graph
of the differential of the genus 0 descendent GW potential F%. It encodes all the genus
zero (orbifold) GW invariants of Z and many relations in GW theory can be rephrased as
geometric constraints on Lz [21) [32].

The closed CRC in [22] was formulated as

Conjecture 31 (Closed CRC; Conjecture 1.3 in [22]). There exists a linear symplectic trans-
formation U : Hy — Hy, satisfying certain conditions, such that after analytic continuations

of Lx and Ly, we have
U(ﬁ;\{) - ﬁy.

In practice, to prove this conjecture, one computes the symplectic transformation U by
first analytically continuing the I-function Iy of Y from a neighborhood of the large complex
structure limit point for Y (i.e. near U = 0 in M2}) to a neighborhood of the large complex
structure limit point for X (i.e. near y = 0 in M%), and then comparing it with the I-
function Iy for X. Since the coefficients of Iy are hypergeometric functions, one can use
Mellin-Barnes integrals to perform this analytic continuation (as done by Borisov-Horja [6]).
Notice that the choice of branch cuts in the analytic continuation process always lead to an

5We emphasize that these equalities are equalities between analytic functions (as oppose to formal power
series).
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ambiguity in the construction of U (see [22, Remark 3.10]). This is also what happens in the
construction of our change of variables @ = Q(q).

The relation between the open and closed CRC originates from the following construction
of the change of variables Q = (q) from the symplectic transformation U: We first expand
U~!(Iy) near the large complex structure limit point for X. In terms of the coordinates
y € M%, we have

U'l(ly)=1+ @ +0(27?).

The map A(y) takes values in a neighborhood of the large radius limit point (i.e. @ = 0)
in M?. Then we define the change of variables Q = Q(q) as the composition of the map
Y(y) := exp A(y) induced by U and the inverse mirror map y = y(q) for X. Then we have

Theorem 32. Assume that the open mirror theorems for X and 'Y (Conjectures cmd
respectively) hold. Also assume that the closed CRC (Conjecture[31]) holds, with U(Ix) = Iy
Then the open crepant resolution conjecture (Conjecture @) 18 true:

Wi (@) = W (Q(a),

via the change of variables Q = Q(q) for the quantum parameters defined above.

Proof. The composition U o T of the mirror map @ +— U(Q) with the map T = T(y) defined
above gives a gluing of the B-model moduli spaces MY with M%. This extends the family
of LG superpotentials WiV over a larger base which includes the neighborhood of the large
complex structure limit point for X over which WV is defined. Moreover, by constructions,

W (U o T)(y) = Wi (y)
since we have U(ly) = Iy.
On the other hand, the open mirror theorems for ¥ and X state that
Wy(Q) = WY (U(Q)), and
W' (@) = W™ (wla).
respectively. It follows that

W (Q(g)) = WY (U o T)(y(a)) = Wi (y(a)) = Wi (a),
which yields the open CRC. Il

Remark 33.

(1) One can also calculate the change of variables QQ = Q(q) by a direct analytic con-
tinuation of the mirror map for Y wusing Mellin-Barnes integrals [6], which, by the
open mirror theorem, corresponds to analytic continuation of the Lagrangian Floer
superpotential WEE.

(2) As have been observed in [22], the change of variables y — (U o Y)(y) from M% to
MY, which appears in the proof does not necessarily preserve the flat structures near
the large complex structure limits in the B-model moduli spaces. This was the case for
the example X = P(1,1,1,3), Y = P(Kp2 & Op2) as has been demonstrated in [22].
Indeed this is also the case for P(1,...,1,n) whenever n > 3.
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(8) Suppose that the toric Kdhler orbifold (X,w) satisfies the Hard Lefschetz condition,
1.€.
W or, + HyyM(X) — HtH(X),
where Ugy, denotes the Chen-Ruan orbifold cup product, is an isomorphism for all
k> 0. An ezample is given by the weighted projective plane X = P(1,1,2). Then [22,
Theorem 5.10] implies that the symplectic transformation U can be written as

U:U0+U1271+"'+UN27N

for some N € Zsy and some linear maps U; : HY, (X;C) — H*(Y;C). In this case,
the change of variables needed in the open CRC' is simply given by Q = Uy(q). See
[23, Section 9.

4.3. Specialization of quantum parameters and disc counting. Ruan’s original crepant
resolution conjecture [39] states that the small quantum cohomology ring of the crepant reso-
lution Y is isomorphic to the small quantum cohomology ring of X after analytic continuation
of quantum parameters of Y and specialization of the exceptional ones to certain roots of
unity. Using the open CRC, we are able to give a new geometric interpretation of this spe-
cialization.

To begin with, we recall that, as a corollary of the results in Fukaya-Oh-Ohta-Ono [25], we
have a ring isomorphism

QH"(Y,Q) = Jac(Wy"(Q)),
where the right hand side is the Jacobian ring

Jac(WERY = Cl2i, ... 25 J(ooWEE L 9, WWED)

of the Lagrangian Floer superpotential W{#'. On the other hand, we expect that there is also
a ring isomorphism between the small quantum orbifold cohomology of X and the Jacobian
ring of the Lagrangian Floer superpotential of X:

QH}, (X, q) = Jac(Wx" (q)).

orb

These two results together with the open CRC (Conjecture then implies that, after
analytic continuation and the change of variables @@ = Q(q) for the quantum parameters, we
have a ring isomorphism

QH*<Y7 Q) = Q ctrb(‘)c‘? q)
between the small quantum cohomology ring of Y and the small orbifold quantum cohomology
ring of X.

Now the small quantum cohomology ring of the orbifold X is given by setting all the
orbi-parameters T, to zero. Correspondingly, the change of variables () = Q)(¢q) becomes

(C+f7da> — 1
_Je Qo, a=1,...,m
(43> Qa— { €(c+f,da>’ a:r—l—l,...,r’,
where ¢ € H*(Y; C) is the class defined by
Uly) =1y —cz ' +0(z7?)

and f € H?*(Y;C) is an exceptional class. Note that this is similar but not always the
same as Ruan’s CRC because e'“*/) is not necessarily a root of unity. Hence this leads
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to a “quantum corrected” version of Ruan’s CRC. See [23] (in particular Section 8) for an
excellent explanation of what is happening.

From the point of view of Lagrangian Floer theory and disc counting, setting 7, = 0
corresponds to switching off all contributions from orbi-discs in the Lagrangian Floer super-
potential W£E. In particular, all terms in the infinite sum

1
Z Z ﬁnflﬂuj-&—d([pt][,; Tews « - - 77—tw)qd

dengf(x) 120
W (d)=0
will vanish because a holomorphic orbi-disc must have at least one interior orbifold marked
point, so that the invariant nf 5, +a([Pt]L; Tow, - -+, Tiw) i monzero only when [ > 0. By
", V,]

the open CRC, the corresponding terms in Wi, which correspond precisely to those discs
meeting the exceptional divisors in Y, also vanish. Hence we conclude that:

Theorem 34. Suppose that the open CRC (Conjecture@) holds. If we write the Lagrangian

Floer superpotential of the crepant resolution Y as WEF = WéF’excep + WéF’reSt, where

m/

W}EF,excep _ Z Z ng;+aQa Zj

Jj=mtl | aemsf(v)
c1(a)=0
is the sum of terms coming from discs meeting the exceptional divisors in'Y , then each term
of WEFS® wanishes after the change of variables and specialization (&.3).

5. A COMPARISON THEOREM

In this section, we derive an equality between open and closed invariants in the orbifold
setting. We will first consider the case of Gorenstein toric Fano orbifolds (Theorem [35)). The
corresponding result (Theorem for more general cases (i.e. semi-Fano and not necessarily
Gorenstein) will be discussed at the end of this section.

Theorem 35. Let X' be a Gorenstein toric Fano orbifold (possibly non-compact) and L a La-
grangian torus fiber. Suppose that there is a stable holomorphic orbifold disc in {’?l‘”"(L, B, x)
for B € m(X,L), and further assume that pew(B) = 2. Here x = (X,,,...,X,,) for

vi € {v € Box' | «(v) = 1}. Then there exist an explicit toric orbifold X' and an explicit

homology class B € Hy(X;7Z) such that the Jollowing equality between open orbifold GW
invariants of X and closed orbifold GW invariants of X holds:

nfl,ﬁ([pt]L; 1V17 EIR) 1Vz> = <[pt]227 1V1a R 1Vl>gfl+1’5
where [pt], € H"(L; Q) (resp. [pt]le € H*(X;Q)) denotes the point class of L (resp. X).

The proof of Theorem (35| is an adaptation of the proof of Theorem 1.1 in [I0] and the
proof of Proposition 4.4 in [36] to the orbifold setting. One major difference is that in the
setting of [10, [36], no interior insertions are allowed. In contrast, the open orbifold GW
invariants considered in this paper are allowed to have interior orbi-insertions 1,,. Notice
that the Divisor Axiom is not valid for orbi-insertions even for degree two.
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In the orbifold case, bubbling components of the disc are constantly mapped to an orbifold
point in X (by stability the bubbling components have to contain orbifold marked points such
that the domain is stable), while in [I0} [36], bubbling components are mapped to rational
curves with Chern number zero. The assumption that rational curves do not deform away
was required. On the other hand, orbi-strata have the advantage that it is invariant under
torus action and hence automatically cannot deform away.

Also notice that the toric modification X can be stacky even when X is non-stacky, because
the newly added vector b, may not be primitive. This situation does not occur in the manifold
case since a basic disc class always corresponds to a primitive vector in the manifold setting.

To construct (X, 3) explicitly, we need the following proposition:

Proposition 36. Assume the notations and conditions in Theorem [35. Then every stable
holomorphic orbi-disc u € M’l’}l‘lm(L,ﬂ,m) representing the class f € my(X, L) satisfies the
following:

(1) The domain of u is connected and it consists of one disc component D and possibly a
connected rational curve C consisting of (orbi-)sphere components.

(2) ug := ulp represents 5 and B must be a basic disc class.

(3) Whenl =0,1, Dom(u) = D. Whenl > 2, C is non-empty.

(4) Suppose that | > 2. When 3 is a basic disc class represented by a smooth holomorphic
disc, D and C intersect at an ordinary nodal point. When B is a basic disc class
represented by a holomorphic orbi-disc, D and C intersect at an orbifold nodal point.
Denote the image of the (orbifold) nodal point under u by p € X.

(5) ule=pe X.

Proof. By the definition of a stable holomorphic orbi-disc, the domain of v must consist of
(orbi-)disc components Dy, ..., D; and (orbi-)sphere components Cy, .. .,C;. One has

pew (w) = pew(ulp,) + ... + pew (ulp,) + 267 (ule,) + . .. + 267" (ule,).

Since every class represented by holomorphic (orbi-)discs are generated by basic disc classes
and each basic class has pow > 2 because X' is Gorenstein, we have puow ([u|p,]) > 2 for all 4.
On the other hand, by the assumption that X is Fano, we have c{" (ul¢,) > 0 and equality
holds if and only if u is constant on C; for each i. Therefore the condition pucw (u) = 2 forces
us to have j = 1 and u is constant on each C;. This proves (1).

Denote D = Dy so that 8 = [u|p]. Now the class of ug := u|p is generated by basic disc
classes. But since pew ([ug]) = 2, [up] has to be one of the basic disc classes. This proves (2).

Suppose that [ = 0 or 1. Then by the stability of the map u, the domain Dom(u) cannot
have constant (orbi-)sphere components, and hence Dom(u) = D. When [ > 2, since D has
at most one interior orbi-marked point (by the classification, i.e. Theorem [§| for holomorphic
orbi-discs), Dom(u) must consist of some (orbi-)sphere components. This proves (3).

Assuming that [ > 2. Then there are two cases: u|p is a smooth holomorphic disc, or u|p
is a holomorphic orbi-disc. Since [u|p] = £ is basic, in both cases u|p intersect X \ X° at
exactly one interior point z (here X° := X' \|J;_, D; = (C*)" is the open dense toric stratum
of X). Let p=wu(z) € X be the point of intersection. Notice that all orbifold points of X" lie
in X'\ X°. Since an orbifold marked point must be mapped to an orbifold point of X and u
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is constant on C;, we have u|¢, = p. This forces C := J,C; to be a connected rational curve
and D intersects C at z € D. When u|p is a smooth holomorphic disc, the intersection has
to be an ordinary nodal point. When u|p is an holomorphic orbi-disc, z is an orbifold point,
and so the intersection has to be an orbifold nodal point. This proves (4) and (5). O

We are now ready to construct (X, 3), assuming the setting of Theorem .

Definition 37. Assume the notations and conditions in Theorem [35. By Proposition[30, 8
must be one of the basic disc classes. Let by = 08 € N and consider by, := —by.

Let C' = (by,, ..., bi)r., be the minimal cone of ¥ which contains by Ifl =1 (which means
b is contained in a ray of ©), one replaces b;, by by, and obtains a new stacky fan 3. Ifl > 1,
consider the subdivision of C' by subcones (boo, biy, ..., bi, ... by)ry, for j =1,...,1. This

subdivision induces a subdivision of any cone C' = (b;,,...,b;, by, ..., by, )r., containing C,
where the subcones are given by (b, by, ... by, ..., b;, by, ... ,bkp>R20. Thus one obtains a

new stacky fan ¥ which is a refinement of ¥, and whose set of stacky vectors is a union of
that of ¥ and {by}. Then let X be the toric orbifold associated to the stacky fan 3.

Denote by B € 72(X, L) the basic disc class corresponding to be. Since O(8 + fo) =
bo+ (—=by) =0, B := B+ P belongs to Hy(X;Z). This finishes the construction of (X, ).

We shall now proceed to the proof of Theorem [35] Orbifold smoothness is used here instead
of ordinary smoothness for manifolds.

Proof of Theorem[35 The strategy is to prove that the open moduli and the closed moduli
have the same Kuranishi structures.

First of all, let us set up some notations. Let ¢ = (&,,, ..., &,,) be the type of 5. Recall that
this records the twisted sectors that the interior orbifold marked points of a map representing
8 pass through. Denote the twisted sector of X which corresponds to &, by &,,. Then set
z=(X,X,, ..., &, (recall that X = X, is the trivial twisted sector).

main

Denote by ;’S(B,w) = MTP(L, B,x) the moduli space of stable maps from genus 0
bordered orbifold Riemann surfaces with one boundary marked point and [ interior orbifold
marked points of type x representing the class 3, and by Mﬁrl(ﬁ, &) the moduli space of
stable maps from genus zero nodal orbifold curves with one smooth marked point and [
orbifold marked points of type X representing the class /3.

Fix a point p € L and define
MP(B, ;5 p) := MPY(B, ®)ewy %, {P}

where we use the evaluation map evy : /\/lcl’pl(ﬁ ,x) — L at the boundary marked point and
the inclusion map ¢ : {p} < L in the fiber product. Similarly, we define

M (B, @;p) == ML (B, @)ewy X7 {P}
where we use the evaluation map evy : MSL,(3,&) — X at the smooth marked point and the
inclusion map 7 : {p} — X in the fiber product.

C{f’l(ﬂ,m) is equipped with an oriented Kuranishi structure with tangent bundle. By
Lemma A1.39 of [26], 27] on fiber products, this induces an oriented Kuranishi structure with
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tangent bundle on M5 (3, x;p). Similarly M{, (8, Z) and M{., (B, &;p) are both equipped
with an oriented Kuramshl structure with tangent bundle.

Let us begin by computing the virtual dimensions. The (real) virtual dimension of M{ ( B,x;p)
is given by
pew(B) + 1+ 20 —3 —2u(x) = pew(B) + 21 — 2u(x) —

where ((x) = Zizl t(v;); while the (real) virtual dimension of M. (5, ) is given by
2 (B) +2(1+ 1) — 6 — 2u(z) = 25V (B) + 21 — 2u(z) — 4.
Now

25V (B) = pew (8) + pow (Bs) = pew (B) + 2,

where we have pucow (5s) = 2 because [ is a smooth basic disc class. Thus we see that they
have the same virtual dimension (in fact, since pcw (6) = 2 and «(x) = [, they both have
virtual dimension zero). In the following we prove that they are isomorphic as Kuranishi
spaces. The proof is divided into 3 steps:

Step 1: We have

(B, @;p) = MPL (B, &5 p)

as a set.

Proof: By Proposition [36, the domain of every stable map u with one boundary marked
point and [ interior orbifold marked points representing [ consists of an orbi-disc component
representing  and some constant orbi-sphere components. By Cho-Poddar [I7], § corre-
sponds to a twisted sector X, of X and the evaluation map evy : m‘””( ,B,X,) — L at
the boundary marked point is a diffeomorphism. This means that there exists a unique (up
to automorphisms of domain) holomorphic orbi-disc ug representing /5 and passing through
p € L. Thus every such stable disc u € M(5(8, x;p) has the same holomorphic orbi-disc
component ug. In conclusion, w is ug attached w1th a constant rational orbi-curve at its only
interior orbi-point.

Let B := 8 + Bo € Hy(X;Z). By the maximum principle, any rational orbi-curve repre-
senting 3 passing through p € X is unique (again up to automorphisms of domain); we call
this curve @g. Now let 4 € ML (B, 2;p). Applying the maximum principle to % shows that
any component of u passing through p must be . Since @ passes through p, it must contain
such a component. Moreover, since @ and g have the same ¢{"V, and every non-trivial ra-
tional curve has ¢ > 0 because A is Fano, the restrictions of @ to all the other orbi-sphere
components are constant maps. By connectedness they have to be mapped to the same point.
Moreover, by the stability of @, they are mapped to the image of the unique orbi-point of .
In conclusion, u is 4y attached with a constant rational orbi-curve at its only orbi-point.

Now it is not difficult to see that there is a one-to-one correspondence between ./\/l(ljf)l(ﬁ )
and M. (B, ;p): Any stable map u € MSY(B, ;5 p) is given by ug attached with a constant
rational orbi-curve at the unique interior orbi-point. We associate to it the stable map given
by uy attached with the same constant rational orbi-curve at its only orbi-point, which is
an element of MIH(B, ;p). Conversely any u € /\/llH(ﬁ, Z;p) is up attached with a con-
stant rational orbi-curve at its only orbi-point, and it can be associated to an element of
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MSY(B, z;p) in the same way.

Step 2: We have the following equality between virtual cycles
[MIN(B, 25 p)]™" = M(B, )],

where ¢ : {p} < L is the inclusion map. Similarly, we have
(ML (8,25 p)]"" = T [M7LL (8, 2)]",

where 7 : {p} — X is the inclusion map.

Proof: This follows directly from Lemma A1.43 of [26], 27].

Step 3: The Kuranishi structure on M(3,x;p) is the same as that on ML (B, ®; p), and
SO

cvo M5B, 2 p)]"" = evo [Miy (B, 25 p)]™
as cycles in Hyo({p}; Q) = Q. It then follows that the open orbifold GW invariant

nfl,ﬁ([pt]ln ]-1/1, cuey 1Vl) = eVox [MT%(/B’ m’p)]mr
is equal to the closed orbifold GW invariant

<|:ptj|‘)2, 1’/17 ey 1Vl>()](,‘l+1,ﬂ_ = evo*[MlC_li_l(B, i7p>]vl’r

Proof: Let [u] € M, (3, &;p) which corresponds to the element [u] € MSY(B, ;5 p) by Step
1. u consists of one disc component ug and a rational curve component. The key observation
is that since ug is regular, the obstruction merely comes from the rational curve component.
Similarly @ consists of one smooth component #y and the same rational curve component, and
the obstruction again merely comes from this rational curve component. Thus obstructions
of u can be identified with obstructions of # so that they have the same Kuranishi structures.
Thus their virtual fundamental cycles are identical.

To make the above argument precise, let us briefly review the construction of Kuranishi
structures in this situation. One has a Kuranishi chart

(Vops Eop: T'op, Yop, Sop)
around u which is constructed as follows [26], 27]. Let
D,0 : W' (Dom(u), u*(TX), L) — W (Dom(u), u*(TX) ® A%
be the linearized Cauchy-Riemann operator at w.

(1) Tp is the finite automorphism group of w.

(2) E,p is the obstruction space which is the finite dimensional cokernel of the linearized
Cauchy-Riemann operator D,0. For the purpose of the next step of the construction,
it is identified (in a non-canonical way) with a subspace of W%?(Dom(u),u*(T'X) ®
A%1) as follows. Denote by D and Cy, .. .,C; the (orbi-)disc and (orbi-)sphere compo-
nents of Dom(u) respectively. Take non-empty open subsets Wy C D and W; C C; for
1 =1,...,0. Then by the unique continuation theorem, there exist finite dimensional
subspaces E; C C°(W;, u*(TX) @ A%!) such that

Im(D,0) ® E,p, = W*?(Dom(u),u*(TX) @ A°!)
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and E,, is invariant under I'y,, where

Ep:=E & ...0E).

(3) Vop is taken to be (a neighborhood of 0 of) the space of first order deformations ¢ of u
which satisfies the linearized Cauchy-Riemann equation modulo elements in E, that
is,

D,0$p=0 modE.

Such deformations may come from deformations of the map or deformations of com-
plex structures of the domain. More precisely,

(7 __ {/ma dom
‘/op - V;)p P X ‘/op
where V7* is a neighborhood of zero in the kernel of the linear map
[D,0] : WP (Dom(u), u*(TX), L) — W?(Dom(u),u*(TX) @ A°')/E,p.

We remark that since Dom(u) is automatically stable in our case, there is no infini-
tesimal automorphism of the domain that in general one needs to quotient out.

Voclijom is a neighborhood of zero in the space of deformations of C = J, C; which is
the rational curve component of Dom(u) consisting of [ orbifold marked points. They
consist of two types: one is deformations of each stable component (in this genus zero
case, it means movements of special points in each component), and the other one is
smoothing of nodes between components. That is,

dom __ cpnt smth
VOP o VOP X V:)p

where Vo‘g’nt is a neighborhood of zero in the space of deformations of components of
C, and V3 is a neighborhood of zero in the space of smoothing of the (orbifold)
nodes (each node contribute to a one-dimensional family of smoothing). Each element
D e VO‘%)OH‘ corresponds to a stable holomorphic orbi-disc which is of the form D U C ,
where D is an orbi-disc with one boundary marked point and one interior orbifold
marked point, and C is a rational curve with [ interior orbifold marked point, such
that D and C intersect at a nodal orbifold point. By abuse of notation the orbi-disc is
also denoted by D, which serves as the domain of the deformed map in this context.
(4) 3op : VOP — Eop, is a transversal I'op,-equivariant perturbed zero-section of the trivial
bundle E,, x Vi, over Vo,. By [2§] or [I7], this can be chosen to be T"-equivariant.
(5) There exists a continuous family of smooth maps pj” : (D,0D) — (X, L) for ¢ € Vip
such that it solves the inhomogeneous Cauchy-Riemann equation: 5p‘;p = Sop(®). Set

Vop = {9 € Vop : evo(py’) = p}
where evg is the evaluation map at the domain boundary marked point. Then set

Sop = §Op|vop'
(6) %op is a map from s, (0)/T', onto a neighborhood of [u] € M?Y(8, z; p).

In Item (2) of the above construction, since the disc component uy of u is unobstructed,
we may take Fy = 0 so that £, can be taken to be of the form F,, = 0@ £, @ ... © .
After this choice, we argue that (Vip, Eop, L'op, Yop, Sop) can be identified with a Kuranishi
chart (Vi1, Ee1, Lal, ¥, Sa1) around the corresponding closed curve .
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(1) From the construction of the one-to-one correspondence between u and @, we see that
u and © have the same automorphism group, i.e.

|

(2) Notice that g has trivial obstruction. Also all the other components are the same for
u and u so that D,0 = D30 on these components. It follows that

Im(Dz0) ® (0@ B, @ ... 3 E) = W (Dom(a),u*(TX) @ A°).

Thus we may also take £, =0® E1 & ... D Ej.

(3) We set Vyg = V2" x Vdom swhere V2P and Vdom are defined in a similar way as in the
open case. The only dlfference is that Dom( ) has exactly one unstable component,
namely, Dom (%) and we need to define V** to be a quotient of the kernel of the linear
map [Dz0] by the space of infinitestimal automorphisms of this unstable component.

Since we have chosen E = 0B E; @. . .® E;, V" consists of first order deformations
which is holomorphic when restricted to the component Dom(ug). Restrictions of
such deformations to Dom(u) to give elements in V3*P. Conversely, since E,, =
08 E1®...@ E), the first order deformations in V7*P are holomorphic when restricted
to the dlsc component. Thus they can be extended to Dom(u) to give elements in
VP This establishes an identification between V" and Vu*P. Also Vo = Vo
Wthh is the first-order deformation of the rational curve component C. Hence we have

Vop = Vcl-

(4) With the above identification, 5, is identified with a section 5 : Vi — Eq.
(5) Again, since we have chosen F,, = 0@ E1 @ ... @ L, it follows from 0p3° = 50,(¢)
that p,’|a is holomorphic. Together with evo(pd) ) = p, we see that p’|p = ug. Thus

pq5 extends to give a family pg ! for ¢ € V. which satisfies 8p¢ = Sa(¢). Set
Va = {¢ € Va : evo(p)) = p},

where e is the evaluation map at the domain smooth marked point. Then define

Scl - —

(6) From the above construction, s, (0) /Fop can be identified with s;'(0)/Tq. Then
top can be identified as a map wcl which maps s;'(0)/T'q onto a nelghborhood of

[ ] l+1(6 (B,p)

In conclusion, a Kuranishi neighborhood of [u] can be identified with a Kuranishi neighbor-
hood of [a]. As a result, the Kuranishi structure on MY (3, @; p) and that on M}, (3, %;p)
are identical. This completes the proof of Theorem [35] U

For simplicity we have made stronger assumptions in Theorem [35 than required. Indeed
the above argument applies to more general situations described as follows:

Theorem 38. Let X be a semi-Fano toric orbifold (possibly non-compact) and let L be a
Lagrangian torus fiber of X. Let f = y+d € mo(X, L) be represented by a stable holomorphic
(orbi-)disc with one boundary marked point and | interior orbifold marked points and passing
through | non-trivial twisted sectors X, for i = 1,...,1, where By is a basic disc class and
d is represented by a rational orbi-curve with ¢{W (d) = 0. When By is a basic smooth disc
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class, let S be the toric divisor that it passes through. When By is a basic orbi-disc class, let
S be the support of the twisted sector that it passes through.

Assume that each component of an (orbifold) rational curve C C X representing d has
W = 0; if C intersects S, then C is contained in X \ Ds. Here, X is the toric orbifold
birational to X constructed in Definition and Dy is the diwvisor corresponding to b
involved in the construction. S C X is identified as a subset of X by the birational map
between X and X. Then we have the equality between open and closed orbifold GW invariants

nfl,ﬁ([pt]L; 1V17 ceey 1Vz> = <[pt]227 11/1’ ceey 1Vl>g(,l+1,5

where B = Bo + Boo +d € Hy(X;7Z), [pt]L € H"(L;Q) denotes the point class of L and
[ptle € H*(X;Q) denotes the point class of X.

Note that the cohomological degrees of the interior orbi-insertions 1,, are not restricted to
two here.

To prove Theorem [38] we first need to show that basic disc classes are primitive in a certain
sense. Let us recall that basic disc classes consist of the following two types:

(1) A disc class §; € mo(X, L) represented by a smooth holomorphic disc of Maslov index
two corresponding to each toric divisor D;.

(2) A disc class 5, € m(X, L) represented by a holomorphic orbi-disc of desingularized
Maslov index zero, with one interior orbifold marked point which maps to the twisted
sector X,.

Note that if 8 € mo(X, L) is realized by a stable holomorphic (orbi-)disc, then we can write

B=> kB + Y kb +a,
a=1

vEBox’

for k, € N, ky, € Z>o, jo € {1,...,m} and « is an element in Hy(X';Z) realized by a positive
sum of holomorphic (orbi-)spheres.

Lemma 39. The basic disc classes are primitive, in the following sense:

(i) Forj € {1,...,m}, suppose that B; = > " _ | kufj, + > cpox FvlBy + v as above. Then
one of the following alternatives holds:
(1) At least one k, > 1.
(2) k, =0 forallveBox', a=0,p=1,k =1 and j, = j.

(ii) For n € Box', suppose that B, = >0 _ kaBj, + 2 pcpox kv + a as above. Then one

of the following alternatives holds.

(1) Y,k > 2

(2) p=0,a=0, and k, = 1 when v =1 and zero otherwise.

Proof. For toric manifolds, a similar statement has been proved in [28, Theorem 10.1].

Let us first consider the case of ; for j € {1,...,m}. We will assume that k, = 0 for all
v € Box’ and show that &« =0, p=1, k; = 1 and j; = j. Since k, = 0 for all v € Box/, one



38 CHAN, CHO, LAU, AND TSENG

has
p
(5.1 8= kb +a.
a=1

By considering the symplectic areas on both sides, we have
0= kalj, +c,

where c is the symplectic area of . Since « is represented by a positive sum of holomorphic
(orbi-)spheres, we have ¢ > 0 and equality holds if and only if « = 0. On the other hand,
take u € P in the interior of the j-th facet F; C P so that ¢;(u) = 0, and ¢;(u) > 0 for i # j.
Hence, we must have ¢ < 0. Soc=0, a =1, k; =1 and j; = 7. This proves (i).

To prove (ii), consider 3, for some n € Box’, and assume that Y k&, < 2. Again by taking
the symplectic areas, one has

‘, —Zk€]a+ > kb +e

vEBox’

where ¢ > 0 is the symplectic area of a. Take u € P such that ¢, (u) = 0. Since every term
on the right hand side is non-negative, we must have ¢; (u) = £,(u) = ¢ = 0 for all a and v.
In particular, @ = 0. Also, this implies that 7, b;,,v for k, # 0 belong to the same cone of

the fan 3(P). But
n—Zk b+ Y ke Box.

veBox’
This forces k, = 0 for all @ and k, cannot be all zero. The only remaining possibility is &k, = 1
only when v = 1 and zero otherwise. This finishes the proof of the lemma. U

This lemma implies that the basic holomorphic (orbi-)discs cannot degenerate into sums of
other basic discs, since the number of interior orbifold marked points cannot increase when
we consider possible degenerations of an orbifold curve (by the definition of the topology of
the domain curve).

We are now in a position to prove Theorem |38

Proof of Theorem [38. First of all, the semi-Fano condition implies that every rational (orbi-
)eurve has CCW > 0. Since a sphere which intersects with X° = (C*)" C X must have
positive ¢{" > 0, those with ¢{'" = 0 are contained in the toric d1v1sors Moreover the basic
disc class 3y is primitive by Lemma Thus the domain of a stable disc u representing
Bo + d must be of the form D with a rational (orbi-)curve C attached, where uy := ulp is
a holomorphic (orbi-)disc representing 3y and u|c represents d which has ¢{"(d) = 0. The
(orbi-)nodal point where ug is attached with ule lies in S, and so C must pass through S. By
the assumption, such rational (orbi-)curves in X’ are in one-to-one correspondence with those
in X. As a result, we can apply the construction in Definition [37] and extend the arguments
in the proof of Theorem 35] to the current situation to show that

(13(5,%27) l+1(ﬁ7 D )

as spaces with Kuranishi structures. Hence we obtain the desired equality. O
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Notice that starting with a toric manifold X, in order to apply the open-closed relation
discussed in this section, unavoidably one has to work with toric orbifolds since in general X
is an orbifold (see Definition . In the manifold case, Theorem |38[ says the following:

Corollary 40. Let X be a semi-Fano toric manifold (possibly non-compact) and L a La-
grangian torus fiber of X. Let = g+ d € (X, L), where 5y is a basic disc class and d is
represented by a rational curve with ¢i(d) = 0.

Assume that each component of a rational curve C C X representing d has " = 0,

and if C intersects Dy, then C' is contained in X \ Ds. (Here, Dy is the toric divisor that
Bo intersects, X s the toric orbifold constructed in Definition which is birational to X,
and Dy, is the divisor corresponding to by, involved in the construction.) Then we have the
equality

nf()”é’([pt] ) = ([ptl% >01,B

where [pt];, € H"(L; Q) denotes the point class of L and [pt]x € H*"(X;Q) denotes the point
class of X.

6. EXaAMPLE: X =P(1,...,1,n) AND Y = P(Kpn & Opn)

In this section, we prove the open crepant resolution conjecture (Conjecture for the
weighted projective space X = P(1,...,1,n) which is Gorenstein and Fano, and whose crepant
resolution is given by the semi-Fano toric manifold Y = P(Kpn-1 @ Opn-1).

6.1. Computation of open orbifold GW invariants. The weighted projective space X =
P(1,...,1,n) is a toric orbifold described by the simplicial fan ¥ whose generators of rays are
given by

b, =(1,0,...,0,0),b, = (0,1,...,0,0),...,b,_1 = (0,0,...,0,1,0),

b, =(-1,-1,...,—1,n),b,41 = (0,0,...,0,—-1) e N =Z".
There is a unique isolated orbifold point with Z,-singularity which corresponds to the cone

generated by by, by, ..., b,. The twisted sectors of X are hence given by the trivial one
Xy = & together with the non-trivial ones &}/, corresponding to

]{j n
Vi/n ::Eij:(O,O,...,O,k) eN
j=1

for k =1,...,n — 1, which are all supported at the isolated orbifold point in X'. The degree
shifting number of &}/, is given by

e = L(Vkm) = k.
The weighted projective space X is Gorenstein (as ¢y, is an integer for all k) and Fano.

Let L C X be a Lagrangian torus fiber. By Cho-Poddar’s classification of holomorphic orbi-
discs [I7] (see Theorem|[§)), there is a basic orbi-disc class f1/n € mo(X, L) with pew (B1/) = 2
which is represented by a holomorphic orbi-disc with one boundary marked point and one
interior orbifold marked point passing through the twisted sector Xj,,. Note that &7, is
the only non-trivial twisted sector with degree shifting number equal to one. Let 1;,, €
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H%(Xy/,) C HZ,(X) be the fundamental class of X;,,. We are interested in computing the

open orbifold GW invariants nfml/n([pth; Lijns oo Lijm).

By applying the construction in Deﬁnitionwith B = Bi/n, we have X=X=P(1,...,1,n)
since b = =15, = bpy1, and § = By, + Bny1 Where f,41 € mo(X, L) is the smooth basic
disc class corresponding to b, 1. Now Theorem [35| gives the equality

nfl,ﬁ([pt][n 11/717 R 11/71) = <[pt]/\f‘7 11/n) R 11/n>0X7l+1,B'

To compute the GW invariant ([pt]x, 11/, ..., 11/n>(/)‘jl+1,,§’ we will use the method devel-
oped in [I2] adapted to the orbifold setting. Roughly speaking, this goes as follows. The
invariants we need are encoded as a certain coefficient of the small J-function of X. By
applying the mirror theorem for orbifolds (i.e. Theorem which will be proved in the
forthcoming work of Coates-Corti-Iritani-Tseng [20]; see [34, Conjecture 4.3] for the precise
statement), we can then compute the relevant coefficient and hence the invariants using the
explicit and combinatorially defined I-function.

Recall that the small J-function of X is given by

d
T0.2/% § E q ¢o¢ &3
JX(q,Z) =e 0’2/ ].+ l' <]-7TtW7"‘7TtW7 >(/]‘jl+2,d¢ ’

Z —_—
a  (d,)#(0,0) v
deHST(X)

wherelogq = 7 = T2+ 7w € H2y,(X) with 10 = 11 € H*(X) and Ty = T211yn € H(Xin),
and qd = e<7—0,27d> — q§ﬁ17d>

The H-part of the coefficient of 1/22 of J¥(q, 2) is given by

d
q X 3 1 x
Z F([Pt]xa Ttws - - - 7TtW>0,l+1,d :qﬁ Z l_'<[pt]X’ Tews - - - aTtw>o,l+1,B
(@D#(0,0) >0
deHS®(x)
B Té X
=q Z F<[pt].}(7 11/n7 ceey 11/”>0,l+1,§
1>0

where the last equality follows because ([pt]x, Tiws - - - Taw)og+1,a 7 0 only when ¢V (d) = 2
for dimension reasons, and d = J is the only curve class satisfying ¢ (d) = 2. Thus the
invariants ([pt]x, 11/n, .- -, 11/n>§1+1 5 are contained in the HP-part of the coefficient of 1/22

of the small J-function.

The toric mirror theorem allows one to compute the .J-function from the combinatorial
data which defines X' as follows. The extended stacky fan [35] of X can be defined by the
exact sequence

0L —>Z""2 3N —>0
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where the homomorphism Z"™? — N is given by sending the standard basic vector e; to b;
fori=1,...,n+1and eyys to byt := 1/, = (0,...,0,1). One has

1 0
(bl CIE bn—l bn bn+1 bn+2) 1 0 =0

n 1
0 1

which defines the inclusion of the kernel L = Z2? — Z"*+2. Let

dy = Z €j +nepy1, dz = €pp1 + Epyo
j=1
be a basis of L. Then Hy(X;Q) is the subspace Qd; C L ® Q and 3 = d;/n. Let
D1 =...= Dn = (1,0), Dn+1 = (TL, 1) and Dn+2 = (O, ].) S ]Lv

denote the row vectors in the above matrix. Then H?(X; Q) is the quotient LY ® Q/QD,, 1».
For j =1,...,n+ 1, the image of D; in H*(X;Q) is the Poincaré dual of the corresponding
toric divisor; while the image of D, o in H*(X;Q) is zero.

The secondary fan is supported in Ly = R? and its rays are generated by Dy = ... = D,,
D, 1 and D, 5. The secondary fan parametrizes stability conditions of the GIT quotients
of C"2 by (C*)? whose action is defined by the above exact sequence. It consists of two
cones, namely (D1, Dyy1)r., and (Dp41, Dyg2)r.,. When we choose the stability condition
N € (Dps1, Dnto)re,, the GIT quotient we obtain is the orbifold X. When we choose the
stability condition n € (D1, Dyt1)r.,, the GIT quotient we obtain is the crepant resolution
Y = ]P)(K[pm—l @D Opn—l).

The cone Kqg is given by the subset

Keff: {a_

For d = “=2d; + bdy € Keg, v(d) = {bT}zj by = {230, ,n) € Box. So v(d)
if and only if @ = b (mod n). Recall that the I- functlon (whlch takes values in H* (X)) i
defined as

L"((% Z) —ePt logy1/z

b
d1+bd2€L®Q:a,bEZ20}.

( Z ydnj:(D]-,d)<0 er[(Dj,d>,0)ﬁZ(Dj ((Dy,d) — k)z) )

1,4
)

—
—
A
QL
~
|
By
SN—
N

deKog Hj;(Dj,d)>0 er[o,(Dj,d))mZ(Dj

where y? = yPrdyp2d y1 y2 if d = “2d; + bdy and 1,(9) € H(X,4) C =D (x) s
the fundamental class of the twisted sector &) q).
Let us compute the H-part of the coefficient of 1/22 of Ix(y, z). Let d = “T’bdl +bdy € Keg.

For the coefficient of y¢ to have an image in H°(X'), we need to have 1, € HZ, (X) which is
true if and only if @ = b (mod n), and also (D;,d) & Z for all j # n + 2 since otherwise the
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numerator of that term is a multiple of the Poincaré dual of D; which cannot lie in H%(X)
(note that the image of D, in H*(X) is zero). This implies that

a—b>0,a>0.

In this case, the exponent of z in the expression of the I-function is given by

—gRDpdﬂ =—<n(a;b}+a+b> :—(na;b—i-ava) — —2a,

which contributes to 1/2? only when @ = 1. This in turn implies b = 1. Hence the H’-part
of the coefficient of 1/2% of Ix(y, 2) is given by y, = y®.

The toric mirror theorem states that

Jx (g, 2) = Lx(y(q), 2),

where y = y(q) is the inverse of the mirror map ¢ = ¢(y). In particular, the H%-parts of their
1/2%-coefficient are equal. Thus

l
1/n T

Y2 :(h/ E l_'2<[pt])(711/n7‘"711/n>0X7l+1757
>0

since we have ¢? = e(m2:d1/n) — qf ndi/m) qi/ ". Note that this implies that the Lagrangian

Floer superpotential WL is convergent.

Let us also compute the mirror map, which is given by the HZ, -part of the 1/z-coefficient
of the I-function. Let d = aT’l’dl + bdy € Keg. The coefficient of y? to contributes to ngb,
either when v(d) = 0 or v(d) = v1,. But v(d) = 0 if and only if @ = b (mod n) in which
case the exponent of z is —2a, so this will not be part of the mirror map. Thus we must have
v(d) = vy, which is the case if and only if b—a = 1 (mod n). Write b= a+kn+1 for k € Z.

Then the exponent of z is given by

—TiRDj,dﬂ :—(n[a;b—‘—FCL—Fb) =n(—k)+a+(a+kn+1)=2a+1,

which contributes to 1/z only when a = 0. So b = kn+ 1 for k € Z>(. Hence the mirror map
is given by

i (=) (=2 1) (=L — (k= 1)))" dk> 11/,

Y
— (kn+1)!
where d, = (kn + 1)(de — dy/n) = —(k + 1/n)d; + (kn + 1)dy. We can also write

T(y1,y2) = p1logyr + (

71 = log y1,

—1/n
75 = g(yr "),

where g = g(z) is the function

> (kn+1)! T

9(z) ==

We remark that g is a solution to some Picard-Fuchs equation.
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Using these calculations, we can now prove the open toric mirror theorem for X’
Theorem 41. For X =P(1,...,1,n), we have
W' (a) = Wx" (y(a));

where y = y(q) is the inverse mirror map.

Proof. The Lagrangian Floer superpotential of X" is given by

l
W/{//F(q) = Zl + ...+ ZnJrl + ( l' 1[/51/ ([pt]L, 11/7“ Cee 11/71)) Zn+27

1>0
where Z; = C;2% and the coefficients C; are subject to the constraints

Cy--- Canﬂ = q1, and

dl/n — 1/n'

Crn1Cni2 =q 1

Letting W; = Z; for j =1,...,n+ 1 and

l
Wito = ( g? fl,ﬂl/n([Pt]L; Lim, .. -,11/n)> Zint2;
>0

we can write W; = C’;zbﬂ' where now the coefficients C} are subject to the constraints

C Cé( n+1) == Cl e Cncg+1 =q1 =Y,

and
1 n
C;H—l n+2 — / <Z 1T 1,1,51/n([pt]L, Li/n,- oo, 11/n)>
1>0
1/n TZZ X
=q Z ﬂ<[pt]?€7 Lim, .-, 11/n>0,l+1,B
1>0
= Y2
This shows that W (q) = WHV (y(q)). O

To get explicit numbers, let f be the inverse function of g, so that y; Y "o = f(72). Thus

!
-
f(m) = Z l_'anl,,B([pt]M Lim,-ooy 11/n)-

1>0

For n = 2, the inverse function f(73) is simply 2sin7,/2. Hence

l j_2j+1
T2 . (=1)7
Ui Lam, e ym) =2 2=)
1>0 4 nllﬁ([p Ity te) e/ >0 (27 + 1)12%

and we get

0 when [ is even;
CHL when I = 2 + 1 for j € Zsy.

227

nfl,ﬁ([Pt]L; lija,...,1ip9) = {
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For n = 3, one may compute the Taylor series expansion of the inverse function f and
obtain:

( 0 when [ 1 mod 3;
1 when [ = 1;
2—17 when [ = 4;
Py % when | = T7;
nya([ptles Liys, ..oy 1iys) = 5607 when [ = 10;

et
Sl e !=19
1usisoor When [ = 16;

\

6.2. Open CRC. By the results of [I1] (see also [12]), the open mirror theorem (Conjecture
29)) is true for the semi-Fano toric manifold Y = P(Kpn-1 @ Opn-1) without any convergence
assumption. By our discussion in Subsection , the open CRC (Conjecture would then
follow from the existence of an analytic continuation of the mirror map for Y, which in
turn is implied by the existence of the symplectic transformation U that appeared in the
closed CRC (see Theorem [32). Using Mellin-Barnes integrals [6], one can indeed show that
the analytic continuation of the mirror map for Y exists, hence proving Conjecture for
X =P1,...,1,n) and Y = P(Kpn-1 & Opn-1).

The mirror map for Y is given by
Ql = U1 exp(nH(Ul)),
QQ = U2 exp(—H(Ul)),
where H = H(z) is the function

k>1

Here Q = (Q1,Q-) are coordinates on the A-model moduli space MY := H2(Y;C*) of Y and
U = (U, U,) are coordinates on the B-model moduli MY, := H?(Y;C*) of Y.

On the other hand, as shown in the previous subsection, the mirror map for X" is given by

@ = Y1,
=gy "y),
where g = g(z) is the function
()Ea =D (=R =10
z
(kn+1)!

k=0
(=D (T(k+1/n) "Z,mﬂ
_;(k:n—l—l)! < I'(1/n) > ’

where (71 = log ¢1, 72) are coordinates on the A-model moduli space M7 of X and y = (y1, y2)
are coordinates on the B-model moduli M5 of X.

NE

9(2) =
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The B-model moduli spaces MY and M7 can be glued together using the secondary fan
for X which is spanned by the vectors Dy = (1,0), Dyy1 = (n,1) and D, = (0,1). The
vectors Dy, D, are dual to the coordinates Uy, Uy on Mg. Let 11,12 be the coordinates on
/\/lg dual to the vectors D, 12, D, +1. Then these two coordinate systems are related by

m=U; """, e = U Uy
or
U=n", Uy=mna.
Since the coordinates 7y, 7o correspond to the generators dy — dy/n and dy/n of K re-
spectively, they are related to the original coordinates y;, y» (which correspond to di, ds

respectively) by

—1/n 1/n
7712911/ Y2, 7722?/1/;

or
Y1 =13, Y2 = Mip-
Altogether, the coordinate systems (y;,y2) on M7% and (U, Us) on MY are related by
y1 = Uy, y2 = Uy;
or
Uy =y ", Uz =ys.

Using Mellin-Barnes integral (see [6]), one can analytically continue the function log Q1 (U;)

/

from places where |U;| is small to places where |U; | is large (and hence | = y; /"y is small)

to obtain the function A(y). The results are as follows:
When n is even, log () is analytically continued to
n—1 —lri/n n n
Z (_1)Z7T6 i Z (_1) i F(k + l/n) (y—l/ny2>nk+l
I['(1—1/n)"sin(l7/n) (nk +1)! I'(l/n) ! ’

=1 k>0

while log Qo = %(log y1 — log @Q1). When n = 2, by choosing a suitable branch cut, this gives
log Q1 = —i(r — g(y; *y»)),

i

2

—-1/2

1
log Q2 = 5 logy1 + (m—g(y1 ""y2)),

which yields the change of variables:
Qi=e ") Qy = qi/2ei(w—72)/2‘

Since this is an affine linear change of coordinates, it preserves the flat structures in the
neighborhoods Uy and Uy near the large radius limit points corresponding to X = P(1, 1, 2)
and Y = P(Kp: @ Op1) = Fy. As shown in [22], the Frobenius manifolds defined by the genus
0 Gromov-Witten theory for X and Y are in fact isomorphic, and this is due to the fact that
the weighted projective plane X = P(1, 1, 2) satisfies the Hard Lefschetz condition.

When n is odd, log (), is analytically continued to

n—1 (_1)171' (_1)nk F(k:—l—l/n) n TR
Z I'(1 —1/n)"sin(ln/n) Z (nk +1)! < T'(l/n) ) (1 y2)" T,

=1 k>0
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while log Q)5 = %(log y1 —log Q1). In particular, the flat structures near the large radius limit
points for X and Y are not preserved. When n = 3, this is given by

2V3m 173 237 (-1)* F(k"‘%) ’ —1/3 \3k+2
_3F(§)39(?Jl y2)+3F(%)3 (3k+2)!( ) ) (yy M Pyn)?Ft

k>0
which agrees with the results in [22] Section 3.9].

As an immediate consequence of the existence of analytic continuation of the mirror map
for Y, we have

Theorem 42. The open crepant resolution conjecture (i.e. Congecture @) holds for the
weighted projective space X = P(1,...,1,n) and its crepant resolution Y = P(Kpn & Opn).
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