ON SOME ARITHMETIC PROPERTIES OF SIEGEL
FUNCTIONS
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ABSTRACT. We deal with several arithmetic properties of the Siegel functions
which are modular units. By modifying the ideas in [14], we establish certain
criterion for determining a product of Siegel functions to be integral over Z[j].
We also find generators of the function fields (X1(N)) by examining the
orders of Siegel functions at the cusps and apply them to evaluate the Ra-
manujan’s cubic continued fraction systematically. Furthermore we construct
ray class invariants over imaginary quadratic fields in terms of singular values
of j and Siegel functions.
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1. INTRODUCTION

Let $ be the complex upper half plane and N be a positive integer. We let
H* = HUPHQ)

To(N) = {<CCL Z) € SLy(Z) : (‘; Z)z(g :) (mod N)}
Py(N) = {<Z 3) € SLa(Z) (‘; Z>_(3 ’1‘> (mod N)}
r(N) = {(C Z) € SLo(Z) (C (1)) (mod N)}.
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We are especially concerned with the following three modular curves
Xo(N) = To(N)\H",  X1(N) =T:1(N)\9* and X (N) = [(N)\9*
and their function fields
K(Xo(N)), K(Xi(N)) and K(X(N)),

respectively. For the sake of arithmetic applications we consider the modular curve
X (N) defined over the N-th cyclotomic field, and take the integral closure of Q[j]
where j is the elliptic modular function. The units in this ring which are called the
modular units are the objects we deal with in this paper. We are mainly interested
in the following three problems.

The first is to replace the Fricke functions, which play the roles of classical gen-
erators of the modular function fields, by the Siegel functions. The order formulas
at the cusps in this case enable us to find such generators. In Sections 4, 5, 6 and
8, we shall examine some arithmetic properties of Siegel functions for this purpose.

The second problem concerns about the integrality over Z[j] for modular func-
tions. In Section 3, we shall establish a criterion for determining a product of Siegel
functions to be integral over Z[j]. To this end, we intensively analyze the Fourier
coefficients of Siegel functions. Although Kubert and Lang([14]) have already pro-
vided a criterion, it seems to be scarcely known to experts so that we try to reveal
and clarify it. If a function is integral over Z[j], its values evaluated at some points
would become algebraic integers in many cases, for instance, at imaginary qua-
dratic arguments. In Section 7, we explain why the reciprocals of the values of the
Ramanunjan’s cubic continued fraction([6]) at imaginary quadratic arguments are
algebraic integers.

The third problem is certain construction of ray class fields over imaginary qua-
dratic fields by means of singular values of some analytic functions. Ramachandra
presented in [19] a ray class invariant as algebraic unit, its constructions is, how-
ever, too abstract and complicated in practical use. In Section 9, we find relatively
simple ray class invariants in terms of the special values of j and Siegel functions.

For generic theory of modular functions, we refer to [21] and [16]. Unlike the
classical approach to modular functions and the class field theory depending mainly
on elliptic functions and theory of complex multiplication, our results are based on
the Galois theory and the Shimura’s reciprocity law.

2. PRELIMINARIES

For a positive integer N we denote by Qx and Fx the N-th cyclotomic field Qnx
with (y = e’ and the field of modular functions of level N defined over Qu, re-
spectively. Then we have F; = Q(j) and K (X (1)) = C(j)([16], [21]). Furthermore
we let

Ry = the integral closure of Z[j] in Fn
QRN = the integral closure of Q[j] in Fy.

Here, the elements of (QRyx)* will be called the modular units of level N and those
of Ry will be called the modular units over Z of level N. And we have the diagram:
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Fn QRN D (QRyN)* : group of modular units
Galois integral
extension closure
Fi QL]

The points 7 on the modular curve X (N) such that j(7) = oo are called the
cusps. We then recall the following assertion which interprets algebraic objects as
geometric ones. For the sake of completeness we give a proof.

Lemma 2.1. If f € Fn has zeros and poles only at the cusps, then the norm
Nz, /on ) (f) is a constant. Hence, so is Nx, /7, (f).

Proof. As we shall summarize in Section 4, Gal(Fx/Qp(j)) has a representation by
SLo(Z/NZ)/{x12} and the action of each element in SLy(Z/NZ)/{£15} is given
by composition. Hence if a function f € Fy has zeros and poles only at the cusps,
so does Nz, /oy () (f)-

On the other hand, N £, /o, (;)(f) € Qn(j) is a function on the Riemann sphere
X(1). So, if it is not a constant, it has zeros and poles at least at two distinct
points on the sphere. But this means that Nz, g, (;)(f) should have a zero or a
pole on §, which contradicts the first part of the proof. Therefore N £, /g, ;) (f) is
a constant, and so is N, /7 (f). O

Theorem 2.2. Let f € Fn. Then f is a modular unit if and only if it has zeros
and poles only at the cusps.

Proof. Assume that f is a modular unit. Then f and 1/f satisfy integral equations
over Q[j], that is,

[P+ anaf" M+ 4a = 0
1 1
——tbp15—++bo = 0
fm fm—l
for some an_1, -+ ,a0,bm—1, -+ ,bo € Q[j]. Dividing the first equation by f" and
multiplying the second by f™ we achieve
(2.1) 1+a ! +--+a L 0
. n-17+t - F+a— =
f fr
(2.2) 1+bp1f+---+bf™ = 0.

Suppose that f has a zero at some point 79 € ). By (2.2) we get
L+ by—1(70) f(10) + -+ + bo(70) f(70)™ = 0,

which gives a contradiction 1 = 0. Next suppose that f has a pole at some point
Too € 9. Then by (2.1) we have

;_‘_...4_@(7- )#_0
f(70) oLTee f(TOO)n_ ,

which again renders a contradiction 1 = 0. Thus f does not have zeros and poles
on $), namely f has zeros and poles only at the cusps.

1 + an—l(Too)
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Conversely, assume that f has zeros and poles only at the cusps. Since Q[j] is a
Dedekind domain, so is QR . Hence

(2.3) QRy =[)(QRN)gp
P

where the intersection is taken over all prime ideals P of QR y (of height 1). On the
other hand, since Nz /7 (f) is a constant by Lemma 2.1, we have f € ((Q’RN)qg)*
for all prime ideals 8 so that f € (QRx)*. Therefore f is a modular unit. O

Now, we introduce the Siegel functions as modular units. For a lattice L in C
the Weierstrass p-function is defined by

so(T;L)Z%JF > {ﬁ_é} (rec

weL\{0}

And the Weierstrass o-function is defined by
. _ _ T+
o(t; L)y=r1 H (1 w)e 2 (reC)
weL\{0}

which is clearly an odd function. Taking the logarithmic derivative we come up
with the Weierstrass (-function

c(T;L>:—U'(“LL)):§+ > (L+l+7) (rec).

o(r; T—w w w?
weL\{0}

Differentiating the function (7 + w; L) — {(r; L) for w € L results in 0 because
¢'(r; L) = —p(1; L) and the p-function is periodic with respect to L. Hence there
is a constant n(w; L) such that {(7 +w; L) ={(1; L)+ n(w; L).

For r = (r1,r2) € Q? \ Z? we define the Klein form ¢, by

(2.4) (1) = e*%(r1n1+r2772)(r17+r2)0—(7'17' +ro; [1, 1]) (1€C)

where 11 = n(7; [r, 1]) and no = n(1; [r, 1]). Note that n; and 7o satisfy the
Legendre relation nom — 1y = 2mi([16]). The following proposition provides us the
transformation formulas of the Klein forms.

Proposition 2.3. (1) For r € Q*\ Z? we have
t_,. = —¢.
(2) Forr € Q*\Z? and o = (2Y) € SLy(Z) we derive
t.oa=(cr+d) .
(3) Forr = (r1,r2) € Q%> \ Z? and s = (s1, s2) € Z* we get
b1 =ce(r, s)t,
where (1, 8) = (—1)s152Fs1ts2p=milsir2=s2m1)

Proof. Since the Weierstrass o-function is an odd function, we can verify (1) from
(2.4). For (2) and (3), see [14]. O

Finally we define the Siegel function g, for any r € Q2 \ Z? by
(2.5) 9r(1) = (1) (7) (r€9)
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where 7 is the Dedekind n-function defined by

o) =Vorcsa? [[A—a?) (@ =", T€9)
n=1

and 72 has the transformation formulas

(2.6) oS = (ri’

(2.7) ol = Con

for S = (%7}) and T = ({}). Thus it follows that A(r) = n**(7) is a modular

form for SLy(Z) of weight 12. We then have the following transformation formulas.

Proposition 2.4. (1) For r € Q*\ Z* we have

g—r = —Gr.
(2) For r = (r1,72) € Q*\ Z* we get
groS = (:;?QQTS = C?29(r2,fn)
groT = <1297'T = Cng(Tlﬂ‘l-‘rTz)'

(3) Forr = (r1,rs) € Q*\ Z? and s = (s1,52) € Z* we have

9r+s = 5(Ta S)QT

where e(r, s) is the root of unity given in Proposition 2.3(3).

Proof. We can readily verify the formulas by using Proposition 2.3, (2.6) and (2.7).
O

We define a function ( ) on R whose value (X) takes the fractional part of X,
namely 0 < (X) < 1. Then, for o = (2%) € SLy(Z) with ¢ > 0 we have the
transformation formula

2 AT 0\ | omi (24145 o o Bi((E)B1((4£))) 2
(c¢+d> =e (et + d)n*(7)

where B (X) = X — 1 is the first Bernoulli polynomial([3] (2.10)). Thus it follows
from Proposition 2.3(2) and the definition g, = €n? that

groa = T (B wmoae BICENBICED) o

for 7 € Q\ Z%. When one is particularly interested in constructing class fields, he
may efficiently use this formula.

In addition to these transformation formulas a Siegel function has a fairly simple
order formula. Let By(X) = X2 — X + £ be the second Bernoulli polynomial.
Using the ¢,-expansion formula of the Weierstrass o-function we get the following
expansion formula of a Siegel function g,

le

(2.8) G(ry,ra)(T) = —@7 (1-q"q.)(1—q"q; ")

3

(Tl)ewi'rg(rlfl)(l _ qz)

Il
—

n

2miz

where ¢, = e with z = r17 + ro. By analyzing (2.8) we obtain

1
(29) Ordqrg(rl,’r‘g) = §B2(<7"1>)
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([14] Chapter 2 Section 1).

For a given positive integer N > 1, Kubert and Lang provided a necessary and
sufficient condition for a product of Siegel functions to be of level N. Here we give a
sufficient condition as follows. We say that a family of integers {m(r)},—(r, r,)e 1 z2\22
with m(r) = 0 except finitely many r satisfies the quadratic relation modulo N if

Zm N7“12_Zm (Nr9)? =0 (mod ged(2,N)- N)
Zm )J(N71)(Nry) =0 (mod N).

Theorem 2.5. Let {m(r)},c1z2\z2 be a family of integers such that m(r) = 0
except finitely many r. Then a product of Siegel functions

g= [ o
r€ & 72\72
belongs to Fn, if {m(r)}, satisfies the quadratic relation modulo N and 12 divides
ged(12, N) - 32 m(r).
Proof. See [14] Chapter 3 Theorem 5.2 and Theorem 5.3. O

In particular, g, and g2V lie in Fion2 and Fy, respectively, for r € 72\ Z2.

We can easily check by (2.8) that a Siegel function has zeros and poles only at
the cusps. Hence by Theorem 2.2 and Theorem 2.5 we conclude that a product of
Siegel functions becomes a modular unit of some level. For a given level NV > 1 the
products of Siegel functions of level IV generate the group of modular units of level
N up to 2-torsions([14] Chapter 4).

3. INTEGRALITY OVER Z[j]

A Siegel function and its inverse are integral over Q[j] because they are modular
units. Kubert and Lang provided in [14] a criterion for determining a product of
Siegel functions to be a unit over Z. In this section, however, we shall investigate
their criterion and further develop it to have more effective test for the integrality
over Z[j].

Let L = [w1, ws] be a lattice in C such that wy/we € § . For a point t € C\ L
of finite period with respect to L, we can write t as

t =riwi + rawo

for a unique 7 = (r1,72) € Q2 \ Z2. We define a function

(- ())-+(2)

which depends on the choice of w; and ws. But if we raise g to the 12-th power,
it becomes a function of t and L and so we just write it as g'(¢; L). Furthermore
g*2(t; L) has weight 0, namely

(3.2) g2(M: AL) = g"(t; L)
for any A € C*.
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Theorem 3.1. Let L' D L be two lattices in C and let ¢ be the smallest positive
integer such that cL' C L. Let

tr =0, tg

be a complete system of coset representatives of L' /L. If t is a complex number
such that t & L', dt € L for some positive integer d and m = lem(c,d), then we
have

k
g (t; L) =] g""(t +tis L),
i=1
Proof. See [14] Chapter 2 Theorem 4.1(ii). O

For a vector r = (r1,72) € Q2 \ Z2, a positive integer N such that Nr =
(N71, N73) belongs to Z?2 is called a denominator of r. In particular, the smallest
denominator of r is called the primitive denominator of r. When the primitive
denominator has at least two prime factors, we say that r or the primitive denom-
inator is composite.

In what follows by the notation = we mean the equality = up to a root of unity.
As a corollary of Theorem 3.1, we give a so-called distribution relation of Siegel
functions.

Corollary 3.2. Let p™ be a prime power and let r = (r1,73) € #ZQ \ Z2. Then
the Siegel function g, can be written as a product

= Hggn(s)
S

where all indices s with m(s) # 0 have the same primitive denominator p™.

Proof. If r already has the primitive denominator p™, we are done. Suppose that r
has the primitive denominator p! with [ < n. In the statement of Theorem 3.1 we
set

1
L'==[r, 1], L=[r, 1] and t = m
p p
Then we have k = [L : L] = p?, ¢ = p, d = p'*! and m = p'*!. Taking

ar +b

with 0<a, b<p

as a complete system of coset representatives of L/L’ we get that

I+1 I+1
9(172112772)( ) = 912p (ri7 + 72 [Tv 1])
1
= gl2pl+1 (M; ,[7-, 1]) by (32)
p p
b
= H 912pl+1 <T1T+T2 + & i i [T 1]) by Theorem 3.1
0<a, b<p p p
b
_ H 912pl+1 (7‘1 —|—a7_+ ro + s 1])
0<a, b<p p p

12p! 1
= I o2 a0

0<a, b<p
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Deleting the power 12p't! we establish
g(’r‘l,TQ) = H g(ﬂ7L‘H’)'
0<a, b<p =~ "

Note that each index (%7 TQTZH)) in the above product has the primitive denomi-

nator p'*1. Applying this procedure successively we can express g, as a product of
Siegel functions indexed with vectors of primitive denominator p™. O

Let N be a given positive integer. For a modular unit f of level N, let
f=2 cna?

be its gr-expansion. We write
en(f) =cn

for all n € Z and, in particular,
¢(f) = the first non-zero coefficient.

When we write

f=chH)f
we understand f* as a ¢,-series with leading coefficient 1. For f, ' € (QRy)* we
have obvious identities

(3.3) c(f - f) = ef) elf)
(3.4) - =
Lemma 3.3. Let f be a modular unit of level N. If ¢, (f o) are algebraic integers

for alln € Z and a € SLo(Z), then f is integral over Z[j]. If, in addition, c(f o a)
are units for all a € SLo(Z), then f is a unit over Z.

Proof. See [14] Lemma 2.1. O

Remark 3.4. [14] Lemma 2.1 is a slightly weaker version of Lemma 3.3 which will
be used in the matter of determining integrality over Z[j].

For N > 1 and r = (r1,72) € Q2 \ Z?, let us write

gr = c(gr)g:
I((ri)(r2)) = C(g(<m>7<7'2)))9T<T1),<T2>)'
Since g, = g((r,),(ro)) Dy Proposition 2.4(3), we deduce

c(gr) = cg(r)(ra))
95 = ()i

Note that from the ¢,-expansion formula (2.8) we see that g2‘<rl>’<rz>) has in fact a
q--series all of whose coefficients are algebraic integers and has leading coefficient 1.
Hence ¢, (g,) are algebraic integers for all n € Z if and only if ¢(g,) is an algebraic
integer. The same argument holds for any conjugate of a Siegel function and any

product of Siegel functions by Proposition 2.4(2), (3.3) and (3.4). Thus we have

Lemma 3.5. Let g be a product of Siegel functions. Then g is integral over Z[j] if
and only if ¢(g o «) are algebraic integers for all o € SLo(Z).
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Proof. First assume that g is integral over Z[j], then g satisfies an equation
9"+ am g™ 4+ ag =0

for some a;,—1,- - ,a9 € Z[j]. Taking composition with any « € SLs(Z) on both
sides yields
(goa)™ +am-1(goa)" '+ +ag =0,
from which it follows that
m 1M m—1 «ym—1

(35) {elgo0)} " {(g00) )" + ami{clgo)}" {(goa)}" "+ +ap =0,
When the left side of (3.5) is regarded as a g,-series, each coefficient of the series
should be zero. Note that the coefficients of g,-series of j and (go«a)* are algebraic
integers. Hence, when t = ord,, (g o a)*, the coefficient of the term ¢ in (3.5) is
given by {c(goa)}™ +bu_1{c(g OOé)}mf1 +-+-+bg = 0 for some algebraic integers
bm—1,--- ,bo. This implies that c¢(g o a) is an algebraic integer.

Conversely, assume that ¢(g o a) are algebraic integers for all « € SLa(Z). Then
¢n(g o ) are algebraic integers for all n € Z. And, the assertion is a consequence
of Lemma 3.3. O

Theorem 3.6. Let r € Q*\ Z? have the primitive denominator N > 1.
(1) If N is composite, then gt*N is a modular unit over Z of level N. Hence g, is
a modular unit over Z of level 12N?.

(2) If N = p" is a prime power, then g-*V is a unit in RN[%]. Thus g, ts a unit
mn R12N2 [%] .
Proof. See [14] Chapter 2 Theorem 2.2. O

Let p" be a prime power and suppose that r = (r1,72) € Q?\Z? has the primitive
denominator p™. Then the constant ¢(g,) has the property

C(gT) = C(g(<7"1>»<7‘2>)) = 1— 6271'1'(7"2) =1 Cpn<7“2> if <'I"1> =0
pn

from the ¢,-expansion formula (2.8). Hence

O lf 1 0
(3.6) ord, (c(gr)) = { ord, (1 — p"(rz)) 1 if 27“1; i 0

P

where ¢ is the Euler ¢-function, and
(3.7) ord,y (c(gr)) = 0 for other primes p’.

Lemma 3.7. For a prime power p™, consider a product of Siegel functions

gwm= I o

7‘6#22\72
Then gy is integral over Z[j] if and only if ord, (c(g(p) oa)) >0 for all a € SLo(Z).

Proof. By (3.6) and (3.7), ¢(g(y) o) are algebraic integers if and only if ord, (¢(g(,)©
@)) > 0. Hence we get our assertion by Lemma 3.5. O
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Lemma 3.8. For a given product of Siegel functions
g= I o,
AV
decompose it into the form

9 = Ycomp H 9(p)
p

where geomp 8 the product taken over all composite r and g,y for each prime p
is the product taken over those r whose demominator is a power of p. Then g is
integral over Z[j] if and only if g, are integral over Z[j] for all primes p.

Proof. By Theorem 3.6, gcomp is a unit over Z. Hence we deduce an assertion that

g is integral over Z[j]

— Hg(p) is integral over Z[j]
P

= c(H 9(p) © @) are algebraic integers for all a € SLy(Z) by Lemma 3.5
P

< ord, (C(H 9(p) © a)) > 0 for all primes p.
P

On the other hand, for a fixed prime p we have by (3.7)
ordy ([ ] el9)) = ordy (elgr))-
P
Thus we achieve that
g is integral over Z|[j]
< ord, (c(g(p))) > 0 for all primes p

<= g(p) are integral over Z[j] for all primes p by Lemma 3.7.

O

Therefore we restrict ourselves to analyzing each g,y separately. Let p™ be the
maximal primitive denominator appearing in the indices of g(,) and (;zZ%/Z?)* be
the set of all primitive elements in the additive group #ZQ /7?2. By Corollary 3.2
we may assume that all indices have the primitive denominator p™. Moreover, by
Proposition 2.4(1) and (3) we take (;7Z%/Z%)*/ £ 1 as the index set. And, note
that the group (Z/p"Z)* naturally acts on (;7Z*/Z?)*/ £ 1 by multiplication.

Theorem 3.9. Let

9y = 1T gt
re(22/22)" /£1

Then gy is integral over Z[j] if and only if for each orbit of (Z/p"Z)* we get

Z m(r) > 0.

reorbit
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Proof. By Lemma 3.7 we know that g, is integral over Z[j] if and only if ord,, (c(g(p)o
@)) >0 for all a € SLy(Z). It then follows from (3.6) and Lemma ?? that

ord, (c(g(p))) = 0 <= Z m(r) > 0.

r€orbit containing (0, p%

Furthermore since SLy(Z) permutes the orbits transitively, we conclude that

ord, (c(g(p) © @) > 0 for all a € SLy(Z) <= Z m(r) > 0 for each orbit.

reorbit

O

Before closing this section we summarize the algorithm for determining whether
a product of Siegel functions is integral over Z[j] or not as follows:

Step 1. For a product of Siegel functions
g= 11 o,
reL72\z2
decompose it into the form
9 = Ycomp H 9(p)-
p : prime

Step 2. For each prime number p, let p™ be the maximal primitive denominator
appearing in the indices of g(,). Using Corollary 3.2 we can write g(,) as

9p) = 1T g
re(z2/22) " /41

Step 3. For each orbit of (Z/p"Z)* in (#22/22)*/ + 1, check if

Z m(r) > 0.

reorbit

Step 4. Then ¢ is integral over Z[j] if and only if the third step is true for each
prime p.

4. FIELD OF MODULAR FUNCTIONS OF LEVEL N

For a congruence subgroup I' we denote by K(X(I')) the function field of the
modular curve X(I') = T'\$*. Let h be the width of the cusp co. For a subfield
Q' of the maximal abelian extension Qg of Q, let K’ be the field of all modular

L AT
functions in IC(X (I‘)) whose Fourier coefficients with respect to ¢ = e belong

to Q.

Lemma 4.1. Let K(X(T')) = C(S) for a subset S in K(X(T')). If S C K/, then
K'=Q'(9).
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Proof. First note that C and K’ are linearly disjoint over Q’. Indeed, let ¢, - , ¢
be the elements of C which are linearly independent over Q'. Assume that ), _, cxfr =
0 for some f1,--+, fr, € K'. Writing fr, = > 0" ckngs with ¢y, € Q', we have

doefe= 0k > kgt = Y <26kclm>qrh =0,

k=1 k=1 n=-—oo n=—oo k=1
which yields Z;nzl cxCrn = 0 for each n € Z. Since ¢y, - - , ¢,, are linearly indepen-
dent over Q’, we have ¢, = 0 for all k¥ and n. Hence f; =--- = f,, = 0.
Now consider the field tower:

C(5) K
C Q'(S)
Ql

Since C(S) and K’ are linearly disjoint over Q'(S)([15] VIII Proposition 3.1), we
have

1<K Q(9)) < [CK = ()] < [K(X(D)) : K(X(T)]
which yields that K’ = Q/(S). O
Now we turn our interest to the study of modular function fields. Since the alge-

braic closure of Q in Fy is Qn, we have Gal (Fn /Qn (j)) = Gal(K (X (N))/K(X(1))).
And, as is well-known Gal(K(X(N))/K(X(1))) has the representation

SLy(Z/NZ)/{£12} =T/ £ (N)

where each element of SLy(Z/NZ)/{£12} acts on modular functions by composi-
tion. For the representation of Gal(Fy/F1), we first note that

(4.1) GLy(Z/NZ)/{%1s} = Gy - SLo(Z/NZ)/{£12} = SLo(Z/NZ)/{£15} - Gy

GN:{<(1) 2) : de(Z/NZ)*}.

For an element (} ) € Gy, let o4 be the automorphism of Qp defined by (¢ = (4.
This automorphism o4 is naturally extended to Fn by

§ : N § : od, N
Cngr Cnqu
n n

where Y, cn,gr’" is the gr-expansion of a modular function. Then Gal(Fy/F)
has the representation GLo(Z/NZ)/{£12} from the decomposition (4.1)([16], [21]).

where

/N

Next we exhibit generators of the function field Fy in terms of Siegel functions
and explain the action of Gal(Fy/F;) on them explicitly. Consider the first Weber
function defined by

folz; L) = —2735%(2)(%3;”@(@ L) (z € C, L alattice in C)
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where g2(L) = 603,71\ (0} L g3(L) = 140 > weL\{0} 1 and A(L) = ¢3(L) —
27g3(L). For (a,b) € Z* \ NZ?, we let

b
fra 5y(1) = fO(T + o [ 1]>~
Then we have
I Q(; fe. ) )V(a b)EZ2\ NZ2
K(X(N)) = CFn.
The action of a € GL3(Z/NZ) is described by the rule
et = I b
([16], [21]). We can then restate these fields in terms of Siegel functions as follows:

Theorem 4.2. For N > 1, we have

K(X@) = (. 9(1” Mapema = €0 9600 o)
Fn = QN(]’ 1 ,0)? g(lg’N% ):
Proof. Put
E = (C(j, g%?f%))v(a,b)eZ?\NW

which is a subfield of (X (N)) over K(X(1)). We shall show that any element
v € T'y which acts trivially on E must lie in £I'(N). Then E should be all of
IC(X (N )) by Galois theory. To this end, we consider the effect of v on two functions

g(m%]\fo) and 9(102’]\7%). Letting v = (‘é Z) we have by Proposition 2.4(2)

12N Y _ 12N 12N
@Ooﬁ I koy T Yis

12N Y 12N 12N
@mlﬂ 90,4y TYig. L)

Since the action of v is trivial, we establish

12N _ 12N
(42) Yty = 9o
12N _ 2N
(43) Igt) = ok
The action of (4 §) on both sides of (4.2) and (4.3) respectively yields
12N _ 12N
(44) Ikt = Y0
(1.5 G = g,
NN

Then by virtue of (2.9) we can compute the orders with respect to ¢, of both sides
of (4.2), (4.3), (4.4) and (4.5), which read

12N - 3B2(()) = 12N - 5B2((5)) 12V -3B2((§)) = 12N - 3B2((0))

12N - 3B2((— %)) = 12N - 3B2((0)) 12N - 3Bo(( = 7)) = 12N - 3B2((— )

Together with the fact det(y) = 1 we have a = d = +1 (mod N) and b=¢ =0

(mod N). Hence 7 lies in +T'(N), which proves E = K (X (N)). In fact, our obser-

vation implies that (X (N)) = C(j, g(liN) g(lgyNﬁ)) Furthermore since j, g(1 1N0)

(10211) have Fourier coefficients in Qpy, we have Fy = Qn (j, g( 2N ) 12N )
N

and g 90,4
by Lemma 4.1. (Il
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5. MODULAR FUNCTIONS FOR I'g(NNV)

In this section we construct certain family of modular functions for the Hecke
congruence group I'o(N) as products of Siegel functions and find their orders, which
will be used in constructing principal divisors of X (p) supported only at the cusps
and generators of some function fields K (Xo(pq)).

Proposition 5.1. For N > 1, we define a function

N-1 12
() = [T o575 o)
n=1
Then it is modular for To(N) and
ord __ N-1
wIN T Ged(12,N — 1)
Proof. Using the indentity
1—- XN -
T-x — (1-wX)(1=CRX)--- (1= ¢y ' X)
and by the g--expansion formula (2.8), we can easily see that
N-1 2
N1 1" (NT)
(5.1) 9(0,2)(T) = Ne™ 2 )
o000 e

Thus

12
n?(NT)\ a0z v=1
o = (V5 '
Instead of referring certain theorem about Dedekind eta functions([18] Theorem
1.64), we shall directly verify the proposition by making use of the transformation
formulas of Klein forms.
Let a = ( a b) with a,b,c,d € Z be an element of I'o(N). Then by Proposition

Ncd
2.3(2) and (3) we obtain that

N-1 12
) ged(12,N—1)
gvoa = { (bo.) 0 @) oa>} by (2.5)

12
gcd(12,N—1)

o, 2)a(Ner + d)~tn?o a)} by Proposition 2.3(2)

AN o o TN
E(cn,%\}"} {(NCT+d)‘ (n oa)}

W 24\ — =L
- { E(Qd]\?)-i-(cn,o)} (77 )ng(IQ,N—l)

cdn

12
e (_1)cn —7ri~’T2 Eeaiz =y ( 24)% by P ition 2.3(3
(0,42 e n : y Proposition 2.3(3)

12
c(N—1)N . cd(N—1)(2N—1 ged(12,N—1) N—1
1 ( > ) — g e é( ) } (7724)7‘%&1(12’1\771)
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H

gcd(12 N 1) N—1
EO dn (n24)gcd(12,N71)

n=1
N-1 ged(12,N—1) o4 N-1

{g dﬁn )+(0 ((%L))} (77 )gcd(lZ.Nfl)
n=1
N-1 in ged(12,N—1) 04 No1

n(=H~~ (% (n**)&d0zN=1 by Proposition 2.3(3)
dn dan gcd(lé?N—l) N—1

(_1)21LW_En<W (,fﬂm

12
(d1)(N—_1) ) EAA2.N=D) No1
_1)} (n24)gcd(12,N71)

{ N—
gcd(12 = 1) _
{ E(07;5)} () FE=

L) AT (05 (N s N =T
U = H 9(0,2) =gn-

Hence g is modular for I'g(N). Furthermore, by (2 9) we get

I
—N
2 3
o
s
=

d = n
OFCar N gcd(12 N71 ords. 9o,

gcd(12 N—l
N -1
ged(12, N —1)°

]

Atkin([1]) showed that for any prime p the cusp oo is not a Weierstrass point on
the modular curve Xo(p) = I'o(p)\H*. This means that for any positive integer n
with 1 <n < genus g, of Xo(p), there does not exist any function on Xo(p) which
has a pole of order n at co and is holomorphic elsewhere. Using this fact we shall
completely determine all principal divisors of Xy(p) supported only at the cusps.
Note that our method is totally different from that of Ogg([17]) who relied on some
facts from algebraic geometry.

For this purpose we first provide some distribution relations of Siegel functions.

Theorem 5.2. (1) For an odd prime p, if a product

H gm)

re(122/22)* /+1

is a constant, then all exponents m(r) are the same.
(2) Let | and p be odd primes. Suppose that a modular function g satisfies

g = | A

re(1z2/72) /%1
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for some family of integers {m(r)},. Then there exists a representation

g=x I @

re(122/22) /%1
for some family of integers {m’(r)}, and some X € C.

Proof. See [14] Chapter 2 and 4. O

Theorem 5.3. For a prime p > 5, the smallest positive integer d, for which
dp((0) — (00)) is a principal divisor of Xo(p) is given as follows:

el o= g,+1 if p=1 (mod 12)
g ) B =30+l if p=5 (mod 12)
POy ot = 29,41 if p=T (mod 12)
2 ( )

bl = 6g,—1 if p=11  (mod 12

where g, is the genus of the curve Xo(p)([18]).

Proof. Note that co and 0 are all the inequivalent cusps on X¢(p) of widths 1 and
p, respectively([10]). And every principal divisor supported only at the cusps is a
multiple of the divisor d,,((0) — (c0)). Since the cusp oo is not a Weierstass point,
it follows that d, > g, + 1.

p =1 (mod 12). Consider a function

p—1
—1 —1
9= 9 :II%%'
n=1
By Proposition 5.1, g is an element of (X (p)) and

p—1 p—1
- - - 1).
ged(12,p — 1) 12 (op +1)
Since dj, divides the order —(g, + 1) and d,, > g, + 1, d,, should be equal to g, + 1.
p =5 (mod 12). We also consider a function

ordecg =

p—1 2t
9=0," = [Tow = [Toa’)
n=1 n=1
Then by Proposition 5.1 we have
p—1 p—1

doo = — = — - — 3 1 .

oo = Tocd(12,p — 1) 4 (38 +1)

Since d, divides the order —(3g, + 1) and d, > g, + 1, we get d, = 3g, + 1 or
dp = 3g"2+1. Suppose that d, = 39‘;“7 then there exists a function f € K(Xo(p))
such that

div(f) = 22EL((0) - (00)).

On the other hand, div(f?g~!) = 2div(f) — div(g) = 0 implies that f2g~! is a
constant. So we may assume that

p—1
2
_ -3
I =11 90%)
n=1
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Note that d, = ?”“’TH = % is an integer. Take an element a = (g g) with a,b € Z

of T'o(p) and observe that

—1

2 -3 2
foa = { g(o,;)oa} :{
1
1

S
|

N

S

-3
Cozoafoaf by @3

n=1

-3
E(n’%)(pr +3)" (%o a)} by Proposition 2.3(2)

2 p—1 p—1

-3
; 2 3n2 p—1
) (—1)Z i nemmi X2 % } (n**)~"5 by Proposition 2.3(3)

2 p—1 ] -3 .
Eo.(2ay) - (—1) n21<i7<1>>} (®H~" by Proposition 2.3(3)

The last line is obtained by verifing go,,) = 9(0,1-r,) for ro € Q\Z from Proposition
2.4(1) and (3). This contradicts the fact f € K(Xo(p)). Therefore d, = 3g, + 1.
p =17 (mod 12). Considering a function

p—1
g=9,"= 190
n=1
and by Proposition 5.1 we see that
p—1 p—1

ordecg = =— =—(2g, +1).

_gcd(12,pf 1) 6
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Since dj, divides the order —(2g, + 1) and d,, > g, + 1, d,, equals 2g, + 1.
p =11 (mod 12). We consider a function

p—1
- H g(O z H 9(:)13
n=1
Then by Proposition 5.1 we achieve
p—1 p—1
ged(12,p—1) 2
Since d, divides the order —(6g, — 1) and d, > g, + 1, d,, is equal to 6g, — 1 or

6g” . Assume that d, = 69”_1 , then there exists a function f € K(Xy(p)) such
that

ordecg = — —(6gp, — 1).

aiv(f) = PLZ2((0) - (o0)).

On the other hand, div(f°¢g~!) = 5div(f) — div(g) = 0 implies that fog~! is a
constant. So we may assume that f5 = g. Then by Theorem 5.2(2), f has a

representation
f=x II o'

re(1z2/72)* /%1

for some family of integers {m/(r)}, and some X\ € C. Decompose f5g~! into

_ 5m/(0,5)+12
g lf)\Hgon H g ) = a constant.
r not of the form (0 D)

By Theorem 5.2(1) we know that all exponents should be the same, but it is obvi-
ously impossible because 5 cannot divide 12. Therefore d, = 6g, — 1. O

Remark 5.4. We note from Theorem 5.3 that d, is in fact the numerator of pl;zl. For
a given modular curve one can define the cuspidal divisor class group([14]) as the
additive group of divisors of degree 0 generated by the cusps modulo the subgroup
of principal divisors obtained from the modular units. The order of this group is
called the cuspidal class number. Then our number d;, in Theorem 5.3 is none other
than the cuspidal class number of such modular curve when N is a prime number
larger than 3. On the other hand, Takagi also computed in [23] the cuspidal class
number of Xo(N) with N square-free. In general the cuspidal divisor group can be
identified with a group ring R of a finite group. He expressed in the paper certain
family of divisors from the modified Siegel functions as multiples of a so-called
Stickelberger element § € R ® Q. He also proved that the family becomes a set of
generators for the subgroup of divisors from the modular units, which made him
possible to find the cuspidal class number. Observe that the subgroups of divisors
from modular units is an ideal of the ring R and is an analogue of the Stickelberger
ideal in the theory of cyclotomic fields.

Let p and ¢ be two distinct primes such that both p, ¢ =1 (mod 12). Consider
the functions
p—1 rg—1

ngH 900,2)s  9¢ = Hg(o ) 9pg = Hgo"~
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We see from Proposition 5.1 that g,, g4 and g, are modular for I'y(p), I'o(g) and
To(pq), respectively. We shall view all of them as functions on the modular curve
Xo(pq) = To(pg)\H*. Then the inequivalent cusps on Xy(pq) are oo, 0, %,% of
widths 1, pq, q, p, respectively([10]). For a product of Siegel functions

g= I o

1 72\72
r€ - Z2\Z

which lies in K(Xo(pg)) we can estimate the order at each cusp s as follows. Let
vs be an element of SLy(Z) such that vs(c0) = s. And, we take

/10 /0 -1 /10 /10
’YOO_ 0 1 9 ’70_ 1 0 I ,YP_ p 1 I Vq_ q 1 N

Then (2.9) and Proposition 2.4(2) enable us to compute the order of g at s as

ordsg = width at s-ord, (g0 7s)

width at s - Z m(rvs)%Bz(«T’)’s)ﬁ)

where (r75)1 is the first entry of the vector ry,. Here we summarize the orders of
9ps 9g, 9pq and the additional functions g,g,/ ggq and gq/ gf,q in the table below.

Functions g g g 9pdq 9q
Cusps p q pa 95a 954
00 p—1 g—1 pg=1 [ _2pq—p—q | _2pq—q=1
12 12 12 12 12
0 a(p=1) | _plg=1) | _pg—1 pF+q—2 pg+p—2
12 12 12 12 12
1 a(p—1) _gq—1 _q-p pg+1—2p qg+1-2p
P 12 12 12 12 12
1 _p-1 plg=1) q—p patl—2q pa+p—2q
q 12 12 12 12 12

TABLE 1. The orders at the cusps on Xg(pq)

Note that the genus g,, of Xo(pq) is given by % — 12([10]). Now we
know from the table 1 that g,g,/g7, satisfies

IpYq p+q—26
orde, 75+ = —2¢g,, + ————
= 95 " 4
and is holomorphic elsewhere. And g,/ ggq satisfies
g 2p+3q— 77
Ordoqu = _2gpq + T

9pq
and is holomorphic elsewhere if ¢ > 2p — 1. At this stage we hope that these two
functions will play a certain role in examining whether the cusp oo is a Weierstrass
point of Xy(pg) or not. On the other hand, we also have the following interesting
result from the table 1.

Theorem 5.5. Let p and q be primes such that both p, ¢ = 1 (mod 12) and
qg>2p—1. If % and 41;21 are relatively prime, then K(Xo(pq)) = C(gp, gq/gzq),
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Proof. For convenience, put A = 2pq1_2p =9 and B = 217‘17‘11 then —A+ B = &
and 2gA+(1—2q)B = %. And by assumption A and B are relatlvely prime. Then
the table 1 indicates that the total degrees of poles of g,g,/ ggq and g,/ ggq are equal
to A and B, respectively. Hence [K(Xo(pq)) : C(gpgq/92,)] = A and [K(Xo(pq)) :

C(gq/ggq)] = B, which implies that [K(Xo(pq)) : C(gpgq/gf,q7 gq/ggq)} should be
1. Therefore gpgq/ggq and gq/ggq(or, gp and gq/g;‘;q) are generators of IC(XO (pq)).

In particular, when p = 13 and ¢(> 25) is a prime = 1 (mod 12), we see that
g13 and gq/gf&] are generators of IC(XO(I?)q)). O

6. HAUPTMODULN OF K(X1(N))

Since gy is an element of KC(Xo(IV)), it is an element of K (X7 (IN)) too. However
it doesn’t seem to be good enough as a generator of K (X1 (N)), because K(X1(N))
is much bigger than IC(XO(N )) in general. To find its relevant generators we need
more machinery. We have only thought of Siegel functions of the form g ) so
far. From now on we shall consider Siegel functions g(,, ,,) with ry ¢ Z. Precisely
speaking, we shall consider the functions

9(+,0) (NT)
with ¢ Z 0 (mod N).
Lemma 6.1. For an integer t#£0 mod N,

Hg(ﬁ% )= T g (N7,

Proof. One can readily prove the lemma by using the identity
1-XVN=(1-X)1-(nX)---(1—-¢N1X)
and the g;-expansion formula (2.8). O

The following theorem gives us a sufficient condition for a product of g+ ) (NT)’s
to be an element of K (X1 (N)).

Theorem 6.2. A product

N-1
g= H g( ,(}J)(NT)
t=1
is an element of K(X1(N)) if
Zm =0 (mod 12) and Zm 2=0 (mod gcd(2,N)- N).

t
Furthermore, for o= (2%) € SLy(Z) we have

N—

(6.1) ord, goa = w gjm(t)Bg <<gcd(0ZN)>)

Proof. Assume the hypothesis of the theorem. By Lemma 6.1,

N-1 m(t)
s T { M aes }
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for some root of unity A. For notation, we set

o=x I @

r=(r1,r2)€ L 2°\2?
0<ry,ra<1

Then

Zm (N711) —NZm

Zm (Nrs)? :( _1)]\(]3(2N_1)Zm(t)
Zm (N71)(Nr2) NZm

Zm r) = zm

21

Hence by Theorem 2.5, g is modular of level N. Note that I';1(N) = (I'(N), T)

with T'= (1) and

N-1 ,N-1 m(t)
goT = )\H { (E(}f]’E)OT)(T]QOT)} by (2.5)
t=1 n=0
N-1N-1
= )\{ P?ft)t+,L)}(n o T)N2:m®) by Proposition 2.3(2)
t=1 n=0 v
N-1N-1
— )\{ Eznt(t)ur”)}(nml) 13 2 m(t)
t=1 n=0 NN
and
N-1N-1 N—-1 N—1—t N-1

—
—
=
N
2

Il
I

Since >, tm(t) = >, t*m(t) (mod 2), it follows from our assumption that

goT =g (—1)Z¢im®emix Tot'm(t) — ¢
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Therefore g is an element of K(X1(N)). Moreover, for « = (2Y) € SLy(Z) we
deduce that

N-1 N-1
ordg.goa = Z m(t Z ordg, g(t =5 by Proposition 2.4(2)
t=1 n=0
N-1 N-1
= Z m(t) Orqug(atEcn’bf-f-dn)
t=1 n=0
N-1 N-1
1 at +cn
= t -B by (2.9
> mi) 3 5B (( ™)) b 9

- R ems(Gie )

The last equality is obtained from the following well-known lemma concerning the
distribution relations of the Bernoulli polynomials. We only need that of the second
Bernoulli polynomial. (Il

Lemma 6.3. For any y € Q/Z and a positive integer D we have

> Bu((2) =D'""B.(().

Dz=y, z€Q/Z

Proof. For the sake of completeness we give a proof. The n-th Bernoulli polynomial
B, (X) is defined by

weWx & wn
- =N"B,(X)—.
eW —1 72 n(X) n!

Here we observe directly from the above definition of B,,(X) that

s wn WeWw  PZlyyeww+k) 2= (DW)e(PW) ) Sudtk
ZBn(<y>)7 = eW _ 1 = Z CeDW _ 1 Z eDW _ 1
n=0 k=0 k=0

_ Yoyl (k) 0W)

D" D n!
k=0 n=0
S perp, (R
" D n!

Thus we achieve

B,((y) =D""" ) Bn(<y>;k> =D"13" B, ((x).

Dax=y, z€Q/Z

O

The genus zero condition and the inequivalent cusps on the modular curve X5 (V)
are given in the following theorem.
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Theorem 6.4. The genus of X1(N) is zero if and only if 1 < N <10 or N = 12.
Let N # 1,2,4. All the inequivalent cusps on X1(N) are represented by the pairs
of integers (u,v) satisfying

1§v<%, 1<u
U

N
’U:?,N, 1<

D, gcd(u,D) =1, or
2, ged(u, D) =1,
where D = ged(v, N). If ged(u,v) # 1, we replace (u,v) by other pair of integers
(u',v") such that v’ = u (mod N), v/ = v (mod N) and ged(u',v') = 1. Then all
the inequivalent cusps on X1(N) are given by the quotients *.

Proof. See [10]. O

Theorem 6.5. Assume that X1(N) is of genus 0 and let a product
N-1
g=T1 o¢0 (N7)
t=1
be a function in K(X1(N)). For each cusp s = ¢ € Q with ged(a,c) = 1 which is
inequivalent to oo, g is a generator of K(X1(N)) if

];Zt:m@)Bz(fV) =1 and 2m<f>32(<gc£,m>) =0

Proof. Note that the width of co on X7(N) is 1. From the order formula (6.1) in
Theorem 6.2 we see that the hypothesis in this theorem renders the fact that g has
simple pole at co and is holomorphic elsewhere. Hence X7 (V) is isomorphic to the
projective line P} through the map 7 — [1: g(7)] and IC(X1 (N)) = C(g). O

Remark 6.6. This result is similar to that of Yang([24] Lemma 3) developed by
making use of the generalized Dedekind eta function. But we believe that the
Siegel functions are more systematic and convenient to use than the generalized
Dedekind eta functions, especially in the matter of transformation formulas.

As an application of Theorem 6.5 we can explicitly find generators of IC(X 1(N ))
of genus zero as shown in the table 2 below. We denote them by Gy for conve-
nience. On the other hand, in the table 3 below we additionally introduce relations
between G and the generators ji v of K(X1(N)) which appeared in [13] ahead of
Yang’s([24]). As for j1 n we need the following definitions:

02(7_) _ Zeﬂ'i(nJr%)Q, 93(7_) _ Zewin2’ 04(7_) _ Z(il)nem‘n

neZ neZ newZ

Hy(7) = 2((2) = 87 ) _ ou(n)q}
n=1

2

—Hy(r),  Eu(r)=1+240) o3(n)g}

n=1

H2(p) (1) = Ha(7) — pHy(pr) for each prime p

Eép) (1) = Ey(1) — pEs(p7) for each prime p
O(rr2)(T) = p(r17 + 195 [1,1]) for (ry,72) € Q*\ Z%.
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[N ] Gn J1,N
12 05(7)
2 910 (27) 75 (2)
12 E4(7)
3 91 o) (37) 6L
—8 8 04(27')
4 g(io) (47—)9(%,0) (47-) 02(27) -
-5 5 4n° (1) /n(5T)+ES (1)
o 9030) 5792 0)(57) (7;5(57)/77((;)2
-3 3 Hy” (1)~ H,”) (37)
0 (2.0 (GT)Q(%:O)(GT) 20 (1) —H{P (1)
_3 2 ) P(%YO)(77)_KJ(%10)(7T)
7 9.0 (T7)9(2.0)(77)9(2,0)(77) P20 (T =940
) 2 03(27)
8 g(l)o) (87’)9(;-’0) (87—) 92(4")
—2 @(lyo)(gT)_KJ(gﬁo)(gT)
0 94.0)97)93.0)97)9(4.0)(97) Pt 004 o O7)
© - (107)—p 921 (107)
-1 -1 (5.9 (&9
10 91010792 6,(107)g( 2 0)(107) g4, 6)(107) m%,m(lof)(—p;ﬁo)(lof)
—1 0327
12 9(117,0)(127)9(%,0)(127) 05 (67)
TABLE 2. Generators of K(X(N))
[N ] Hauptmoduln(unique normalized generators)
2 || G2+24= 75 24 = = +276g, — 2048¢7 + 11202q7 — 491527 + 184024¢7 + - --
3 || Gs+12= 20 49 =L +54q, — T6q; — 243¢; + 1188¢7" — 138447 + -
4 || Ga—8=5 —8= L1 1+20g, — 62¢7 + 21647 — 641q] + 16364, + - --
51| Gs —=5=——"mg —5= = + 10¢; + 5¢7 — 157 — 24¢; + 15¢7 + - --
6 || Go —3= 7= — 1= +6qr +4¢7 — 3¢7 — 1247 —8¢7 + -
T Gr=3=—5—7—3= > +4¢ +3¢7 —5¢7 —T¢7 =247 + -
8 ||Gs—2= 527 —1=_+3¢:+2¢7 + 7 — 27 —4g7 + -
9 [Go—2=——5-2= - +2¢ +2¢7 +47 —q7 —2¢7 + -
0 Go—1=—575-2=-+2¢-+¢7+q? —q7 — 27 + -~
R2|Ge-1="25=Lte+F+ad - —a+
TABLE 3. Hauptmoduln of K(X;(N))
Now, using our algorithm in §3 for integrality over Z[j] we induce the following
results.

Theorem 6.7. (1) For N =5,7,8,9,10 and 12, Gy are units over Z.
(2) For N =2,3,4,6, G are integral over Z[j], but Gg,l are not.

Proof. (1) N =5,7,8,9. For such N the indices of Siegel functions appearing in
G have the same primitive denominator N. We shall only prove the case N =7,
because the other cases are similar. By Lemma 6.1 we get

3 .
2 mY3,2

6
Gr = 9(7;0)(77)9(2;70)(77)9(%,0)(77) = 11)9(13 n)g(Q

T
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The action(multiplication) of (Z/7Z)* groups the indices in the above product into
{Go)- (G0 G} {G7) G2 GG E(ER))

{G2) G2 G GEDGD GG E2)GR)
(G392 Ga)

It can then be directly checked that the sum of exponents for each orbit is zero.
Therefore our algorithm claims that G7 is a unit over Z.
N = 10. By Lemma 6.1 we have

\IM—‘\HH

From the algorithm it suffices to show that (G10) ) = Hi:o g(_ll 2)9(2,2) is a unit
55 ’

over Z. The action of (Z/5Z)* groups the indices in (G10)(s) into

{G2) GG GG GGG
And it can be readily checked that the sum of exponents for each orbit is zero.

Hence Gy is a unit over Z.
N =12. By Lemma 6.1 we get

Gz = H Ity 90 ) = (Greom

And G13 is a unit over Z with no more argument.
(2) N =2,3. By Lemma 6.1 we obtain

- 12 12
G2 = 930904

- 12 12 12
Gs = 93093393 .2)

Since all the exponents are positive, Go and G3 are obviously integral over Z[j].
But, their inverses G5 and G5! are not.
N = 4. By the proof of Corollary 3.2 and Proposition 2.4(1) and (3) we deduce that

G4—H9

Thus Gy is integral over Z[j], but G * is not.
N = 6. By Lemma 6.1 we obtain that

»J:-\»—A
M:
Mw
M:
Q
—~
=
=)
N
Q
~
|=
|=
=
Q
—~
I
[§]
=
Q
—~
=

- -3 3 _ 3 3
Go = UO%,%)Q(%,%) = (Go)eomp9(y 0)9(1.1)°
Thereofore Gy is also integral over Z[j], but Gg ' is not. O

7. APPLICATION TO THE RAMANUJAN’S CUBIC CONTINUED FRACTION

Next, we shall investigate how to evaluate special values of the Ramanujan’s
cubic continued fraction if we know the singular j-invariants. The Ramanujan’s
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cubic continued fraction([20]) as a holomorphic function on § is defined by

1
) = 4 _ g ﬁ (I—g" )0 —g"™)
Lt aoi (L—gn )2
a; +q;
14—
1 + q7- + qT
14 ---

Since
YB(4) T n- n—
900/ (N7) = =g 2N TT (1= g =04 (1 = g
n=1
from the ¢.-expansion formula (2.8), C' can be written as
C= g(é,O) (67)9(%170) (67')
Note that we have C~3 = Gg by the table 2, which implies that C~! is integral
over Z[j] by Theorem 6.7(2).

We shall first find some relation between j and G5, and then find that of G3 and
Gg. From these relations we will be able to estimate the values of C at some points
in $ whenever we know the singular j-invariants there. To begin with, observe the
following ¢--expansions

1
j = — 4744+ 196884¢, + 21493760¢> + 864299970¢> + - - -
1
G; = q——12+54q7—76q72.—243q§+1188qﬁ—1384q§+'--
1
Gs = — +3+6qg,+4¢°> -3¢ —12¢* —8¢° +---.
Theorem 7.1.
Gs + 27)(Gs + 243)3
71 j = Gora(Caray
3
Gs +1)(Gg — 8)2
(7.2) Gy — WGot )GSQG .
6

Proof. Let us take a complete system of right coset representatives of I'1/T'1(3) as
follows:

(10 (10 (10 (0 -1
M=o 1) 271 1) 72 1) =1 o)

Then the minimal polynomial of G3 over (X (1)) = C(j) is written as
4

fX)=](X = Gsoay).

n=1
Since (3 is a modular unit, each G3 o «, is also a modular unit. Hence each
coefficient of f(X) is holomorphic on $), which yields that it is a polynomial in
j([16] Chapter 5). Now that

G3 igg;o)g(l;%)gg;%) by Lemma 6.1,



ON SOME ARITHMETIC PROPERTIES OF SIEGEL FUNCTIONS 27

we derive from Proposition 2.4(2) and (2.9) that

ordg, (Gzoan) = ordy, (93 0)9(3 192 2)) =1
ordg, (Gzoas) = ordqr(g(lg )g(z’%)g(l,%)) = %
ordy (Goaz) = ordy (903,090 3)95.3) = %
ordg, (G o) = ordy (g5 3003 —3)9(2.-3)) = %

This shows that the only nonconstant coefficient of f(X) is that of X3 which is a
linear polynomial in j. Thus we can write
_ Gg =+ A3G§ + AQG% + A1Gs3 + Ay
A3 G5

for some As, A5, Ag, A1, Ag € C. Now comparing the ¢.-expansions of both sides
we have the formula (7.1).

Observe that the inequivalent cusps of X;(6) are oo, 0,
the elements of SLy(Z)

(0 -1 /(10 /(10
o=l 0) T 2 1) 5T 8 1

satisfy y0(00) = 0, 71 (00) = 1 and Yi(o0) = 1. And, again by Proposition 2.4(2)
and (2.9) we have

133 by Theorem 6.4 and

1
_ 12 12 12 _1
ordg (Gzon0) = ordy, (9649} - 1y9(3.-1)) = 3
1
ordg, (G oy) = ordy (905 0)9(7 )93 3) = 3
ordg, (G ony) = ordy (905 0)9(3 )95 3)) =~
Similarly, since
5
Gg = 9 0)(67')g(z 0)(67) = H g(_;%)g?% 2 by Lemma 6.1
n=0
we deduce by Proposition 2.4(2) and (2 9) that
ordg, (Ggoy) = orqu g %3 1 %’7%)) =0
orqu(GG 0’7%) = Ordq-r Hg 1420 n) (3+2n n)) 0
ord,, (Ge 0’7%) = Ordqf g 1+3n n (3+3n n)) 1
&) 2

Now we consider the function

G= GgG% - (GG + 1)(G6 - 8)2.
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Since G's and Gg are holomorphic on §), so is G. Now that ord,, is a valuation, for
n =1,2,3 it holds that

ord, (Go~,) > min{orqu (G3 0vy) + 20rd, (Gg ©v),

ordg, (Gg © s + 1) + 20rd,, (Gg 0 vn — 8)}

Then from our computation of orders we achieve
ordg, (Gov,) >0

for all n = 1,2, 3, which means that G is holomorphic on X;(6) except possibly for
the point co. And, observe that the ¢,-expansion of G is of the form

G G3GE — (G +1)(Gs — 8)*

2
1 1
= <—12+54q7—76q2—243q§+~~~>(q+3+6q7+4q3—3q§+-~>

dr

2
1 1
—<+4+6q7+4q3—3q§+-~-)<—5+6q7+4q3—3q§+--->

T T

= 0O(q),
which shows that ord,. G > 1. Therefore G is holomorphic on the whole X;(6) and
has a zero at oo, which implies that G = 0 as a function on the Riemann sphere
X1(6). Therefore we obtain the formula (7.2). O

Corollary 7.2.
(403 4+ 1)2(4C3 + 6C + 1)3(16C° — 24C* + 8C2 + 36C? — 6C + 1)3
C3(C +1)3(C2 — C +1)3(2C — 1)6(4C2 + 2C + 1)6

Proof. 1f we plug (7.2) into (7.1) and replace Gg by C—3, then we get the above
relation between j and C. O

Corollary 7.3. If we know the singular value j(1o) for some 19 € §), we can express
C(79) in terms of radicals. In particular, if 7o € $ is imaginary quadratic, then
C~Y(7o) is an algebraic integer.

Proof. By (7.1) we can express G3(79) in terms of radicals. Then by (7.2) we can
also write Gg(70) in terms of radicals. Since Gg = C 3, we finally evaluate C(79)
exactly.

If 79 € $ is imaginary quadratic, j(79) becomes an algebraic integer([16], [21]).
And G5 = C~3 is integral over Z[j] by Theorem 6.7(2); hence C~!(7p) is an alge-
braic integer, too. (I

Example 7.4. We exhibit several values C(7q) in the following table. The singular
values j(79) are taken from [8] (12.20).
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w0 [ J() | C(mo)
3+v/-3 0 \%— %
2 2
3+v/-3 0 L
6 f
) —1—+/3+(7—4/3)(1/1008+582+/3)
1 1728 : 4\/5
341 _
3| 1728 :
) 8000 %
V=2 —2+6
S 8000 o .
—5(2+42 Y2+ V4)+(—56+18 ¥/2+21 ¥/4)1/1641279+1302684 /2+1033941 /4
v—3 || 54000 50
Y=3 | 54000 BN

TABLE 4. Explicit values of the Ramanujan s cubic continued fraction

The first six values of C(7g) can be also found in [2] and [4], which were ob-
tained by theta function identities. Recently, Cho, Koo and Park([6]) pointed
out that C~' is a generator of the function field K (X (T'1(6) N I'°(3))) where

= {(28) € SLa(Z) : (¢}4) = (+?) (mod 3)}. Thus the special value
C’ ( ) for the maximal order [rp,1] of an imaginary quadratic field becomes a
ray class invariant of level 6. Further, if we use the Shimura’s reciprocity law and
some numerical approximations, we can come up with the class polynomial for each

C~1(79) as in [6].

8. GENERATORS OF K(X1(N)) OF ARBITRARY GENUS

Since the modular curve X;(N) is a compact Riemann surface, the function
field K (X1(N)) can be generated over C by two functions. Unlike Ishida-Ishii’s

result([11]) we will find such two generators of K(X1(N)) of arbitrary genus by
means of Siegel functions when N > 7. As for the cases N = 2,3,4,5 and 6, we
refer to the Section 6.

Let N > 2. By Proposition 2.4 and the discussion following it, we have the
formula

12N 12N 2N
(8.1) 9" 00 =0:3" = 9{{y) ((re)))

where r € 7%\ Z?, a € SLy(Z) and ra = ((ra)i, (ra)s). For t € Z\ NZ we recall
the ¢,-expansion formula

B s ne n—
(8.2) 9 0)(NT) = (%) H — N =Dy (1 g Nt

whose coefficients are all rational numbers by (2.8). By Lemma 6.1 we have a
distribution relation

(8:3) 9 ¥ N = [T aFs)
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Furthermore by Proposition 6.2, g(liNO)(NT) is a modular function for I'; (V) and
N

we have the order formula
(8.4)
at
ordg, (g(I%JYO) (NT)oa) = ordg, (g(I%JYO) (N(a(T)))) = 6ged(c, N)?B, (<gcd(cN)>)

where v = (¢ %) € SLy(Z). From (8.2) we can easily verify that

N-1 N
(85) T o125 v = (s ) -

which is a modular function for T'y(N) by (5.1) and Proposition 5.1.

Theorem 8.1. For N > 7 we have

K(X1(N)) = C(j. g3, (N7)).

Furthermore, Q(j, g(liNO) (NT)) is the field of all modular functions in K(X1(N))

with rational Fourier coefficients.

Proof. 1t is well-known that
1 b
Gal(K(X(N))/K(X1(N))) = { + <0 1) € SLo(Z/NZ)/{£12} : be Z/NZ}

as a subgroup of Gal(K(X(N))/K(X(1))) = SLy(Z/NZ)/{£12} whose action is
given by composition([9]).
Let g = g(liNO)(NT). Assume that g o o = g for some o = (‘; g) € SLy(Z), then
e
ordy, (g o @) = ord,, (g). Thus from the order formula (6.1) we derive

6 ged(c, N)2B, (<gcd(acN)>) = 6N?B, (;/_)

The shape of the graph of Y = By(X) in the interval 0 < X < 1 shows that the
maximum value of Bo(X) is # at X = 0, 1. If ged(c, N) # N, we have the inequality

1 a N\?% 1
— 6N + N2 =6N?By[ = | = N)2B % N)<g. (22 .2
O-oN 0 2<N) Gged(e. N) 2<<gcd(c,1\f)>>‘6 <2> 6’

which is impossible for N > 7. Hence ged(c, N) = N, which yields B2(<%)) =
B, (% ). Furthermore, since a € SLy(Z), we have a # 0 (mod N) so that a =
+1 (mod N) from the shape of the graph Bo(X). Lastly, since det(a) = 1, we
obtain @ = d = £1 (mod N). Hence a = £(} %) (mod N), which implies that
C(j,gg%IYO)(NT)) is all of K(X1(N)). And, since j and g(lg\”o)(NT) have rational
Fourier coefficients, we get the second assertion by Lemma 4.1. ]

And, in particular, for a prime level p we will present generators in terms of only
Siegel functions.

Proposition 8.2. For an odd prime p all inequivalent cusps of the modular curve
X1(p) are listed as follows:

11 1 .
15759 ,21771%/2 of width p
12 e=U2 oruidih 1.
P’Dp P

Proof. See [10]. O
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Theorem 8.3. For a prime p > 11 we have
A@pr)\*? A(pr)\*?
_ 12 12p 12 12p
K(Xl(p)) - C(<p A(T) g(%yo) (pT)v p A(T) g(%’o) (pT) .

A(pt)\5— A(pr)\5— .
Hence Q((p'? A((’)T))) pg(lgo) (p7), (p*? A((pT))) pg(lgljo)(pT)) is the field of all mod-

ular functions in IC(X1 (p)) with rational Fourier coefficients by Lemma 4.1.

Proof. For convenience, we set

12A(p7)
A(r)’

Gpa(r) = g3 7). Gpa(r) = g%, (o).

AP(T) =p
Then
p—1
A7) = [ ol o (7)
n=1

as we see in (5.1), which is modular for I'y(p). Observe the following order table
constructed from the order formula (2.9) for A, and (8.4) for G1, Gp.2:

Functions
Cusps Ap Gp,l qu?

T 1—p p p

z 1—p p p
(p=1)/2 p p p

; p—1 6p”B2(7) 6p”B2(2)

2 p) ) ) !

> p—1 6p°Bs(3) 6p°Bs(5)
—1)/2 _ 2 (p—1)/2 2 p—1

> p—1 6p”Ba (=) | 6p"Ba (")

TABLE 5. The orders at the cusps on X;(p)

Let us take a negative integer M satisfying the inequality
2 2 2 1
6p°Ba 5 < (—M)~(p—1) < 6p°By 5 .

We take M = 5 — p. From the shape of the graph ¥ = By(X) in the interval
0 < X <1 we see that

1
M(p — 1)+ 6p”’By (Z) < 0 <M(p—1)+6p’B,y (p)

2 —1
M(p—1) + 6p°B, (;”) < 0 <M(p-1)+6p°B, <pp>

foralln=2,3,---, % andm=1,2---, %73. Now we observe the orders and the

signs of orders of the functions AM G, and A) G, 5 by Table 5 as follows:
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Functions M M
Cusps AP Gpa Ap Gp2
1 p? —5p+5>0 p? —5p+5>0
z p>—5p+5>0 p> —5p+5>0
(pjl)Q p? —5p+5>0 p? —5p+5>0
’ 1>0 —(p* —6p+5) +6p°By(3) <0
B —(p* —6p+5) +6p°Ba(2) <0 —(p* = 6p +5) +6p°Ba(;) <0
b —(? — 6p+5) + 65°Bs(P222) <0 1>0

P
TABLE 6. The orders and the signs of orders at the cusps on X (p)

For a function g € (X1 (p)), we denote by deg(g) the total degree of the poles of
g. Note that deg(g) is equal to the total degree of the zeros of g, and the functions
AYGp1,A) G, o are modular units. Hence from the Table 6 we get

-1
deg(A)Gp) = Fom - (p? =5p+5) +1
-1
deg(A)Gro) = Fom - (p? =5p+5) + 1.

Let us consider the function (A) G}, 1)~ 4¢(A) G, 2) ™! for a suitably large positive
integer q. Again from the Table 6 we obtain the following table:

Function M 1 o .
Cusps (Ap G:lhl) + Q(Ap Gp,Q)
1 —(p* —5p+5) <0
3 —(P>=5p+5) <0
=E —(p? —5p+5) <0
5 —1<0
5 min{(p? — 6p +5) — 6p"B2(2), (p* —6p +5) — 6p"B2(2) ] >0
.« Jr
=12 ~1<0

P
TABLE 7. The orders and the signs of orders at the cusps on X (p)

Hence we deduce that

-1
deg((Ag/[GpJ)_l + q(AéwGp’g)_l) = pT . (p2 —5p+5)+2= deg(Ag/[Gp’l) +1.
Therefore, ged (deg(AM Gp.1), deg((AY Gp1) t+q(AY Gp2)™!)) = 1, which leads
to the fact that IC(X1 (p)) = (C(A%Gnh AZJJWGP72), as desired.

[l
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9. RAY CLASS FIELDS OF IMAGINARY QUADRATIC FIELDS

Let K # Q(v/—1),Q(v/=3) be an imaginary quadratic field with discriminant
dr. We denote by K(;) the Hilbert class field of K and Ky the ray class field
modulo N of K for an integer N > 2. Let O = Z[f] with 8 € $ be the ring of
algebraic integers in K. By the main theorem of complex multiplication we know
that K1) = K(j(#)) and K(y) = KFn(6), the field generated over K by all values
h(0) with h € Fx defined and finite at . Setting irr(6, Q) = X2+ BX +C we take
a group

Wio = { <t _SBS —tcs) € GLy(Z/NZ) : t,s € Z/NZ}.

Then by the Shimura’s reciprocity law we have a surjection with kernel {£15} given
by
WN79 — Gal(K(N)/K(l))
a — a=(h(d)— h*(0))
where h € Fy is defined and finite at 6([7]).

Lemma 9.1. For N > 2, let A and D be positive integers such that AD = N and
D > 2. Then N6 and A‘QT"’B are not equivalent under SL2(Z) for any integer B.

Proof. Take an integer B’ such that Re(6 4+ B’) = 0 or 5. Since (} NB') (N6) =

0
N(0 + B') and 4948 = Al6+B )'E(B_AB ) we may assume that Re(9) =0or
in the beginning. Suppose on the contrary that (284)(N§) = AGEB for some

(2%) € SLy(Z) . Then by using the identity in [22] Lemma 1.1 we have

m( (¢ Y o)) = N ) = AT} = A,
¢ d B D D

which yields ND = A|cN6 + d|? = Ac?N?|0|? + 2AcdNRe(0) + Ad*. Replacing N
by AD and dividing the equation by A gives
(9.1) D? = A2D?c?|0)* + 2ADcdRe(0) + d>.

If Re(f) = 0, then (9.1) is reduced to D? = A?2D?c%|0|? 4+ d*. Hence D divides
d so that putting d = De and dividing both sides by D? we get 1 = A%c?|0|* + €2.
Since |#|> > 2, we have ¢ = 0 and e = +1; hence gcd(c,d) = D > 2. But this
contradicts ad — bc = 1.

If Re(d) = 1, then (9.1) becomes D? = A2D?c?|0|? + ADcd+d?. Thus D divides
d?, which implies that d # 41 because D > 2. On the other hand, since |0]? > 2,
we have D? > 2A42D%c2 + ADed + d? = (#)DQ + (% + d)g. This yields ¢ =0
so that ged(e,d) = |d| > 1. But it again contradicts ad — be = 1.

Therefore N and 4222 can not be equivalent under SLa(Z). O

Lemma 9.2. Let N > 2. If j(NO) = j(N7) o a(0)(= j(N(a(h)))) for some
a=(%Y)eSLy(Z), then z=0 (mod N), that is, a € T'o(N).

Proof. Note that j(N7T) o a(f) = jo (N Nv)(#). Since (N* Ny ) is a primitive
matrix of determinant N, we can decompose it into 3 (4 B) for some 8 € SLy(Z)
and positive integers A, B, D such that AD = N. Then j(NH) =jo(NeNy)(9) =

joB(4ABY@B) =jo (A B)(e) F(A%EE) | which yields that N¢ and 4%2E are
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equivalent under SLo(Z). Now Lemma 9.1 forces us to have D =1 and A = N,

from which we achieve z =0 (mod N) due to the fact (M= Nv) =g (4 B). O

Lemma 9.3. If N > 4, we have the following inequalities
19 0/ (NO)| < |90 (VO)]
forl<ax< [%]
Proof. Put A = |gg| = [¢*™| and observe that for 1 < z < [§]
v o><N0>‘ _ ‘qﬁBW [, (- ap "0 - g )
o(N6) B TCE R (R

9(
o AYBh)-Ba(gy Lama (L+ ANCUTH (1 4 AN
— H (1_ANn 1 )(I_ANn z)

by (8.2)

Z\H Z\H

Since A = [e2™| < e~ V7™ < (.00025, we obviously derive

1
(9.2) % <1+ AX=1 for any X > 1.
Furthermore we have the inequality
(9.3) 1+ X <eX for X >0.

Hence we get by (9.2) that

oo
M < A%(Bg(%)fBQ(%))H(l+AN(n71)+1)(1+ANn71)(1+AN(n71)+x71)(1+ANn7m71)

n=1

< ATB2AF)-Ba(F) H(l + AN(=D+2=1y4 by the fact A < e Vm
n=1

< AG-F)erar < AG=%)ei- T < by (9.3) and the fact A < e~ Vi,

This proves the lemma. O

Lemma 9.4. Let N > 2 and o = (£ §)) € To(N). Then fort € Z\ NZ we have
the transformation formula

(9.4) 9(12%]\7[0)(]\77') o= 9(1(2%[>,O) (NT).

Therefore, for any integer m the functions
S e ] a6
1<t<N—1 1<t<N—1

ged(t, N) =1 ged(t, N) =1

are modular functions for To(N) with rational Fourier coefficients. Furthermore, if
’g(lleO) (NT)oa(f ‘ = ‘g(l%NO) NO)|, we get  =w = =+1 (mod N).

Proof. Observe by (8.3), (8.1) and the fact ged(w, N) = 1 that

N7
92N, (N7) o0 = Hgé%Nw < ) Hgl?Nuww = 9({0).0 (N7)-
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Then for any integer m we achieve

12NmN _ 12Nm 12Nm
o =
> gFgNrea= 3 g ly(NT) = 3, gFG W
1<t<N-1 1<t<N-1 1<t<N-1
ged(t,N) =1 ged(t, N) =1 ged(t,N) =1
and
12NmN H 12Nm H 12Nm
T o = x
II 9 9(iy.0 90 (N
1<t<N-1 1<t<N-—1 1<t<N-1
ged(t, N) =1 ged(t, N) =1 ged(t, N) =1

because z is prime to N. Thus the functions > 1<;<n_1 g(1 tNg;L(NT) and
ged(t, N) =1
ITi<i<n_: g(l%Ng;L(Nr) are modular for T'o(/N) and have rational Fourier co-
ged(t,N) =1

efficients owing to the fact that each g(uN ")“(N 7) has rational Fourier coefficients.

N>
Suppose |g(121NO (N7)oa(f)| = |9121N0) N6)|. Then by previous observation we

have ‘g( N9 ’ = ‘9(1211\’0) N&)’ If N =2 or 3, we automatically get z = +1

(mod N). If N > 4, by Lemma 9.3 we see that x = +1 (mod N). Moreover, since

det(a) = 1, we deduce = w = £1 (mod N). O

Theorem 9.5. For N > 2 we have

Ky = K(i(NO), g3, (NO)).

Proof. Let F be the field on the right side. Since the functions j(N7) and g(liNO) (NT)
N

belong to Fy, F is a subfield of K. Moreover, since j(N) is a generator of the

ring class field of the order [N6, 1], F' contains the Hilbert class field Ky).

Let a = (‘é g) € Wnyp induce @ € Gal(K(N)/K(l)) which is the identity on
F. For the action of a on Fy we decompose « into a = (§2)(2 %) for some
u € (Z/NZ)* and (5 %) € SLa(Z)(see Section 4). Since j(NT) has rational Fourier
coefficients, we get

J(NB) = j(N6)T = j(NT)*(6) = j(NT) o (9‘" y) (0).

zZ w

By Lemma 9.2 we have z = 0 (mod N), which follows that ged(z, N) = ged(w, N) =

1 because (7 ¥) € SLa(Z). And, the fact that g(liNO) (N) has rational Fourier co-
N

efficients enables us to derive

913%) (N0) = (9{3%, (N9))™ = (93, (N7)* (0) = g{3%, (N'T) o (Z’ 3}) (0).

Then by Lemma 9.4 we obtain z = w = £1 (mod N); hence a = £ ({2)({71) =
+ (3 7). On the other hand, since « is of the form (t_SBS _tcs) € W for some
t,s € Z/NZ, we have s = 0 and t = +1 in Z/NZ, namely o = +15 € GLy(Z/NZ).
This shows that the field F' is all of K(y). (I

Corollary 9.6. For N > 2, let F be the field of all modular functions for I'y(N)
with rational Fourier coefficients. Then we get

K(ny = KFx(0).
12N
(#%:0)
clusion K(ny C KFx(6). However, the fact Ky = KFy(6) implies that Ky =
KF%(0). O

Proof. Since the functions j(N7) and g (NT) belong to F3,, we have the in-
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Remark 9.7. Cho and Koo also showed in [7] the above corollary purely by means
of Shimura’s canonical models.

Ramachandra has shown in [19] that ray class fields over imaginary quadratic
fields can be generated by elliptic units. However, the generators constructed by
him involve very complicated products of high powers of singular values of the Klein
form and singular values of the discriminant A. From now on unlike Ramachandra’s
invariant we will construct a ray class invariant of Ky somewhat in a simpler way.

Theorem 9.8. For N > 2, let

Z 924N

1<t<N-1
ged(t, N) =1

Then we have

Kw) = K (J(NO) TR (NO)g?4, (N0)).

Proof. Tt follows from Lemma 9.4 that the function T (NT) is a modular function

for T'o(N) with rational Fourier coefficients. By (8.2) we easily see that g(QjNO)(N 0)
ol

is a positive real number for any ¢t € Z \ NZ, from which we get Tn(N6) # 0.

Let F = K (j(NO)Tn(N§)™! 2‘§NO)(N9)). Then F' is a subfield of the ray class
field K(y) because the function j(N7)TN'(NT)g (Q%NO)( 7) belongs to Fy. For
1 <m < N —1 with ged(m, N) = 1, decompose each (7 2 ) into (1 ngg) (m 0

0m

in GLy(Z/NZ). Since j(NT)Ty'(NT) is a modular function for I'g(N') with rational

Fourier coefficients, each (7 ) fixes it. Furthermore, since g(QiNO)(N 7) has also
X
0

rational Fourier coefficients, (¢ 9 ) acts as composition of (’g m—l) on it. Now

that (7 %) € Wi 9, we derive

(HNOYT (NOYg?E, (N9)) (6 m)

m

= (TR () (8 ) (6) (924, (Vo) (B

st (s e (3,00 0)
= J(NOTN (NH)g(QénNo)(NG) by Lemma 9.4.

On the other hand, since Ky is an abelian extension of K, the intermediate field
F is also an abelian extension of K. Hence F' has the following element

ST JNOYTR (OGP, (N6) = (NGOG (NE) 3 g2, (N6) = j(N).
1<m<N-1 1<m<N-1
ged(m,N) =1 ged(m,N) =1

Here we regard F' as an intermediate field between Ky and K1) because K( (NG))
contains K(1). Let an element o € Wy y induce @ € Gal(K(N)/K(l)) which is the
identity on F. Decompose a into o = (39)(%2¥) for some u € (Z/NZ)* and
(2 ¥) € SLa(Z). Owing to the fact that j(N7) has rational Fourier coefficients we
deduce

V) = J(50)7 = jvry ) =ivr) o (2 1) o)

w

Then by Lemma 9.2 we achieve z = 0 (mod N), from which we obtain ged(N, z) =
ged(N,w) = 1 because (2%) € SLg(Z). Since j(N7)Txn'(N7) is a modular



ON SOME ARITHMETIC PROPERTIES OF SIEGEL FUNCTIONS 37

function for I'g(N) with rational Fourier coefficients and z = 0 (mod N), it is
fixed by . Thus @ fixes the value j(N@)Ty'(N6). Moreover, since @ fixes the
value j(NH)T&l(NQ)g(z‘i]YO)(NH), « fixes g%i]YO)(NH). Since g?i]YO)(NT) has rational
Fourier coefficient, it follows that " "

o a X
R4 (50 = (62 (V0 = (62, (v7)"(0) = 1% ()0 (7 1) 0
And, by Lemma 9.4 we have z = w = +1 (mod N) so that « = £(§ ) (§ 1) =
+ (3 ). On the other hand, since « is of the form (t_SBS _tcs) € Wy for some
t,s € Z/NZ, we get s =0 and t = £1 in Z/NZ, that is, « = £15 € GLy(Z/NZ).
This concludes that the field F' is equal to K. (Il

We will also construct a primitive generator as a ring or ray class invariant from
a different point of view.

Lemma 9.9. Let N > 2. For any nonzero integer m, the value (j(NO) + %)m
generates the ring class field of the order [N, 1] over K.

Proof. Let O be the order [N6, 1] and Ko be the ring class field of the order O with
extension degree hp = [Kp : K]. Then Ko is generated by an algebraic integer
j(O), and the conjugates of j(O) are of the form j(a,),---,j(an,) where a; runs
over all representatives in the ideal class group of proper fractional O-ideals.

Let o be a nontrivial element of Gal(Ko/K). Then o(j(0)) = j(a’) for some
proper fractional O-ideal @’ which is not principal. Suppose that ¢ induces the
identity on K ((j(O) + 3)™). Then o((j(O) + £)™) = (§(O) + )™ = (j(a) + &)™
Hence j(O) + 3 = ¢(j(a’) 4+ %) for some m-th root of unity ¢ in Ko. If ( =1, we
have j(O) = j(a’), which is impossible. If ¢ # 1, we have j(O) — (j(a’) = %Jr(
Since j(O) — (j(a') is an algebraic integer in K¢, its norm from Ko to Q should
be an integer. Letting Gal(Ko/Q) = {01, , 021, }, we have

2ho oh
-1+¢ e | =1+ ok(Q)] _ 2%he
0< ’NKO/Q( 3 )‘ = 32ho < 32ho

which contradicts the fact that the norm is an integer. Thus o could not induce

the identity on K ((j(O) + $)™), which implies that K ((j(O) + $)™) is in fact all

of K(). [l

<1,

Theorem 9.10. For N > 2, let

My(r)= [T (¥ ).
1<t<N-1
ged(t, N) =1

Then we have

; LY - N$(N
K = K((J(NG) + 3>MN1(N9)9(1121W0“;( )(No)).

Proof. We replace the term
NO)Ty (N0)g2N, (N6)

.
—~
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which appears in the proof of Theorem 9.8 by

. 1\
I1 <J(N9) + 3) My (NO)g (o™ (ND).
1<m<N-1
ged(m,N) =1

Then the proof is quite similar to that of Theorem 9.8 except for the use of Lemma
9.9. So we omit the remaining part. O

Lastly, for a prime p > 11 we also give a ray class invariant which is the singular
value of a product of Siegel functions without using the elliptic modular function j.
When p = 7, Cho-Kim-Koo([5], Corollary 4.7) achieved such an invariant by means
of singular value of a modified theta constant.

Theorem 9.11. For a prime p > 11, let ®,(X,Y) = 0 be an affine curve such that
A(pt)\5— A(pr)\5—
®,(X,Y) € QIX, Y] and &, ((p*? A&’;;) P93t 07), (P FET) T 9t o) =

0. Suppose that the point ((p'? AA((p;)))5 pg(12p (p9), (p'? AA‘(&?)S pg(lzz7 (p9)) on

the curve is nonsingular. Then we obtain

Ky =K ( (p12 i(f;i)>5_pg(1?”o) (pQ))-

Proof. We shall use the same conventions as in the proof of Theorem 8.3. Since
AP7PG)y 1 and ASTPG) 5 are defined and finite on §), the field on the right side is
contained in K, = KF,(f). For any function h € Q(Ag_pGpJ, Ag_pGp’g) which
is defined and finite at 6 there exist f(X,Y), g(X,Y) € Q[X,Y]/(®,(X,Y)) such

that h = Ei g i - GP ; and g(ASP(0)G,1(0), ASP(0)G,(0)) # 0 because

we are assuming that the point (A3P(0)Gp1(0), ASP(0)Gp2(0)) of the curve is
nonsingular. Hence h(f) € Q(AS™P(0)Gp1(0), AS7P(0)Gp2(6)), and by Corollary
9.6 we have

Ky = KF,(0) = K(A)P(0)Gpa(0), A)7P(0)Gp2(0)).

%) (2,%) € GL2(Z/pZ). Now that

Decompose (39) € Wy into (29) = (§52) (5,2
(39
I

A5_pGp 1 has rational Fourier coefficients, (

with (0 92—t )
follows that

2
) acts on the function as composition

Moreover, since A, is modular for I'o(p), ( fixes A,. It then

02_)

(Ag—p(g)gp’l(g))(gg) — (A5 pGp’ )( g)(g)
= (A5—p(;p’1)(0291)(9)

= Af,‘P(e) (Gp,1) (3 291 ) 9)

= A)P(0)Gp2(8) by Lemma 9.4,

which shows that A>~2(0)G,, 1(0) and AS~P(0)G,2(0) are conjugates. Therefore,
K () can be generated over K by only one generator A>~?(0)G), 1(6). O
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