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In memory of Professor Robert Coleman
Abstract. We deﬁne certain deviation modules for the Hasse local-global
norm theorem and Hilbert’s theorem 90 for the p-units over the cyclotomic Zp extension of a number ﬁeld. We show that a necessary and suﬃcient condition
for the two deviations are isomorphic over all suﬃciently large intermediate
ﬁelds in terms of an arithmetic property of the p-units which is called the
generalized Gross conjecture. The proof is based on deep results of Kuz’min
and Iwasawa on inﬁnite class ﬁeld theory. We will prove the Kuz’min’s main
result in a totally diﬀerent way using the genus theory for p-ideal class group
which depends on cohomology theory rather than the inﬁnite class ﬁeld theory
used by Kuz’min and describe an explicit isomorphism.

1. Introduction
Let k be a number ﬁeld and p an odd prime. For an extension ﬁeld L of k, let
NL/k denote the norm map from L to k and JL the idele group of L. For a ﬁnite
set T of primes of k, let Sk be a subgroup of T -units Uk (T ) of k.
We deﬁne the deviation module HSK/k (SK ⊗Z Zp ) of the Hasse local-global norm
theorem and the deviation module HTK/k ((SK ⊗Z Zp ) of the Hilbert’s theorem 90
for the p-units over the cyclotomic Zp -extension of k.
Let HSK/k ((SK ⊗ Zp ) be a compact subgroup deﬁned as
HSK/k (SK ⊗ Zp ) =

(SK/k ⊗ Zp )loc
(SK/k ⊗ Zp )glo

where
(SK/k ⊗ Zp )loc

=

lim ((Sk ∩ NL/k JL ) ⊗ Zp )
←−

k⊂L⊂K

and
(SK/k ⊗ Zp )glo

=

lim ((Sk ∩ NL/k SL ) ⊗ Zp )
←−

k⊂L⊂K

are the inverse limits with respect to the inclusion maps for all ﬁnite subextensions
L of K over k. Similarly for any Galois extension K/k, we let
HTK/k ((SK ⊗ Zp ) =

lim H 1 (G(L/k), SL ⊗ Zp )
−→

k⊂L⊂K

where the direct limit is taken for all ﬁnite cyclic extensions
L of K over k.
∪
cyc
In the following theorems let k∞ = k∞
= n≥0 kn be the cyclotomic Zp extension of k with kn the unique subﬁeld of k∞ of degree pn over k. For a ﬁeld L,
let SL = UL (p) be the p-units of L. Let Γ denote the procyclic group G(k∞ /k) and
for each n ≥ 0, let Γn = G(k∞ /kn ) be the unique subgroup of Γ with index pn .
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Theorem 1.1. For all suﬃciently large n and m − n,
torZp (HSk∞ /kn (Sk∞ ⊗ Zp )) ∼
= HTkm /kn (Skm ⊗ Zp ).
In proving Theorem 1.1, a crucial step is the following result Proposition 1.2
of Kuz’min. We prove it in a completely diﬀerent way using only the cohomology
theory without the inﬁnite class ﬁeld theory as was used in the original proof
of Kuz’min. In special we do not use complicate topological properties of the
idele group equipped with locally compact topological space. The only topological
property used in our proof is the compactness of a ﬁnite Z-module after tensoring
with Zp . Let S := Sn = {v|p} be the set of primes of kn dividing p. Let Cl(kn ) be
the ideal class group of kn and let
Cln (S) := Cl(kn )/⟨cl(v)⟩v∈S
be the S-ideal class group of kn where cl(v) ∈ Cln is the ideal class containing v.
We deﬁne the Tate module Tp (k) of k following Kuz’min as the inverse limit of
Cln (S) with respect to the norm maps,
Tp (k) := lim(Cln (S) ⊗ Zp ).
←−
n

For each generating class (cl(an ) ⊗ 1)n ∈ Tp (k)Γ and αn ∈ kn× such that (γ − 1)an =
αn Okn (S), let
ψ∞ : Tp (k)Γ → HSk∞ /k (Sk∞ ⊗ Zp )
be deﬁned as
ψ∞ ((cl(an ) ⊗ 1)) = Nkn /k (αn ) ⊗ 1
which is well deﬁned modulo Nkn /k (Skn (S) ⊗ Zp ) for all n.
Proposition 1.2. ψ∞ deﬁnes the isomorphism
∼
=

ψ∞ : Tp (k)Γ → HSk∞ /kn (Sk∞ ⊗ Zp ).
In the original form of Proposition 1.2, the isomorphism hidden under inﬁnite
class ﬁeld theory was not deﬁned. Our proof provides us with an explicit description
of the isomorphism ψ∞ .
We brieﬂy introduce following Iwasawa (see §4 of [4]) and Kolster (see §1 of [6])
equivalent forms of the generalized Gross conjecture using the cohomologies over
Γ;
i) AS (k∞ )Γ < ∞,
ii) H 1 (Γ, AS (k∞ )) = 0,
cyc
where AS (k∞ ) is the p-part of the S-ideal class group of k∞
,
iii) Tp (k)Γ < ∞,
iv) Tp (k)Γ < ∞.
The equivalence of i), ii) is explained in §4 of [4] and the equivalence of i), iii) and
iv) is explained in Theorem 1.14 of [6].
Finally we will show that the generalized Gross conjecture is equivalent to the
claim that the deviation modules of Hasse’s local-global norm theorem for the punits and Hilbert’s theorem 90 for the p-units over the cyclotomic Zp -extension of
k are isomorphic for all suﬃciently large intermediate ﬁelds.
Theorem 1.3. The generalized Gross conjecture is true for all kn with n ≥ 0 if
and only if for all suﬃciently large n and m − n,
HSk /k (Sk ⊗ Zp ) ∼
= HTk /k (Sk ⊗ Zp ).
∞

n

∞

m

n

m
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2. Proofs of the main results
For a Galois extension K/k, let Sk and SK be submodules of k × and respectively
K × . We deﬁne the deviation HSK/k (SK ) of Hasse’s local-global norm theorem for
S• over K/k to be
loc
SK/k
HSK/k (SK ) = glo
SK/k
where

∩

loc
SK/k
=

(Sk ∩ NL/k JL )

k⊂L⊂K

and

∩

glo
SK/k
=

(Sk ∩ NL/k SL )

k⊂L⊂K

for all ﬁnite subextensions L of K over k.
We will deﬁne another deviation of Hilbert’s theorem 90. We ﬁrst deﬁne for a
ﬁnite extension. If K/k is a ﬁnite cyclic extension with generator σ, then we also
deﬁne the deviation HTK/k (SK ) of Hilbert’s theorem 90 for S• over K/k to be
HTK/k (SK ) =

(SK )NK/k
(σ − 1)SK

where (SK )NK/k denotes the kernel of the norm map NK/k : SK −→ k × . The last
deviation is just one dimensional Tate-cohomology H 1 (G(K/k), SK ) of S• . For a
Galois extension K/k, we let
HTK/k (SK ) =

lim HTL/k (SL ) =
−→

k⊂L⊂K

lim H 1 (G(L/k), SL )
−→

k⊂L⊂K

where the direct limit is taken for all ﬁnite cyclic extension L of K over k.
For a ﬁeld L, if SL = L× is the full multiplicative group of L, then it is obvious
that for any Galois extension K/k,
HSK/k (SK ) = HTK/k (SK ) = 1.
For a ﬁnite set T of primes of k, let Sk be a subgroup of T -units Uk (T ) of k.
Then we also deﬁne a compact subgroup HSK/k ((SK ⊗ Zp ) to be
HSK/k (SK ⊗ Zp ) =

lim HSL/k (SL ⊗ Zp )
←−

k⊂L⊂K

for all ﬁnite subextensions L of K over k. Then it follows from the compactness
that
(SK/k ⊗ Zp )loc
HSK/k (SK ⊗ Zp ) =
(SK/k ⊗ Zp )glo
where
(SK/k ⊗ Zp )loc

=

lim ((Sk ∩ NL/k JL ) ⊗ Zp )
←−

k⊂L⊂K

and
(SK/k ⊗ Zp )glo

=

lim ((Sk ∩ NL/k SL ) ⊗ Zp )
←−

k⊂L⊂K
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are the inverse limits with respect to the inclusion maps for all ﬁnite subextensions
L of K over k. Thus we have
∩
lim ((Sk ∩ NL/k JL ) ⊗ Zp ) =
(Sk ⊗ Zp ) ∩ NL/k (JL ⊗ Zp )
←−
k⊂L⊂K

k⊂L⊂K

lim ((Sk ∩ NL/k SL ) ⊗ Zp ) =
←−

k⊂L⊂K

∩

(Sk ⊗ Zp ) ∩ NL/k (SL ⊗ Zp ).

k⊂L⊂K

Similarly for any Galois extension K/k, we let
HTK/k ((SK ⊗ Zp ) =

lim HTK/k (SL/k ⊗ Zp )
−→

k⊂L⊂K

=

lim H 1 (G(L/k), SL ⊗ Zp )
−→

k⊂L⊂K

where direct limit is taken for all ﬁnite cyclic extensions L of K over k.
As mentioned in the introduction we start with a deep result of Kuz’min on
the Tate module of a number ﬁeld k. He proves the isomorphism using inﬁnite
class ﬁeld theory (see Proposition 1.1 of [10] and Proposition 7.5 of [7]). We will
prove Proposition 2.1 in a diﬀerent way where we do not use topological properties
of locally compact idele groups in inﬁnite class ﬁeld theory as was needed in the
Kuz’min’s original proof.
For each generating class (cl(an ) ⊗ 1)n ∈ Tp (k)Γ and αn ∈ kn× such that (γ −
1)an = αn Okn (S), let
ψ∞ : Tp (k)Γ → HSk∞ /k (Sk∞ ⊗ Zp )
be deﬁned as
ψ∞ ((cl(an ) ⊗ 1)) = Nkn /k (αn ) ⊗ 1
which is well deﬁned modulo Nkn /k (Skn (S) ⊗ Zp ) for all n.
Proposition 2.1. For a ﬁeld L, let SL = UL (p) be the p-units of L. Then there
exists an isomorphism
∼
=

ψ∞ : Tp (k)Γ → HSk∞ /k (Sk∞ ⊗ Zp ).
Proof. Let L/k be a ﬁnite Galois extension. For a ﬁnite set S of ﬁnite primes of k,
let Ik (S), Pk (S) and Uk (S) be the group of S-ideals of k, the subgroup of principal
S-ideals in Ik (S) and the S-units of k respectively. Similarly we deﬁne IL (S), PL (S)
and UL (S) as the the group of S ′ -ideals of L, the subgroup of principal S ′ -ideals
in IL (S) and the S ′ -units of L respectively where S ′ denotes the prime ideals of L
dividing the prime ideals of S.
It follows from PL (S) = L× /Uk (S) and the S ′ -ideal class group ClL (S) =
IL (S)/PL (S) that there exist exact sequences of G-modules
(1)

1 −→ PL (S)G −→ IL (S)G −→ ClL (S)G −→ H 1 (G, PL (S)) −→ 1,

(2)

1 −→ Uk (S) −→ k × −→ PL (S)G −→ H 1 (G, UL (S)) −→ 1,

(3)

1 −→ H 1 (G, PL (S)) −→ H 2 (G, UL (S)) −→ H 2 (G, L× ).
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From the equation (1) and Clk (S) = Ik (S)/Pk (S), there exists the commutative
diagram
1 −−−−→ Pk (S) −−−−→ Ik (S) −−−−→ Clk (S) −−−−→





ιk,L
y
y
y

1

1 −−−−→ PL (S)G −−−−→ IL (S)G −−−−→ ClL (S)G −−−−→ H 1 (G, PL (S)) −−−−→ 1.
Applying the snake lemma to the above diagram, we obtain
(4) 1 −→ ker(ιk,L ) −→ H 1 (G, UL (S)) −→ IL (S)G /Ik (S)
−→
where we used

coker(ιk,L ) −→ H 1 (G, PL (S)) −→ 1

PL (S)G /Pk (S) ∼
= H 1 (G, UL (S))

from the equation (2).
Moreover if G(L/k) = ⟨γ⟩ is cyclic, then from the equation (3), it follows that
Uk (S) ∩ NL/k L×
H 1 (G, PL (S)) ∼
= H −1 (G, PL (S)) ∼
=
NL/k UL (S)
where the isomorphism is the connecting homomorphism deﬁned by
(α) = αOL (S) 7→ NL/k (α)
for the ring OL (S) of S-integers of L.
By letting im(IL (S)G ) the image of IL (S)G inside ClL (S)G , we have the following
isomorphism
ClL (S)G ∼ Uk (S) ∩ NL/k L×
ψL :
=
im(IL (S)G )
NL/k UL (S)
where the isomorphism is deﬁned to be for each class cl(a) ∈ ClL (S)G of a ∈ IL (S)
and α ∈ L× such that (γ − 1)a = αOL (S)
ψL (cl(a)) = NL/k (α)
which is well deﬁned modulo NL/k UL (S). Since all groups above are p-group, we
have the following isomorphism of compact groups
ClL (S)G ⊗ Zp ∼ (Uk (S) ∩ NL/k L× ) ⊗ Zp
.
=
im(IL (S)G ⊗ Zp )
NL/k (UL (S)) ⊗ Zp
It follows from the trivial isomorphisms
∼ (ClL (S) ⊗ Zp )G , NL/k (UL (S)) ⊗ Zp ∼
ClL (S)G ⊗ Zp =
= NL/k (UL (S)) ⊗ Zp )
that
ψL :

(ClL (S) ⊗ Zp )G ∼ (Uk (S) ∩ NL/k L× ) ⊗ Zp
.
=
im(IL (S)G ⊗ Zp )
NL/k (UL (S) ⊗ Zp )

For a subﬁeld L′ of L over k and for each class cl(a) ∈ ClL (S)G of a ∈ IL (S)
such that (γ − 1)a = αOL (S), by applying the norm map NL/L′ , we have
(γ − 1)NL/L′ (a) = NL/L′ (γ − 1)a = NL/L′ (αOL (S)) = NL/L′ (α)OL′ (S)
since the extensions k ⊂ L′ ⊂ L are abelian. Hence we have
ψL′ (NL/L′ cl(a)) = NL′ /k (NL/L′ (α)) = NL/k (α) = ψL (cl(a))
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which induces the following commutative diagram
ψL

ΩL −−−−→

N ′
y L/L

(5)

ψ

ΘL


yid

′

ΩL′ −−−L−→ ΘL′
where Ω• and Θ• represent
×

′

ΩL′

(Uk (S) ∩ NL′ /k L′ ) ⊗ Zp
(ClL′ (S) ⊗ Zp )G(L /k)
′ =
,
Θ
.
=
L
′
NL′ /k (UL′ (S) ⊗ Zp )
im(IL′ (S)G(L /k) ⊗ Zp )

Now let L vary all subﬁelds kn of the cyclotomic Zp -extension of k. For an
inverse system of Galois modules {Mn }n≥0 of Gn = G(kn /k), it is obvious that
lim H 0 (Gn , Mn ) = lim H 0 (G∞ , Mn ) = H 0 (G∞ , lim Mn ).
←−
←−
←−
By taking the inverse limits in (5) with respect to the norm maps on the left and
the inclusion maps on the right, ψkn induces the isomorphism ψ∞ = lim ψkn
(6)

(Uk (S) ∩ Nkn /k kn× ) ⊗ Zp
(Cln (S) ⊗ Zp )Gn ∼
→
lim
ψ∞ : lim
.
←− Nkn /k (Un (S) ⊗ Zp )
←− im(In (S)Gn ⊗ Zp )

Since all the groups appearing above are compact, by taking the inverse limits
which are exact over the following exact sequence
1 −→ im(In (S)Gn ⊗ Zp ) −→ (Cln (S) ⊗ Zp )Gn −→

(Cln (S) ⊗ Zp )Gn
−→ 1
im(In (S)Gn ⊗ Zp )

it follows that
(Cl (S) ⊗ Zp ))Γ
(Cln (S) ⊗ Zp )Gn ∼ (lim
←− n
lim
=
←− im(In (S)Gn ⊗ Zp )
lim im(In (S)Gn ⊗ Zp )
←−
and similarly that
(7)

(Uk (S) ∩ Nkn /k kn× ) ⊗ Zp
(Uk (S) ∩ Nkn /k kn× ) ⊗ Zp ∼ lim
.
= ←−
Nkn /k (Un (S) ⊗ Zp )
lim Nkn /k (Un (S) ⊗ Zp )
←−
Note that each prime not in S is unramiﬁed over k∞ /k since S contains all
primes lying over p. If a ∈ In (S)Gn then for each prime ideal P lying over a prime
p dividing a, we have
∏
P|a

(8)

lim
←−

P|p

since the Galois group acts transitively on In (S) and hence
∏
∑
n
Nkn /k ( P) = p e(P)f (P) = pp | Nkn /k a
P|p

where e(P)(= 1) and f (P) represent the ramiﬁcation index and respectively the
residue class degree of P over p. It follows from the deﬁnition of the norm map
over the ideal class group that
(9)

lim im(In (S)Gn = 0
←−
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where the inverse limits are taken with respect to the norm maps. It follows from
(7) and (9) that
(Cln (S) ⊗ Zp )Gn ∼
lim
(lim(Cl (S) ⊗ Zp ))Γ .
←− im(In (S)Gn ⊗ Zp ) = ←− n

(10)

Hence it follows from (6) and (10) that
Tp (k)Γ = (lim(Cln (S) ⊗ Zp ))Γ
←−

∼
=
∼
=

(Cln (S) ⊗ Zp )Gn
lim
←− im(In (S)Gn ⊗ Zp )
(Uk (S) ∩ Nkn /k kn× ) ⊗ Zp
lim
.
←− Nkn /k (Un (S) ⊗ Zp )

It follows from (8) that the last term above is isomorphic to
lim(Uk (S) ∩ Nkn /k kn× ) ⊗ Zp
←−
= HSk∞ /k (Sk∞ ⊗ Zp ).
lim Nkn /k (Un (S) ⊗ Zp )
←−
This completes the proof of Proposition 2.1.
n



m

Let γm,n = γ l (modγ l ) denote the ﬁxed generator of G(km /kn ).
Theorem 2.2. For a ﬁeld L, let SL = UL (p) be the p-units of L. Then for all
suﬃciently large n and m − n,
torZp (HSk∞ /kn (Sk∞ ⊗ Zp )) ∼
= HTkm /kn (Skm ⊗ Zp ).
Proof. For each n ≥ 0, let On and In be the ring of integers and the fractional
ideals of kn respectively. For m ≥ n, let
j(n, m) : Cln (S) −→ Clm (S)
be the map induced from the natural map i(n, m) : In −→ Im deﬁned as
i(n, m)(a) = aOm .
The following theorem is due to Kuz’min(see Theorem 3.1 of [7]).
Theorem 2.3. For all suﬃciently large n and m − n, the order of ker(j(n, m)) is
stabilized and
ker(j(n, m)) ∼
= torZp (Tp (k)Γn )
where ker(j(n, m)) denotes the kernel of j(n, m) and torZp (Tp (k)Γn ) the Zp -torsion
part of Tp (k)Γn .
It is also well known by Iwasawa from Theorem 12 of [3] that for all m ≥ n ≥ 0,
ker(j(n, m)) ∼
= H 1 (G(km /kn ), Skm ).
It follows from the ﬂatness of Zp over Z that
H 1 (G(km /kn ), Skm ⊗ Zp )

∼
= H 1 (G(km /kn ), Skm ) ⊗ Zp
∼
= H 1 (G(km /kn ), Skm )

where the last isomorphism follows from the fact that H 1 (G(km /kn ), Skm ) is a
p-group. From Proposition 2.1 we complete the proof of Theorem 2.2.
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We describe the deviations in term of the universal norm and the norm compara×
ble properties. For a subgroup Hm of km
, let limm≥n (Hm ⊗ Zp ) be the inverse limit
←−
of Hm ⊗ Zp with respect to the norm maps. Let π denote the natural projection
π : lim (Hm ⊗ Zp ) → Hn ⊗ Zp .
←−
m≥n

The norm compatible subgroup (Hn ⊗ Zp )comp and the universal norm subgroup
(Hn ⊗ Zp )univ of Hn ⊗ Zp are deﬁned as follows
∩
(Hn ⊗ Zp )univ :=
Nm,n (Hm ⊗ Zp ), (Hn ⊗ Zp )comp := π( lim (Hm ⊗ Zp )).
←−
m≥n

m≥n

Note that if Hm is a ﬁnite type over Z, then the two modules are identical
(Hn ⊗ Zp )comp = (Hn ⊗ Zp )univ .
For a ﬁnite cyclic extension K/k and for a ﬁnite set S of primes of k, let Uk (S)
be the global S-units of k. Let S ′ be the set of primes of K lying over each prime
v ∈ S,
S ′ = {w|v ; v ∈ S}.
We also let UK (S) := UK (S ′ ) denote the global S ′ -units of K. Let
∏
∏
kv×
Uv ×
JK,S :=
w∈S ′

w∈S
/ ′

be the S-idele group of K where we identify UK (S) with a subgroup of JK,S via
the diagonal imbedding δK,S : UK (S) −→ JK,S . For K = kn and S = {v|p}, we
write
Un (p) = Ukn (S), δn = δkn ,S .
We have the following exact sequence
ϕn

1 −→ ker(ϕn ) −→ Uk (p) −→ H 0 (Gn , Jkn ,S )
where Gn = G(kn /k) denotes the Galois group of kn /k and
ϕn (α) = δn (α) mod Nn Jkn ,S
the natural map induced from δn . Then Hasse’s local-global norm theorem for k ×
implies that
Nn Un (p) ⊂ ker(ϕn ) = Uk (p) ∩ Nn kn× .
By tensoring with Zp , the exact sequence induces
ϕ

n
1 −→ ker(ϕn ) = ker(ϕn ) ⊗ Zp −→ Uk (p) ⊗ Zp −→
H 0 (Gn , Jkn ,S )

together with
Nn (Un (p) ⊗ Zp ) ⊂ ker(ϕn ) ⊗ Zp = (Uk (p) ∩ Nn kn× ) ⊗ Zp .
Then
ker(ϕ∞ ) :=

∩

ker(ϕn ) =

n≥0

∩

((Uk (p) ∩ Nn kn× ) ⊗ Zp ).

n≥0

Hence we are led to
(Skn ⊗ Zp )loc = ker(ϕ∞ ), (Skn ⊗ Zp )glo = (Un (p) ⊗ Zp )univ ,
HSk∞ /kn (Sk∞ ⊗ Zp ) =

(Skn ⊗ Zp )loc
ker(ϕ∞ )
=
.
(Skn ⊗ Zp )glo
(Un (p) ⊗ Zp )univ
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The statement that the deviation modules of Hasse’s local-global norm theorem
for the p-units and Hilbert’s theorem 90 for the p-units over the cyclotomic Zp extension of k are isomorphic for all suﬃciently large intermediate ﬁelds is now
equivalent to the generalized Gross conjecture.
Theorem 2.4. For a ﬁeld L, let SL = UL (p) be the p-units of L. The generalized
Gross conjecture is true for all kn with n ≥ 0 if and only if for all suﬃciently large
n and m − n,
HSk∞ /kn (Sk∞ ⊗ Zp ) ∼
= HTkm /kn (Skm ⊗ Zp ).
Proof. Firstly we claim that the generalized Gross conjecture is true for all kn with
n ≥ 0 if and only if for all suﬃciently large n and m − n,
HSk /k (Sk ⊗ Zp ) ∼
= HTk /k (Sk ).
∞

∞

n

m

m

n

Suppose now that the generalized Gross conjecture is true for all kn with n ≥ 0.
Since Tp (k)Γn ∼
= Tp (kn )Γn , Theorem 2.3 and the generalized Gross conjecture (iv)
imply that for all suﬃciently large n and m − n,
ker(j(n, m)) ∼
= Tp (kn )Γn .
Hence Propositions 2.1 imply the isomorphism. The converse direction is obvious
from Proposition 2.1 and Theorem 2.2 together with the fact that the generalized
Gross conjecture descends over ﬁeld extensions.
Secondly we show that the claim is equivalent to the theorem. It follows that
H 1 (G(km /kn ), Sk ⊗ Zp ) ∼
= H 1 (G(km /kn ), Sk ) ⊗ Zp
m

m

∼
= H 1 (G(km /kn ), Skm ).

Hence it follows that
HSk∞ /kn (Sk∞ ⊗ Zp ) = HTkm /kn (Skm ) = HTkm /kn (Skm ⊗ Zp ).


This completes the proof of Theorem 2.4.

Note that the generalized Gross conjecture is true for an abelian ﬁeld k. Hence
if k is abelian then for all suﬃciently large n and m − n,
HSk /k (Sk ⊗ Zp ) ∼
= HTk /k (Sk ⊗ Zp ).
∞

n

∞

m

n

m

It could be also interesting to prove Theorem 2.4 using only the cohomology theory.
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