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FOURIER-MUKAI TRANSFORMATION ON ALGEBRAIC COBORDISM

ANANDAM BANERJEE AND THOMAS HUDSON

ABSTRACT. We define a notion of Fourier-Mukai transform on algebraic cobordism cycles with Q-
coefficients on an abelian variety. We use this to produce a Beauville decomposition of algebraic
cobordism and study its consequences, including a decomposition of the cobordism motive of an
abelian variety.

1. INTRODUCTION

The Fourier transformation is a well-known operator in analysis that gives an isometry between
the L2-spaces of a real vector space and its dual vector space. In [10], Mukai introduced an
analogous notion for sheaves of modules over abelian varieties. Let A be an abelian variety and
A be its dual abelian variety. Using the normalized Poincaré bundle on A x A, Mukai defined a
functor between the derived categories of the sheaves of modules over A and A, and proved that
this is an equivalence of categories. In [2], Beauville used his results to define such a functor on
cohomology, K-theory and the Chow ring of A with similar properties in each theory. He studied
the Fourier transformation on Chow rings in detail and proved interesting consequences, including
a decomposition of the Chow ring of an abelian variety into eigenspaces of the pullback by a
multiplication by n morphism, for integers n (see [3]). Deninger and Murre used Beauville and
Mukai’s work in [5] to give a decomposition of CH (A x A) ® Q into eigenspaces of (id x n)*, which
induces a canonical decomposition of Chow motives of an abelian variety.

The Chow ring being an oriented cohomology theory (see [8] for the definition), a natural
question to ask is whether a functor with the usual properties of a Fourier-Mukai transformation
can be defined on any other oriented cohomology theory. Levine and Morel defined the theory of
algebraic cobordism in [8] and showed that it is the universal oriented cohomology theory on Smy.
In this paper, we define a Fourier-Mukai operator on the theory Qg of algebraic cobordism with
Q-coefficients and study its consequences.

The key idea that helped us extend the definition of the Fourier-Mukai operator to (g is the
following theorem:

Theorem 1.1. For any abelian variety A over a field k of characteristic 0, the canonical morphism
of oriented cohomology theories induces an isomorphism of rings

Ya : Q5(A) — CHglt]"(4),

where CHg[t]*(A) = CHg(A)[t1,t2,...] is the graded polynomial ring on variables t;,i > 0 of
degree —1.

We also show that ¢ commutes with push-forward maps and the pullbacks of morphisms between
abelian varieties. The Fourier-Mukai operator on C'Hg induces one on C'Hg[t]* by extension of
scalars. Denoting this operator as Fcp, we show that the Fourier-Mukai operator Fqo on Qg that
we defined in § 4 satisfies

Y0 Ft=F Moy,
This commutativity helps us obtain most of the properties of ! in Proposition 5.1.

We also prove an analogue of Beauville decomposition for algebraic cobordism with Q-coefficients,
that is, a decomposition of (g into eigenspaces of n* where n in the multiplication by n morphism

of an abelian variety.
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Theorem 1.2. Let A be an abelian variety of dimension g over k. Then, we have
Min(2p,p)
WA= P LA,
s=2p—2g
where

Qut(A) := {z € Qf(A)|n*z = n*~ sz},

As an application of the properties of the Fourier-Mukai transformation, we generalize a result
of Bloch [4] to the case of cobordism cycles in § 7. Let N*(A) be the group of numerically trivial
cobordism cycles on A as defined in [1, Definition 3.1] and let x be the Pontrygin product on
0*(A). Then, we show

Proposition 1.3. N&*(QH) = (0).

In § 8, we prove that there is a canonical decomposition of the cobordism motive (defined in
[11, § 6]) of an abelian variety.

Theorem 1.4. There is a canonical decomposition of the cobordism motive of an abelian variety

A of dimension g over k:
29
A) =P hriA
i=0

where ho(A) = (A,ida,0) is the motive of A, hi(A) = (A,7;,0) and the m;’s are such that
co(n) om; = n'm; = m; o cq(n). Furthermore, we have @(hi(A)) = hiy(A) is the canonical
decomposition of the Chow motive of A.

2. ORIENTED COHOMOLOGY THEORIES AND ALGEBRAIC COBORDISM

In [8], inspired by the work of Quillen on complex differentiable manifolds, Levine and Morel
introduced the notion of an oriented cohomology theory: a contravariant functor A* from Smy, to
graded rings together with a collection of push-forward maps f, associated to projective morphisms.
This family is meant to respect functoriality and to be compatible with the pull-back morphisms g*
on cartesian squares every time f and g are transverse. Finally, the functor is supposed to satisfy
the projective bundle formula, which expresses the evaluation of A* on a projective bundle in terms
of that of the base, together with the extended homotopy property, which requires p* : A*(X) —
A*(V) to be an isomorphism for every vector bundle E — V and every E-torsor p: V — X. Asone
might expect, a morphism of oriented cohomology theories is a natural transformation of functors
which is also compatible with the push-forward morphisms f,. For the precise definition we refer the
reader to [8, Definition 1.1.2]. Important examples of functors which are also oriented cohomology
theories includes the Chow ring CH* and K°[3, 37!], a graded version of the Grothendieck ring
of vector bundles.

A relevant feature of oriented cohomology theories is that they allow a theory of Chern classes.
Even though in order to establish it for any bundle £ — X it is necessary to rely on the pro-
jective bundle formula, the first Chern class of a line bundle L — X can be defined by making
use only of push-forward and pull-back morphisms: if s denotes the zero section of L one sets
c1(L) == s*s,1x € A*(X) and defines the first Chern class operator ¢;(L) : A*(X) — A*F1(X)
as multiplication by ¢1(L). Once the first Chern class is available, one may consider how it
relates to the tensor product: given two line bundles L and M over some smooth scheme X,
what is the relation between ¢1(L), ¢1(M) and ¢;(L ® M)? While for the Chow group one has
(L@ M) = ci(L) 4 ¢1(M), the equality is not true in general for oriented cohomology theories
and one is forced to replace the usual addition with a formal group law:

ci(L® M) = Fa(ci(L),c1(M))

for a certain Fq € A*(k)[[u,v]]. A commutative formal group law of rank one (R, F) is constituted
by a ring R and a power series Fr € R[[u,v]] satisfying conditions which are analogues of those
for the operation in a group. For instance, the analogue of the associative property reads

Fr(Fr(u,v),w) = Fr(u, Fr(v,w)) € R[[u,v,w]] .
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In [7], Lazard identified the universal such object (L, F) and proved that the ring of coefficients, now
known as the Lazard ring, is isomorphic to Z[aj,as,...]. In this context, the universality means
that for every formal group law (R, Fr) there exist a unique ring homomorphism ¢p : L — R
such that ¢g(F') = Fr, where ¢r(F) stands for the power series obtained by applying ¢r to the
individual coefficients of F'. Since it will be needed later on, let us add that the Lazard ring can
be made into a graded ring L* by setting dega; = —i.

Taking into consideration formal group laws makes it evident that the analogy with the situation
in topology does not end with the introduction of oriented cohomology theories. In fact, in [12],
Quillen proved that complex cobordism MU™* is universal among complex oriented cohomology
theories, that MU*(pt) ~ L* and finally that its formal group law is the universal one. From this
perspective, the theory of algebraic cobordism Q*, developed in [8] by Levine and Morel, represents
the exact analogue of MU* as one has the following theorems:

Theorem 2.1 ([8, Theorem 1.2.6]). Let k be a field of characteristic 0. Then, given any oriented
cohomology theory A* on Smy, there is a unique morphism

Vg — A*
of oriented cohomology theories.

Theorem 2.2 ([8, Theorem 1.2.7]). For any field k of characteristic 0, the canonical homomor-
phism classifying Fq

oo LT — Q" (k)
is an isomorphism.

Notice that, provided Q2*(k) is identified with the Lazard ring through ¢q, the evaluation of v4 on
Speck coincides with ¢4 and as a consequence one has v4(Fq) = Fa.

We briefly sketch the construction of algebraic cobordism. As a group Q*(X) is obtained from
the free group generated by the isomorphism classes of cobordism cycles

[f:Y =X, Lq,...,L,]

where f is a projective morphism with Y € Smy, and {Lq,..., L.} is a (possibly empty) family
of line bundles over Y. Such a cycle has dimension d = dimyY — r and codimension dim; X — d.
On this group one successively imposes three families of relations so that the quotient will satisfy
three corresponding axioms (Dim), (Sect) and (FGL). Note that in order to make sense of the last
axiom it is necessary to tensor the group obtained from the second quotient by the Lazard ring,
so as to have at hand a formal group law. For what concerns the multiplicative structure, it is
achieved by constructing pull-backs for l.c.i. morphisms through an adaptation of the method used
by Fulton for Chow groups: one relies on the deformation to the normal cone to reduce to the case
of a divisor, which is handled separately.

Let us finish by mentioning that the main technical tool used in the proofs of the various axioms
is represented by the localization sequence

Q. (Z) 255 Q.(X) 25 Q. (U) — 0
for any closed embedding i : Z — X with open complement j: U — X.

2.1. Twists of oriented cohomology theory. We recall from [8, § 4.1.8-9 & § 7.4.2] the con-
struction of the twisting of an oriented cohomology theory on Smy. Let A* be an oriented coho-
mology theory on Smy, and 7 = (1;) € [0, A7 (k), with 7o = 1.

Definition 2.3. The inverse Todd class operator of a line bundle L — X is defined to be the
operator on A*(X) given by the infinite sum

ﬁ;l(L) = Z 61(L>i7'i.
i=0

~

In [8, Proposition 4.1.20], Levine and Morel showed that this can be extended to any vector bundle
—~ 1
E — X in a unique way to give an endomorphism T'd_ (E) : A*(X) — A*(X) of degree 0, such
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that if 0 - B’ — EF — E” — 0 is an exact sequence of vector bundles over X, then one has
—~ -1 ~ —1 ~—1
Td. (E)=Td, (E')oTd,. (E"”). Thus, it naturally extends to a map

Td. '+ KO(X) = Aut(A*(X)).

~ 1

In fact, on an oriented cohomology theory on Smy, T'd. (F) is the multiplication by a class
~ 1

Td;1(E) :=Td,. (E)(1x) € A*(X), called the inverse Todd class of E. For any smooth equidi-

mensional Y 5 X, it is shown that Td_(f*E) = f*Td-"(E).

Suppose X,Y are in Smy. Then, any f : Y — X is an l.c.i. morphism. Let f = go be a
factorization such that ¢ : Y — P is a regular embedding and ¢ : P — X is smooth. Letting Z
be the ideal sheaf of Y in P, we define the normal bundle N; to be the bundle over Y whose dual
has sheaf of sections Z/Z%. We let Ny € K°(Y) be the class [N;] — [i*T,], where T, is the relative
tangent bundle associated to ¢q. For any 7 as above, one may construct an oriented cohomology
theory on Smy, denoted AZ‘T), by twisting the first Chern classes and the pull-back maps. If f*
and ¢; are the pull-back and the first Chern class respectively in A*, then A7 ,(X) = A*(X) as
groups and in AE‘T)7

° fiy= Td;'(N¢) - f*, where T'd; " is the inverse Todd class;
o for any line bundle L over X, the first Chern class of L in A7, is c:(LT) (L) =Yg (L)*rr;
e if - denotes the product in A*(X) and -; denotes the product in A7 )(X), then z - y =
Td;'(Nsy)-x-y, for any z,y € A*(X), where dx : X — X x X is the diagonal morphism.
The push-forward maps are unchanged.

If f = qgoiis a factorization such that ¢ : Y — P is a regular embedding and ¢ : P — X is

smooth, then note that P is smooth over k, since X is smooth and ¢ is smooth. Thus, considering

Y \/124/) P, we get by [6, B.7.2.], the exact sequence
Speck
(2.1) 0—Ty — i*Tp — N; — 0.
Thus, in K°(Y), [Ty] = [i*Tp] — [N;]. Also, since g is smooth, [T,] = [Tr] — [¢*Tx]. Hence,
Ny = [i"Tp] — [Ty] = i*([Tp] = [¢"Tx]) = [/ "Tx] — [Ty ].
When X and Y are abelian varieties, the tangent bundles Tx and Ty are trivial. Thus, f*Tx
=1
is also trivial. It follows from the properties of 7'd,. that
foy =Td: (Ny) - f* =Td; N (f*Tx) - Td; ' (=Ty) - f*
(2.2) = lawqy) - (Td N (Ty )"t f*
== 1A*(Y) . f* = f*
Note that, if X is an abelian variety and §x : X — X x X is the diagonal map, then Td-*(Ns, ) =

14+(x) since X x X is also an abelian variety and dx is an l.c.i. morphism. Thus, we obtain the
following:

Lemma 2.4. For an abelian variety X, there is a ring isomorphism Af_(X) 5 A*(X).

Proof. Since A*(X) and AZ‘T)(X ) coincide as groups, we only need to verify that the identity map
is compatible with the multiplicative structure. Let - denote the product in A*(X) and -, denote

the product in A7 ) (X). Then, for o, 8 € A*(X)),
o f=Td; (Nsy)-a-f=a-p.
Thus the map A?T) — A* identifying the two groups is a ring isomorphism as well. O
Let Z[t] := Z[t1,...,tn,...] be the graded ring of polynomials on variables ¢;,i > 0, of degree
—i. We may form an oriented cohomology theory A[t]* from A* by extension of scalars by defining

Aft]*(X) := A*(X) ®z Z[t]. Now, consider the oriented cohomology theory CHg[t]() defined in
this way. We have the following theorem from [8]:
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Theorem 2.5. Let k be a field of characteristic 0. Then, the canonical morphism of oriented
cohomology theories induces an isomorphism over Q:

VCH[t](t) (39 Q : 96 — CHQ[t}E(t)
where vopy),, i the canonical morphism given by universality of €2*.

In the rest of the article, we will write v to denote vy ® Q. Combining Theorem 2.5 and
Lemma 2.4, we get

Theorem 2.6. Let X be an abelian variety over a field k of characteristic 0. Then, we have an
isomorphism of rings
Yx : Qp(X) = CHolt]* (X).

3. RECOLLECTION OF A-MOTIVES

In [11, § 5-6], for an oriented cohomology theory A* on Smy, Nenashev and Zainoulline con-
structed the A-motive of a smooth projective variety X over k , following the ideas of [9]. We
briefly recall its construction.

3.1. A-correspondences. Let X and Y be smooth projective varieties over an algebraically closed
field k of characteristic 0. We recall some facts about the category of A-correspondences from [11].
Given an oriented cohomology theory A*, we define the category of A-correspondences, denoted
Cory, as

o Ob(Cory) :== Ob(SmProjy,);

e Homeor, (X,Y) = A*(X X Y);

e the composition of morphisms o € A*(X x Y) and § € A*(Y x Z) is the correspondence

Boa:=(pxz)«Pxy (@) pyz(B)) € AY(X x Z).

where pxz, pxy and pyz are the respective projections from X x Y x Z.
There is a functor ¢4 : SmProj;” — Cora given by ca(X) = X and ca(f) = (Tf)«(lax)) €

A*(Y x X) for a morphism f: X — Y, where I'y : X (fij)) Y x X is the graph morphism. For
a € A*(X x Y), we have the transpose af := 1*(a) € A*(Y x X), where . : ¥ x X — X x Y is
given by swapping the variables.

For a correspondence o € Homeor, (Y, X), we define its realization R4(a) : A*(Y) — A*(X)
as follows: identify A*(Y') with Home,r, (pt, V) and note that o defines a map Homeo, , (pt,Y) —
Homg,r, (pt, X) given by composition with «. This defines the map R 4(«) as

B = px«(a-pyp),

where px and py are the respective projections to X and Y from Y x X. We will denote R4 by R

when there is no confusion. Note that the projection formula for the oriented cohomology theory

A* implies that R(ca(f)) = f*, so that the functor A* : SmProj;” — Ab” factors through Cor 4.
Ifae A(X xY) and 8 € A*(Y x Z), it follows from the definition that

(3.1) R(B) o R(er) = R(B o) =R((px2)+(Pxy(a) Py 2(B))),

Also, using the projection formula, we get that, for f : X - Y, a € A*(Z xY) and § €
A*(X x Z),

(3.2) ca(floa=(idz x f)*(a) and Soca(f)=(f xidz).(B).
Applying transpose, we also get that for v € A*(Y x Z) and § € A*(Z x X),
(3.3) voea(f)! = (f xidz)*(v) and  ca(f) 0d = (idz x f).(9).

The grading on A* induces a grading on Home,,, given as
Homf,,  (X,Y) = &;A""%(X; x Y),

where X, are the irreducible components of X and d; = dimX;, making Home,,, into a graded
algebra under composition. Cor4 forms an additive category by defining X @Y = X [[Y.
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3.2. A-motives.

Definition 3.1. Consider the category Coor with thee same objects as Cor 4 and Homcorg (X,Y):=
Hom%or L(X,Y). The pseudo-abelian completion of CorY is called the category of effective A-
motives, denoted by M. That is, the objects in M are pairs (X, p) where X € Ob(Cor) and
p € Homgg,o (X, X) is a projector (that is, pop = p), and
{a € Hom¢,0 (X,Y)|aop =qoa}
H et ((X Y,q)) = A .
ot (42 (0 0) = o Homey (X Va0 p = goa = 0]

0
A

The category of A-motives, denoted by My, has as objects triplets (X, p,m) where (X,p) is an
object in M and m € Z. The morphisms are defined as:

{a € Hom{,,"' (X,Y)|aop=qoa}

Corp

B {a € Hom},"" (X,Y)|aop=qoa =0}

Cora

Note that this means id(x 0y = idx = p € Hom, ((X, p,0), (X,p,0)). The motive (X, idx,0)
is called the motive of X and denoted by h4(X). The additive structure of Cor 4 induces a direct
sum in the category M 4.

Following [9, § 6], we call an irreducible variety X in SmProj, to be A-special if it has a k-
point, and for any morphism e : Speck — X, e, (1) € A*(X) is independent of e. For an A-special
variety X of dimension d, we define the projectors py and pg; in Homg oo (X, X) by the formulas

Hompy, (X, p,m), (Y, q,n))

(3.4) pég =e.(lg) x1x and pfd =1x x e.(1g).
We denote h (X) = (X, p;,0) for i = 0,2d.

4. FOURIER-MUKAI OPERATOR

Let A be an abelian variety of dimension ¢ and let A be its dual abelian variety. Denote by P
the normalized Poincaré bundle on A x A. Here, “normalized” means that i*P and i*P are trivial,
where i : 0x A — Ax Aandi: Ax0— Ax A are inclusions.

We wish to define an operator F : Q(4) — Qb(fl) which has the usual properties of the
Fourier-Mukai transformation on Chow rings or K-theory (see [2]).

Note that there is a Fourier-Mukai transformation on C'Hg[t], that is induced from the one on
CHg. This is defined as the map

FE™ = Remg(ch(P)) : CHglt)(A) — CHglt](A)

where by abuse of notation, ch(P) denotes the Chern character of P considered as an element in
CHg[t]*(A x A) by extension of scalars.
We now imitate this to define a Fourier-Mukai operator on Q{é By [8, Lemma 4.1.29], there is

a unique power series I, (u) = 3, biu'T" € L® Q[[u]] with by = 1 called the logarithm such that
IL(Fa(u,v)) = lp(u) + lp(v). Define G := expoly, € L ® Q[[u]], where exp denote the exponential

power series, exp(u) = E u—' Note that, G is a power series such that G(Fq(u,v)) = G(u)G(v).
il
>0

Definition 4.1. We define the Fourier-Mukai operator F§ : Qf(A) — Qf@(/l) to be F§ =
Ra(G(c(P))). The dual operator F¥ is defined to be R (G(c2(P))!). When there is no confusion,
we will denote F§ and F§ by F@ and F respectively.

F is related to FEH in the following way:

Proposition 4.2. We have
PioFt =F Moy,

Proof. Note that in CHglt]f,, ¢\ (L) = Ay (c{ (L)) where Ay € Z[t][[u]] is given as Agg)(u) =
U+ 2122 t;—1u’. This means that there is a power series l(¢y such that I(4)(A)(u)) = u. Thus,
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l(t)(cgt) (L)) = " (L). This implies that I(4) is the logarithm of the formal group law of CHg [t]Z‘t).
Also, note that, since v is a morphism of oriented cohomology theories, we get v(Fq) = F(y). Thus,
v(lL(Fa(z,y))) = v(iL(z)) + v(iL(y) = v(IL) (Fe) (v(2), v(y)) = v(IL) (v(2)) + v (i) (v(y))-

Since v is an isomorphism and [ is unique, v(lr) = l(¢). Hence, v(G) = exp ol(y).
Denote by ¢/, the ring isomorphism C'Hg [t]z‘t)(A) — CHglt]*(A) that is the identity on ele-
ments, so that ¥4 = ¢/, ov. ', commutes with pushforwards and with the pullbacks of maps

between abelian varieties. . R
Let ps and p4 be the respective projections of A x A to A and A. Then, for x € Qg(A4),

Y0 FHz) = ¢ ov(ps, (phz - G(EH(P))) = ¢y (p 4, (0v(z) - exp ol (P (P)))
=pa, (W, i Pav(@) -, i (exp(cTH(P)))) = pa, (Phba(x) - ch(P)) = F M o pa(z),

which finishes the proof. (|
Also, note that if F denotes the Fourier-mukai transform on CHg defined in [2], then for
T = Z zrt! € CHolt](A), we have
I:(nl,...,n7.7,..)
(4.1) FOH (z) = > Flant

I=(n1,...,;np,...)

Here, t! = ¢}*---¢" ... all but finitely many n,s being zero.

5. PROPERTIES OF THE FOURIER-MUKAI OPERATOR
Let A be an abelian variety of dimension g. We denote by x the Pontrjagin product on €, that
is for z,y € Qf(A), we define
T xy = (P17 - P3Y),
where 4 is the multiplication on the abelian variety A, p; and ps are the projections of A x A onto

the first and second factors, and - is the usual product on €.
The Fourier-Mukai operator on (g of abelian varieties has the following properties:

Proposition 5.1. (1) Let 04 denote the endomorphism of the abelian variety A given by
multiplication by —1. Then,

FloF = (-1)%0a)* and FPoF?=(-1)%cy)"
(2) For z,y € Qq(A), we have
FMaxy)=FUa)FHy)  and  F(xy) = (-1)7F () x F(y).
(3) Let f: A— B be an isogeny of abelian varieties, and f : B — A be the dual isogeny. Then
we have A R
Fpofe=["oF{ and Fiof*=f.oFg.
(4) Let x € QY (A). Write F*(z) = qu, where yq € Q?Q(A) Then, we have, for n € Z,
q9<g
n*yq - ng—p+qu7
where n denotes the multiplication by n on A.
Proof. For (1), we first check that FCH o FCH = (=1)9(04)% . This follows readily from (4.1)
and [2, Proposition 3]. Thus,
Yao0Fto Fl=FCH o FOH o4,
= (=1)%(ca)on o va = (-1)Ya 0 (0a)o
Since 14 is an isomorphism, we get the desired result. The other part can be shown similarly.

To show (2), we check that ¥a(zxy) = Ya(x)*1a(y). Indeed, 14 is a ring homomorphism and
commutes with pushforwards and with the pullbacks of maps between abelian varieties. As in the
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previous part, the result follows by applying ¢ ; to both sides of the desired equality and noticing
that the result holds for Feopg by [2, Proposition 3]. (3) also follows similarly.

For (4)1 note that, if x € Qf(A), then clearly, ¢4 o Fz) = > g<q Va(yq), where 1 4(yq) €
CHglt]?(A). Since ¢4 0 F(z) = F M (a(x)), we get ngph;(yq) = n?~P*94;(y,) by [3, F3]
which implies n*y, = n9 P*9y, as required.

|

6. BEAUVILLE DECOMPOSITION FOR ALGEBRAIC COBORDISM

We follow the ideas in [3] to give a decomposition of €2 (A) into eigenspaces of n* using the
Fourier-Mukai operator defined in § 4.
For s € Z and A an abelian variety of dimension g over k, let QQg (A) denote the sub-group

Qb (A) == {z € Q(A)|n*z = n* sz},
Following the sketch of [3, Proposition 1] gives us the following.
Proposition 6.1. Let x € Qa(A), and m be any integer other than 0, 1 or —1. The following
conditions are equivalent:
(1) F(x) € Q7T (A);
)
) m*z = m?P" %y,
) m,r = m2g72p+sm;
5) F(x) € Q7P (A).

Proof. (1)=(2): Let y = (—1)9(0 4)*F%(z) and let Fy) = qu with z, € Qf(A). Then,
q<g
Proposition 5.1, part (4) gives us

n*z, = ngf(gprrquxq = anrq*qu.

= (=1)9(ca)* o F? o F(z) [By Proposition 5.1, part (3)]
=z, [By Proposition 5.1, part (1)]

Then, z = x, and n*z = n**~%z, thus showing that = € QQg(A).

(2)=(3): This is by definition.

(83)=(4): Since m is a surjective endomorphism of A with finite kernel of size m29, we have
mS7my, = m? -idey. Then, Ya(m.m*z) = mCTmg a(z) = m?99a(z) implies
P a(m,x) = P4 (m29~2PT51) which gives the result by the injectivity of ¢4 since m # 0, %1.

(4)=(5): By Proposition 5.1, part (3), we get that

m*F (z) = ]-"Q(m*x) = ng—2p+s]_—ﬂ(x) — ;m9—pt(g—p+s) FQ ().
Since m # 0,41, this implies by Proposition 5.1, part (4), that F(z) € Q({é*p+5(121), but

then, by definition, F(z) € QQg_pH(fl).
(5)=-(1): This is obvious.

Theorem 6.2. Let A be an abelian variety of dimension g over k. Then, we have

Min(2p,p)
QP

B = D Q).
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Proof. Let z € Qf(A) and let y = F%(zx). We can write y = > a<a Yas with y, € Q%(/X) By
Proposition 5.1, part (4), n*y, = n9 PT4y,. That is, y, € Qg7 (A). Then, Proposition 6.1

. Qp+q—g
gives us that F%(y,) € Qopiq—g(A). But,
(—1)?(0a)z=FUy) = > Fy,).
q9<g

Putting 25 = (—1)9(04)* F*(Ys+4—p), We obtain z = > s<pTs- We now improve the limits of the
sum.

CH i
Since F(yq) has degree p, and by definition, 14 o F(yq) = Zpl* (pg(wA(yq))W), we
i>0 ’
get
a0 Flu) = pra (53630 0
A q 1= \F2\¥ A\Yq (p+g . q)|
Also, since y, has degree ¢, we get
. (T (Py)sto®
. . oL NV
¥ 4(Yq) = P2 (P7 (Ya(2)) PETET]
Since (c¢{H(P))Pt9=1=01if ¢ > p+ g and ({H(P))9T9P =0 if ¢ < p — g, we get that z; = 0 if
s> 2pors<2p—2g. O

As an easy consequence of the definition of QQI; (A) and Proposition 6.1, we get the following;:

Proposition 6.3. (1) F2(QgP(A)) = Q7 P (A).
(2) If f : A — B is a homomorphism of abelian varieties of relative dimension m, then
FP(B) C QP (A) and f.0E(A) C QgtT™(B).
(3) If v € Qul(A), y € Qgf (A), then zy € QQgif(A) and Txy € Qinffg(A), where x denotes
the Pontryagin product on A.

Proof. (1) is immediate from Proposition 6.1.
(2) follows from the fact that fom = mo f and the equivalence of (3) and (4) in Proposition 6.1.

If z € QP(A), y € Quf(A), then zy € QP TI(A) by definition. Also, note that F%(z x y) =

FY2)Fy) € QQii;p_q““(fl). Applying F2, we get (04)*(z*y) € Qul{79(A), which gives
the result by part (2). O

7. CONSEQUENCES FOR NUMERICALLY TRIVIAL COBORDISM CYCLES
Let I € CHY(A) denote the set of O-cycles of degree 0 on A. In [4, § 4], Bloch showed that
(7.1) ) CHT(A) = (0)
in the cases r = 0,1,9 — 2,9 — 1,9 where g = dim(A). In [2], Beauville conjectured that
(F,) For all o € CHJ(A), we have F(z) € CHg % P(A).
He verified (F},) for p=0,1,9 — 2,9 — 1, g ([2, Proposition 8.(i)]) and also showed that

Proposition 7.1 ([2, Proposition 9]). (F),) implies that I***1) x« CHP(A) = (0). In particular,
the groups T*9+1) 19« CHI™Y(A) and I*9=Y) x CHI=2(A) are zero.

We prove an analogue of this Proposition replacing I with numerically trivial cobordism cycles.
A notion of numerical equivalence on Q*(X) was defined in [1]. We briefly recall the construction.

Definition 7.2. Let X be a smooth projective scheme over a field k of characteristic 0. Consider
the composition of maps

Q™(X) @ QY(X) — Qmin(x) Iy gmtn-dimx ()
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where 7 is the structure morphism X — Spec (k). This gives a map of L-modules Q*(X) —
Homy (2*(X), Q2*(k)). We say that a cobordism cycle in Q*(X) is numerically equivalent to 0 if it
is in the kernel of this map:

N*(X) = ker (Q*(X) — Homy (Q*(X), Q*(k;)))
and
Qum (X) = Q"(X) /N (X).
Let A be an abelian variety over k of dimension g.

Lemma 7.3. F carries N*(A) to N*(A).

Proof. Let a € N*(A). Then, by definition, F*(a) = p 4, (p%a- G(c(P))). Let 74 and 74 be the
structure morphisms of A and A respectively and let p; and p4 be the respective projections of
A x Ato A and A. We obtain, by the projection formula, for any v € Qa(fl),

T4 (F () ) = 74,04, (Paa- G (P) - pv)

= TawPax (Do - G(cL(P)) - p7)

= T Ax (a . ]:'Q('y)) .
Thus, numerically triviality of a implies that F*(a) is numerically trivial. ]
Proposition 7.4. Fiz 0 < p < g. If x € Q{(A) is such that F(x) € Qégfp(A), Then,
J\/a*(pﬂ) *z = 0.
Proof. Pick au,...,0p41 € N@(A) Note that by Proposition 5.1, part (2),
(7.2) Fap *ag - * Qpy1) = Fa) Fag) - - -]—'Q(apﬂ).

Suppose that, for some i, F%(a;) € QSO(A), then by the Generalized degree formula ([8,
Theorem 4.4.7]), we get

Fai) = deg(FHaa))ldgl + > wzlZ = A,

codim 4 Z>0

where the sum is over closed integral subschemes Z C A, Z is smooth with a birational morphism
7Z — Z and wy € L<°. Lemma 7.3 shows that F(o;) € N@(A) Then, by [1, Proposition 3.4],
deg(F*(a;)) = 0. Hence, F?(a;) € L<0-Q>1(A).

By (7.2), it follows that F?(ay - % apy1) is in QZPH1(A) or in L<0 . Q>P+1(A). Thus, by
Proposition 5.1, part (2),

FHag* - xappy x2) = FHag % x apy 1) FHz) = 0.
Applying F@ and using Proposition 5.1, part (1), we get
(—1)%(oa) (a1 %+, apy1 x2) =0.
Hence, o % - -+ x apg1 * ¢ = 0, which completes the proof. ]

The same arguments as in the proof of the above proposition with p = g shows
Corollary 7.5. N(S*(gﬂ) = (0).

One can check that N (A) forms an ideal of Q3 (A) under Pontryagin product. By [8, Lemma 4.5.10]
and [1, Theorem 3.2], N&(A) 5 I, which is the subgroup of 0-cycles of degree 0. This implies
NG(A) /NG (A2 = T/1* = A Tt would be interesting to study the structure of the group
Ng(A)/Ng(A)*2.
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8. MOTIVIC DECOMPOSITION

Our goal in this section is to get a canonical decomposition of cobordism motives of abelian
varieties as shown by Deninger and Murre in [5] for Chow motives. That is, a decomposition

ha(A) = @ hiy(A)  where hiy(A) = (A,7;,0),

7; being orthogonal projectors such that n*m; = nm;. In [13, § 5], Scholl gave an alternative proof
of the decomposition for Chow motives and also described the projectors in the decomposition
more explicitly.

Let A be an abelian variety of dimension g over k. Let A denote the class of the diagonal
morphism [A — A x A] in QF(A x A). We are going to show

Theorem 8.1. There is a canonical decomposition
29
A=Y "7 in QA x A)
i=0
such that (ida x n)*m; = nim; for all n € Z and 7;’s are mutually orthogonal projectors, that is,
2 =m; and m;om; =0 fori # j. Also, co(n) om; = nim; = m; 0 co(n).

2 =
Proof. Note that such a decomposition is unique if it exists. Indeed, if {p; ?i o is another such
decomposition, then m; = Z?io m; o pj. Composing with cq(n) from the left, we get nim; =

Zji 0 nim; o p;, which by substituting the expression for 7; gives

29

Z(nj —n")mop; = 0.

j=0
Since, this is true for all n, we must have m; o p; = 0 for 7 # j, implying m; = m; o p;. We can
similarly show that p; = m; o p; implying 7m; = p;.

To see the existence, we first note that we have such a decomposition of the diagonal in

CHE[t](A x A) induced by extension of scalars from the canonical decomposition of Chow motives
of A, as shown in [13, § 5]. That is, in CHJ[t](A x A), the diagonal [A]cx may be expressed as

(4, 4)

oltl*

[Aler = 327, pe* where for each i, pi™®

i i

can can

is a projector and pi*" o pi™* = 0 € Homey,o

can can can

for i # j. Also, copg(n) o p§ = n'pf™ = pf o cop(n).

Now, take m; = w;iA(pf‘m). Since, for a, 8 € Qf(A x A), we have 1, s(aoB) =1, 4(a)o
)4, i(B), we readily get that m; is a projector and m; o m; = 0 for i # j. Also, since, 1(cq(n)) =
ccu(n), we get co(n) om; = nim; = m; o cq(n) for all n € Z. O

Let Mg be the category of cobordism motives over k, defined in 3.2. Let ¢ denote the canonical
morphism ¢ = vog : Q@ — CH*. ¢ induces a functor ¢ : Mg — Mgy of the corresponding
categories of motives, acting as ¢ on the morphisms and on objects as (X, p,m) — (X, o(p), m).

Corollary 8.2. There is a canonical decomposition of the cobordism motive of an abelian variety
A of dimension g over k:

ha(A) = P hi(4),
=0

where ho(A) = (A,ida,0) is the motive of A, hi(A) = (A, m;,0) and the m;’s are such that
co(n) om; = nim; = m; 0 cq(n). Furthermore, we have @(hiy(A)) = hi;(A)™, as defined in [13,
§ 5].
Proof. This is immediate since, if id4 = Z m; for mutually orthogonal projectors 7;, then
i=0
(Aa ida, O) - @(Av Ty O)

=0
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Also, it follows from the construction in the proof of Theorem 8.1 that ¢(m;) = p$*" for all 4, which
implies G(hi,(A)) = hipy (A)an. O

Remark 8.3. Note that, by definition, the projectors my and w4 are the same as those defined in
(3.4), that is, mo = p{' and Tog = p‘fg. Also, m} = ma4—; since this property holds for the p§*"s.
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