THE COMPLETE DETERMINATION OF NARROW
RICHAUD-DEGERT TYPE WHICH IS NOT 5
MODULO 8 WITH CLASS NUMBER TWO

JUNGYUN LEE

Abstract. In this paper, we will show that there are exactly 3 real quadratic
fields of the form K = Q(v/n? — 1) with class number 2, where n? — 1 is
a square free integer. This completely determines narrow Richaud-Degert
type d # 5 modulo 8 with class number 2.

1. INTRODUCTION AND STATEMENT OF RESULT

Let h(d) be the class number of the field K = Q(v/d), for a square
free integer d. Let d = n? +r, d # 5, be a positive square free integer
satisfying r[4n and —n < r < n. Then we call K = Q(v/d) a real
quadratic field of Richaud-Degert type. Specially if |r| € {1,4}, then
d is called a narrow-Richaud-Degert type. Otherwise, it is called a
wide-Richaud-Degert type.

Gauss conjectured that there are exactly nine imaginary quadratic
fields with class number one. This was proved by Heegner[19], Stark[20]
and Baker[18]. Analogously, we have a problem to determine all real
quadratic fields of Richaud-Degert type with class number one. In [1]
2], Bir6 found all real quadratic fields of the form Q(v/n?+ 1) and
Q(vn? 4 4) with class number 1. Also, in [12] Byeon-Kim-Lee deter-
mine all real quadratic fields of the form Q(v/n? — 4) with class number
1. These completely determaine all narrow Richaud-Degert type with
class number 1. Moreover, Lee[17] classified all wide-Richaud-Degert
type d # 5 modulo 8 with class number 1.

Many authors[16],[15],[14] studied to classify all Richaud-Degert type
with class number 2. Meanwhile, Mollin and Williams[16] determine all
real quadratic fields of Richaud-Degert type with class number 2 under
the assumption of Generalized Riemann Hypothesis. A recent progress
was made by Byeon-Lee[11]. They proved that there are exactly 4 real
quadratic fields Q(v/n? + 1) with class number 2, where n?+1 is a even
square free integer, without G.R.H.

In this paper, we find all real quadratic fields Q(v/n? — 1) with class

number 2, where n? — 1 is a squre free integer, without G.R.H. This
1
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classifies all narrow Richaus-Degert type d # 5 modulo 8 with class
number 2. The method of the proof is similar to that of [11]. The new
ingredient is the skill of computing the special values of zeta functions
associated with Q(+v/n? + 1) whose fundamental units have the positive
norm. Our main result is as follows:

Theorem 1.1. Let d = n? —1 be a square free integer. Then h(d) = 2
if and only if
d = 15,35, 143.

Theorem 1.2. Let d be a narrow Richaud-Degert type with d # 5
modulo 8. Then h(d) = 2 if and only if

d = 10,15, 26, 35, 65, 122, 143, 362

2. A CALCULATION OF SPECIAL VALUES OF ZETA FUNCTIONS
ASSOCIATED WITH Q(v/n? — 1)

Let n?> — 1 be a square free integer and K be Q(v/n? — 1) and O(K)
be the ring of integers in K. Then € := n + v/n? — 1 is a fundamental
unit for K, and {€,1} is an integral basis for O(K). And i(K™) is a set
of the principal ideals generated by an element in K™ and b-i(K™) :=
{b-ala € i(K™)} for an integral ideal b in K where Kt be a set of
totally positive elements in K. We define R(b) := {a+be | 0 < a <

LL0<b<landb-(a+be) € O(K)}. And N(b) is the number of the

elements of O(K)/b for an integral ideal b and we define Ng(«) := a-a
for a € K.

Lemma 2.1. An integral ideal a is in b - (K1) if and only if
a=Db- (a+ be+ ny + nge)

for a+be € R(b) and nonnegative integers ny,ny, where b is an integral
ideal of K.

Proof: See Lemma 2.2 in [12] and Lemma 3.2 in [11] O

From the facts of Nk (€) =1 and Ng(w) =2 — 2n < 0, we have
Lemma 2.2. If K has class number 2, then

I(K) = (q) - i(K") U(g)b-i(KT)U(qw) - i(KT) U (qw)b - i(KT).
where b = (2,w) and w = —n + 1 ++/n? — 1.
Proof. See Propositon 2.2 in [11] and Lemma 2.1 in [12] O
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Lemma 2.3. If (¢)b- (x +ye+mni+mnge) and (qw)b- (x4 ye+ny +nge)
are the integral ideals, then

N((@)b- (z +ye+m1 +nae)) = N((g)b - (z +ye?)) (mod q),

N((qw)b - (x 4 ye + ny + nge)) = N((qw)b - (z + ye?)) (mod q),

or 0 < x <1, 0 <y <1 and nonnegative integers ny, ny and b =
Yy g

(2,w) and w=—n+1++v/n? —1.
Proof: See Lemma 3.3 in [11]. O

Let x be an odd primitive character with a conductor q. And we
define

AR ]
ac€ I(K)

integral

If we assume h(K) = 2, then from Lemma 2.1, 2.2, 2.3, we deduce
that

(1)
CK(OJ X)
X(N(a))
PN SEE D DI D DI A
a€(q)i(KT) a € (q)b-i(KT) a € (qw) i(KT) a € (qw)b-i(K")
integral integral integral integral
= > XWV(@) (wy)) D Nlaw) - (ot ye+m+nze) g
z+ye€R((qw)) ni,n2=0
+ > xXWV((@)-(@+ye) > N((g)- (@ +ye+n +n2€) o=
z+yeeR((q)) n1,n2=0
+ >, x(N(@b-(@+y9)) > N((@)b- (z+ye+ni+nse) =0
z+ye€R((q)-b) n1,n2=0
+ Y x(N((qw)b- (z+ye)) Y N((gw)b- (z +ye +ny +n2€))*|azg
z+ye€R((qw)-b) n1,m2=0

And Shintani in [7] [8], prove that

(2)

[e.9]

S Nl tyetnibnae) luoo = By(e) Biy)+ 1 (e+0)(Ba(e)+ Ba(y)

ni1,n2=0
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where B;(z) and Bs(z) are the 1st and 2nd Bernoulli polynomials. So
by defining

S(a,9) = Bu()Baly) + 3(e + O(Bala) + Baly).

we can rewrite the equation (1) as follows:

(3)
CK<07X>
= Y x(N(@)-@+ye)Sz.y)+ D> x(N((@b- (z+ye)S(z,y)

z+yecR((q)) z+yeeR((9)-b)

+ > XWN((gw) - (@ +ye)S(@y)+ Y X(N((qw)b - (z + ye)S(w,y)

z+yecR((qw)) z+yecR((qw)-b)

In the following Lemma, we find the complete set of (x,y) such that
x +ye € R((q)), R((q) -b), R((qw) - b) and R((qw) - b), to evaluate
CK(Ou X)

Lemma 2.4.

(a) x+yee R((q) if and only if
{1, if A=0

B
and y=— for 0< A, B<qg-—1
q

|4 fA#0
(b) =+ ye e R((q)-b) if and only if
1, C=0 D
x_{%,ifC?éO and y:2—q

for 0<C,D<2¢—1 and C =D (mod?2)
(¢c) =+ ye€ R((qw)) if and only if
B A+qi . A+qi
”5:5_—2(;(71—(11) + 01(4) and y:—Qq(n—ql)
for 0<AB<qg—1 andi=0,1,2,---(2n —3)
0, if 0 <i < [H=E] 1
1, df [A2=DB=2) <i<2n -3

where o1 (i) = {
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(d) x+ye € R((qw)b) if and only if
x:Q— C+2q C+2q
2¢  4q(n—1) 4q(n —1)
for 0<C,D<2¢—1,C=0(mod2) andi=0,1,2,---(2n — 3)
0, if0 << [2ezhD=C7 4
1’ z; [—2@”_1)(0 T <2qz' < ;n -3
) 54 <<

+ 09(i) and y =

where o4(i) = {

Proof:
(a) Since the set {A 4 Be|0 < A, B < ¢ — 1} is the complete repre-
sentatives of O(K)/qO(K), for x + ye € R((q)), we have

(4) q(z +ye) = A+ Be + q(i + je)

with0 <A B<¢g—land0<z<1,0<y< 1. Bycomparing the
right and left hand sides, we obtain (a).

(b) The set {C + De|l0 < C,D < 2q — 1} is the complete repre-
sentatives of O(K)/2¢O(K). Thus if x + ye € R((q) - b), then we
have

(5) 2q(z + ye) = C' + De + 2q(i + je),

where 0 < C,.D <2¢—1land 0<x<1,0<y < 1.It directly follows
that

1,if C=0 D
(6) x_{élif07é0 and y:2—qfor 0<C,D<2g—1.

2q°
Moreover, wq(z—cq + 2%6) € O(K) for C # 0 and wq(1 + 2%6) € O(k) for
C = 0. Since
C D (C+ D)

— 4+ —€) = D(n—-1
walg + 39 = 52w+ D(n—1)
and D D
14+ —¢) = - 1D + —
wq(l+ 2q€) wqg+ (n—1)D+ h
we have
(7) C=D(mod2).

From (6),(7), we can prove (b).

(¢) The set {A+Bw|0 < A, B < g—1} is the complete representatives
of O(K)/qO(K). Hence if x + ye € R((qw)), then we have

(8) qu(z 4+ ye) = A+ Bw + q(i + jw)
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for0<AB<g—land0<z<1,0<y<1. And (8) implies that

B+qj A+ qi A+ qi ]
2¢(1—n)  2q(n—1)"

T+ ye =

By above equation, we can induce (c), immediately.

(d) We also note that {C' + Dw|0 < C, D < 2¢g — 1} is the complete
representatives of O(K)/2¢qO(K). Thus if z+ye € R((qw)-b), we have

(9) 2qw(x +ye) = C'+ Dw + 2q(i + jw)

for0 < C,D<2¢—1land0 <2 <1,0<y <1 Then (9) implies
that

D C+2q C+2qi
2¢  4q(n—1) 4q(n—1)
fori=10,1,2,......,(2n —3) and 0 < C, D < 2qg — 1.

x + 0y(i) and y =

Moreover,
(10)
D C+2qt , C+2q1
2 _ oY
quw*(z + ye) = qw (2q T — 1) + 09(i) + (4q(n — 1))€> € O(K)
Since
W2
Y ==V 1),

(10) implies that
C'=0( mod 2 ).

This complete the proof of (d) O

From the equation (3) and Lemma 2.4, we deduce that
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Proposition 2.5. If h(K)=2, then

9 9 A B )
= > X(A%+ B+ 20AB)S(=, =)+ > x(B)S(1,=)
0<AB<q-1 1 4 0<B<g-1 q
A#£0
c? D? C D D? D
— 4+ — D)S(—, — —)S(1, —
0<C,D<2¢—-1,C#0 0<D<2¢—1
C =D (mod?2) D =0 (mod2)
2n—3 . .
B A+ q . A+q
- Y X(A+B@2-2)+AB2-2n)) > S(— - ————+01(i), 57— )
0<ABeg1 —~ q 2q(n —1) 2q(n —1)
2n—3

- > x(%2 +D*(1=n) + CD(1 - n)) ; S<2% - % + ool m)

0<C,D<2g—1
C =0(mod 2 )

where o1 and o9 are defined in the previous Lemma.

Proof: From (4), we deduce that for (z + ye) € R((q)),
(11) N((q) - (x +ye)) = Ni(q(z +ye)) = A* + B> + 2nAB (mod q).

And (8) implies that for (z + ye) € R((qw)),

g\lf ?ng)-(wﬂ/e)) = —Ng(qw(z+ye)) = —A+B*(2n—2)+AB(2n—2) (mod ).

Moreover, (5) implies that for (z + ye) € R((q) - b),
(13) N((¢)b-(x+ye)) = 2Nk (q(z+ye)) = ;—l—%—i-nC’D (mod q).

Also by (9), we have for (z + ye) € R((qw) - b)

N((gw) - b - (z +ye)) = =2Nk(qu(z + ye))

(14) c?
=—7 +(n—1)D*+ (n—1)CD (mod q).
By (11)-(14), we can immediately prove above Proposition. O

Finally, we have the following theorem.



8 JUNGYUN LEE

Theorem 2.6. If h(K) = 2 then

CK(OaX):
! c* 1)D? neD)- (3 24 (69— 12D
48q2[_ Z X(T_(n_ )D” = (n—1) )'(UC,D(TL) + (6g — Juc.p(n)
0<C,D<2q—1
C =0 (mod2)

+3C? +12CD + 12D? — 12D%*n — 18Cq — 24Dq + 24Dng + 12¢* — 8nq2>

c? D2
+ > X5+ 5+ ncD)(12<1 —n)CD —12¢(1 + n)(C + D) + 6n(C + D)?
0<C,D<2¢—1,C#0
C =D (mod2)

D2
+4q2(2n+3)) + Z X(7)<24q(1 —n)D —12¢(1 +n)(2q + D)
0<D<2—1
D=0 (mc;]dQ)

+6n(2q + D)* + 4¢*(2n + 3))

— Y X+ (2-2m)B+ (2 -20)AB) - 4(30,473(71)2 + (3¢ — 12B)ua 5(n) + 342
0<A,B<q—1
+12AB + 12B* — 12B*n — 9Aq — 12Bq + 12Bgqn + 3¢* — 2nq2>
+ ) X(A’+ B’ +2nAB) <48(1 —n)AB — 24¢(1 +n)(A + B) + 24n(A + B)?

0<A,B<q—1

T+ 0 +3)) + > x(B)(489(1 - n)B - 249(1 + n)(q + B)

0<B<g—1

+24n(q + B)? + 4¢*(2n + 3))]

where

2(n—1)D—-C
SC’D(n) - [ 2q -‘
tan(n) = [2(71 - 1q)B - A“
uc.p(n) C —2D(n—1)+2¢scp(n)
vap(n) = A—2B(n—1)+qtag(n)
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Proof: By the computer work, we have the followings:

(15)

2n—3 . .
D C+2q ~ C+2q
256G "t T i)

=21 ——(3C?% 4+ 60D — 6CDn — 6D*n + 6D*n? — 6Cq — 6Dq + 6Dng + 6¢*

—4ng* + 6Cqsc,p(n) — 12Dngsc.p(n) + 6¢°sc.p(n) + 6¢*sc.p(n)?)
1

(3uc,p(n)? + (6¢ — 12D)uc,p(n) + 3C* +12CD + 12D* — 12Dn

:48q2
—18Cq — 24Dq + 24Dngq + 12¢* — 8ng?)
(16)
2n—3 . .
B A+q . A+q
S(—— 77— +o(t), 7
; (q 2q(n—1) 1) 2q(n—1))
1

:qu(&ﬁ +12AB — 12ABn — 12B*n + 12B%*n? — 6 Aq — 6 Bq + 6 Bng + 3¢

—2nq* + 6Aqt 4 p(n) — 12Bngt 4 p(n) + 3¢°ta5(n) + 3¢*t 4 5(n)?)
1
12q2
—9Aq — 12Bq + 12Bqn + 3¢* — 2ng?)

And a simple computation induce the followings:

——(3vap(n)*+ (3¢ — 12B)va p(n) + 3A* + 12AB + 12B* — 12B*n

(17)

S(Q—C;, Z) 241(] (6(1—n)CD—6q(1+n)(C+D)+3n(C+D)*+2¢*(2n+3))
(18)

5(1,2%) 717 (120(1=0) D=6 (140) 2+ D) +3n(24-+D)*+2¢% (2n-+3)
Clp

S(? E) = g (12(1—n) AB—6q(14n)(A+B)+6n(A+B)*+¢*(2n+3))
(20) 5 ,

S, ) = 12q2(12q(1—n)B—6q(1+n)(Q+B)+6n(q+B)2—|—q2(2n—i—3))
From (15)-(20) and Propositon 2.5, we obtain above theorem. O

Also by defining A, (n) = 48¢%*Cx(0,x) for K = Q(v/n?—1), we

have
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Corollary 2.7. If h(n> —1) =2 and n = gk + 1 for 0 <r < q then

C(0,%) = — (By(r)k + A (r))

= &7
where
By (r) =
02

- Z X(7 —(r—1)D* — (r —1)CD) - (— 12D%q — 8¢* + 24Dq2>

0<C,D<2—1

C =0 (mod2)

c? D?

+ > X+t rC’D)( —12¢CD — 12¢*(C + D) + 6¢(C + D)2 + 8q3>

0<C,D<2g—-1,C#0
C =D (mod2)

2

D
+ Y X<7)< — 24¢2D — 12¢*(2q + D) + 69(2¢ + D)? + 8q3)

0<D<2—1
D=0 (mod?2)
— Y X+ (2-2)B+(2-21)AB)- 4( — 12B%) + 12B¢? — 2q3>
0<A,B<q—1
+ Z x(A* 4+ B* + 2rAB)< — 48¢AB — 24¢*(A+ B) + 24q(A + B)* + 8q3>
0<A,B<q—1
+ Y X(BQ)< — 48¢2B — 24¢*(q + B) + 24q(q + B)? + 8q3>
0<B<gq—1
Proof: We note that scp(gk + 1) = Dk + s¢,p(r), tep(gh + 1) =
2Bk +tep(gk +7)uc,p(gk +1r) =ucp(r) and ve p(gk + 1) = vo p(r).
And from the fact that y has a conductor ¢, we directly prove the
corollary. O

3. PROOF OF THEOREM

Let n2 — 1 be a positive square free integer for even n and K =
Q(v/n? —1). Let ¢ > 2 be an integer with (¢,4(n?> — 1)) = 1, x an
odd primitive character with conductor ¢, xp(-) = (£) and L, the
field generated over Q by the values x(a) (1 < a < ¢). From [1], we
know that

q 4q(n?-1)

(21) Cr(0,x) = m ZGX(CL) Z bx (b)Xa(n2—1) (D).
=1

a=1
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And we can define the functions T} (r), T(r) and T3(r) as follows

A
—175 (r) +r+ 1 =Ti(r)+ 61Z

BX1 (7’)
A (r
—61BZET; +r+ Iy =Ty(r) + 1861Z
Ay (1)
—1752x8 =T 18617
By, (r) +r+ I3 3(r) +

where the characters and ideals x; and I; are defined in Example 1,
Example 3 and Example 4 of Section 4 in [1], respectively for i = 1,2, 3.

Let U, = {a € Z|(%) = —1 ,for any prime p dividing m}. Now,
we can find the residue of n modulo p such that n = ¢k + r and
h(n? — 1) = 2 using (23). Let ai75 be an residue modulo 175 for ay7s
with By, (a175) ¢ I; and bg; be the residue modulo 61 such that

ber = T1(airs).

And for bg; with By, (bs1) ¢ I2 , let ci561 be the residue modulo 1861
for which

C1861 = TQ(b61)-

And let dig6; be the residue modulo 1861 for which

dige1 = T3 (0175)

for aizs with By, (ai75) ¢ I3. Then by computer work, we can check
that if ai75 € Uy7s then BXl (CL175) ¢ I; and BXS (CL175) ¢ I3. So we can
calculate T} (ay75) and T3(ay7s) for ajrs € Uprs. Finally we obtain the
following table:
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By (21) and Corollary 2.7, if we assume h(n? —1) = 2 and n = gk +r,
then

(22)

1 1 q 4g(n®-1)
@(BX(T)WFAX(T)) BTG ;ax(a) ; bx (b)Xa(n2-1) (D).
By defining m, = > ¢_ ax(a), we can rewrite the equation (22) as
follows

4q(n*-1)

By(r)k + A (r) = 48¢ - my - <m S bxOaen(0))-

Also from [1], we know that ﬁ gi(lnkl) bx(b)Xa(n2—1)(b) is an

algebraic integer in L,. So if we assume / is a prime ideal of L, for
which m, € I, then

B, (r)k+ A, (r) =0 (mod I).
Assume that the positive integers ¢ and p satisfy the following con-

dition:

Condition(*): The integer q is odd, p is an odd prime, and there is an
odd prime character x with conductor ¢ and a prime ideal I of L, ly-
ing over p such that m, € I and the residue field of I is the prime field.

Then for r such that B, (r) ¢ I, we have
Ay(r)
By(r)

And if the residue field of I is a prime field, then there exists an unique
T(r)e€{0,1,2,....... p — 1} for each r with B, (r) ¢ I such that

n=-—q +7r (mod I).

—qugg +r+1="T(r)+pZ.
Moreover
(23) n=T(r) (mod p)

We will denote by ¢ — p, if the integers ¢ and p satisfy Condition(*).
In the Section 4 in [1], we can find that

175 — 61, 61 — 1861, 175 — 1861.
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arrs € Urrs ber C1861 d1s61
+2 +2 +2 +2

+7 +21 +1214 +£1805
+12 +12  £12 +12

+23 +£38 +£286 £637
+28 +54 £1277 £412
£33 +27 £34 £1005
+37 +48 +£110 £208
+42 +12  £12  £347
+47 +51 £573 £100
+58 +18 +1388 +376
+63 £35 £696 1177
+68 +0 +£0  £1517
+£72 +12  £12  +£262
+77 +13 £1751 £1034
+82 +17 £709 £943
+93 +44 +£1152 +£918

The following is a class number 2 criteria of Q(v/n? — 1) for even n
which is needed to prove our main theorem

Lemma 3.1. Let 4k*—1 be a square free with k > 1. Then h(4k*—1) =
2 if and only if 2k* — 2t — 2t — 1(0 < t < k) are primes.
Proof: See [10]. O

From above table and Lemma 3.1, we can deduce that

Proposition 3.2. For even integer n € Uyys with n > 2016, we have
h(n? —1) > 2.

Proof: By above table, we can know that if n = ay75 (mod175) with
ayrs € Uprs and ayrs # £2,+12, then the residues cig6; and dige;
modulus 1861 corresponding to aj7; are not equal. So

(24)  h(n*—1)>2 for n# 42,412 (mod175) with n € Uys.

If n =2k = +£2 (mod175) then from the table, we have n = 2k =
+2 (mod61). Hence k = 611/ 4+ 1 or 611 + 60, for an integer [. So if
we take tg = 34, then 2k? — 2t2 — 2ty — 1 is 61(122(* + 41 — 39) or
61(1221% + 2400 + 79). So Lemma 3.1 implies that
(25) h(n* —1) > 2 for n > 68 and n = +2 (mod175).

Alsoifn = 2k = £12 (mod175) then we have n = 2k = +12 (mod1861),
by the table. So the integer k is 1861/ + 6 or 1861/ 4+ 1855, for some
integer [. Hence if we take t, = 1008 then 2k* — 22 — 2t; — 1 is
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1861(372212 + 241 — 1093) or 1861(37221% + 74201 + 2605). By applying

Lemma 3.1, we obtain

(26) h(n®> —1) > 2 for n > 2016 and n = +£12 (mod175).

From (24)-(26), we complete the proof. O
We also can find the upper bound of even n with n ¢ Uj7; and

h(n* —2) = 2.

Proposition 3.3. h(n? — 1) > 2, for even n such that n & Uyrs and
n > 20.

Proof: We note that 2k? — 2t — 2ty — 1 = 0 (mod p) if and only if
(2k)2—1—(2tp+1)? = 0 (mod p), for odd prime p. So if n = 2k ¢ Uyrs
then there exists an integer ¢y > 0 such that 2k* — 2t2 — 2t — 1 =
0 (mod 5) or 2k —2t2—2ty—1 =0 (mod 7). For example, if k = 5/+2
for integer [ and ty = 7 then 2k% — 2t2 — 2t — 1 = 5(100*> + 81 — 21) is
not prime, since for any integer [,

1007 + 81 — 21 # +1.

Thus Lemma 3.1 implies that if & = 2 (mod 5) and k& > 7 then
h((2k)? — 1) # 2. Applying this method, we can prove other cases.
]

We conclude this section with the proofs of Theorem 1.1 and 1.2.

Proof of Theorem 1.1: By the Proposition 3.2 3.3, we have
h(n? —1) > 2 for n > 2016

where n? — 1 is square free. And in [16], Mollin and Williams shows
that if d = n? — 1 is a square free integer with n < 5000, then

h(d) =2, only for d = 15,35, 143.

By combining above two results, we prove the theorem.

Proof of Theorem 1.2: From Theorem 1.2 of [11], we inform that for a
even square free integer d = n? 4 1,

h(d) =2 if and only if d = 10,26, 122, 362.

Also, by Corollary 3.11 of [10], we know that for a square free integer
d =n?+1 with d = 1 modulo 8,

h(d) = 2 if and only if d = 65.

Hence Theorem 1.2 is a direct consequence of Theorem 1.1 and Theo-
rem 1.2 of [11] and Corollary 3.11 of [10].
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4. APPENDIX

In this section, we will provide the MATHEMATICA program to eval-
uate the values T;(r) in section 3.
(The function £ [x_,y_] computes the logarithm of x with base 2 mod-
ulo y. And glx_,y_] computes the logarithm of x with base 3 modulo
y-)
flx_, y.1 := (j=0; m=Mod[x, yl;
If [Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*2, y] ; j = j + 1];
Returnly - 1 - j1);
glx_, y_1 := (j = 0; m = Mod[x, yJl;
If [Mod[x, y] == 0, Return[0]];
While[ Mod[m, y] >1, m = Mod[m*3, yl; j =3 + 1];
Returnly - 1 - j1);
g7lx_1 := glx, 7];
f25[x_] := (j = 0; m = Mod[x, 25];
If[ Mod[m, 5] == 0, Return[0]];
While[Mod[m, 25] >1, m = Mod[m*2, 25]; j = j + 1];
Return[20 - j1);
f61[x_]1 := flx, 61];

(The function iv[x_,y] computes the multiplicative inverse of x mod-
ulo y.)
ivix_, y_1 := (

i=1;

While[Mod[ ix*x, y] >1, i++];

Return[i] );

(The functions chil[a_] computes y;(a) modulo I;, for i = 1,2, 3,4)

chifa_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod [PowerMod[8, f25[Mod[a, 25]], 61]*
PowerMod[47, g7[Mod[a, 7] 1, 611, 6111);

ch2[a_] := (If[Mod[a, 61] == 0, Return[0]];
Return[PowerMod[1833, f61[Mod[a, 61]], 1861]1]);

ch3[a_] := (If [Mod[a, 5] == 0 || Mod[a, 7] == 0, Return[0]];
Return[Mod[PowerMod[380, f25[Mod[a, 25]], 1861]x*
PowerMod[1406, g7([Mod[a, 7] 1, 1861], 18611]);

(The followings are needed to compute A,,(r) and B,,(r) modulo I;.)
-Floor[(c - 2(n - 1)d)/(29)]

-Floor[(a - 2(n - 1)b)/(q)]
c -2 - 1) +2qslc, d, n, q]

slc_, d_, n_, q_]
tla_, b_, n_, q_]
ulc_, d_, n_, q_]
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vla_, b_, n_, g_] :=a - 2b(n - 1) +q tlc, d, n, ql
SAl[c_, d_, n_, q_] :=
3ulc, d, n, ql"2 (6g - 12d)ulc, d, n, q] + 3c"2 + 12c d +
12 d"2 - 12d"2n - 18c q - 24d q + 24 d n q + 129°2 - 8n q°2

SA2[c_, d_, n_, q_] :=

12(1 - n)cd - 12 q(1 + n)(c +d) + 6n(c + d)"2 + 4972(2n + 3)
SA3[c_, d_, n_, q_] :=

24 q(1 - n)d - 12 q (1 + n)(2q + d) + 6n(2q + d)"2 + 4q~2(2n + 3)
SAdla_, b_, n_, q_] := 43 v[a, b, n, q]"2 + (3q - 12b)v([a, b, n, ql +

3a"2 + 12a b+ 12b"2 - 12b™2n - 9 aq-12b g+ 12bgn

+39°2-2nq°2)
SA5[a_, b_, n_, g_] :=48(1 - n)a b - 24q(1 + n)(a + b) +

24 n(a + b)"2 + 4972(2n + 3)
SA6la_, b_, n_, q_] =48 q (1 - n)b - 24q(1 + n)(q + b) +
24 n(q + b)"2 + 4q972(2n + 3)

SBilc_, d_, n_, q_] := -12d"2q + 24d q"2 - 8q~3
SB2[c_, d_, n_, q_] -12 qgcd- 12 q°2(c + d) + 6q(c + d)"2 + 8973
SB3[c_, d_, n_, q_] :=

-24 q°2 d - 12 q°2(2q + d) + 6q(2q + d)"2 + 89”3
SB4la_, d_, n_, q_] :=

(<12 b"2q+12b g2 -2q973) 4

SB5la_, b_, n_, q_] :=

-48q a b - 24 q"2(a + b) + 24q(a + b)"2 + 89”3
SB6la_, b_, n_, q_] :=

-48 q°2b - 24 q"2(q + b) + 24 q (q + b)"2 + 89”3

+

(The functions RAi[a_] and RBil[a_] computes A,,(a) and B,,(a)
modulo I; respectively, where q is the conductor for the character y;
fori=1,2,3,4.)

RA1[q_, n_] :=
-Mod [Sum [Mod [Sum[Mod[ch1[2 ¢"2 - (n - 1) 4°2 - 2(n - 1) c d]*
SA1[2c, d, n, ql, 611, {c, 0, q - 1}1, 611, {d, 0, 2q - 1}], 61]
+Mod [Sum [Mod [Sum[Mod [ch1[2c"2 + 2d"2 + 4 n ¢ d]*SA2[2c,
2d, n, ql, 611, {c, 1, q - 1}], 611, {d, 0, q - 1}], 61]

+Mod [Sum [Mod [Sum[Mod [ch1[2¢"2 + 2d"2 + 2¢c + 2d + 1+

n(2c + 1)(2d + 1)]1*SA2[2¢c + 1, 2d + 1, n, ql, 61],

{c, 0, q - 1}], 61], {d, 0, q - 1}], 61]
+Mod [Sum [Mod [ch1[2 d4"2] SA3[0, 2 d, n, q], 61], {d, 0, q - 1}], 61]
-Mod [Sum [Mod [Sum[Mod[ch1[a"2 + (2 - 2n)b"2 + (2 - 2n)a

b]SA4[a, b, n, ql, 611, {a, 0, q - 1}], 611, {b, 0, q - 1}], 61]
+Mod [Sum [Mod [Sum [Mod [ch1[a"2 + b"2 + 2n a b]x*SA5[a, b, n, ql,

611, {a, 1, q - 1}1, 611, {b, 0, q - 1}], 61]
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+Mod [Sum [Mod [ch1 [b~2]8A6[0, b, n, q], 611, {b, 0, q - 1}]1, 61]

RB1[g_, n_] :=
-Mod [Sum [Mod [Sum[Mod[ch1[2 ¢c"2 - (n - 1) d°2 - 2(n - 1) c d]*
SB1[2c, d, n, q], 61], {c, 0, q - 1}], 611, {d, 0, 2q - 1}], 61]
+Mod [Sum [Mod [Sum[Mod [ch1[2¢c"2 + 2d"2 + 4 n ¢ d]*
SB2[2c, 2d, n, ql, 611, {c, 1, q - 1}1, 611, {d, 0, q - 1}], 61]
+Mod [Sum [Mod [Sum [

Mod[ch1[2c™2 + 2472 + 2c + 2d +1+ n(2c + 1)(2d + 1)]*

SB2[2c + 1, 2d + 1, n, ql, 611, {c, 0, q - 1}], 611, {d, 0, q - 1}]1, 61]
+Mod [Sum[Mod [ch1[2 d4°2] SB3[0, 2 4, n, ql, 611, {d, 0, q - 1}], 61]
-Mod [Sum [Mod [Sum[Mod [chl1[a"2 + (2 - 2n)b"2 + (2 - 2n)a b]SB4[a, b,

n, ql, 611, {a, 0, q - 1}], 61], {b, 0, q - 1}], 61]
+Mod [Sum [Mod [Sum [Mod [ch1[a"2 + b2 + 2n a b]*SB5[a, b, n, ql], 61]

, {a, 1, q - 1}], 61], {b, 0, q - 1}], 61]
+Mod [Sum [Mod [ch1 [b~2]SB6[0, b, n, ql, 611, {b, 0, q - 1}], 61]

RA2[g_, n_] :=
-Mod [Sum [Mod [Sum[Mod[ch2[2 ¢™2 - (n - 1) 4°2 - 2(n - 1) c d]*
SA1[2¢c, d, n, ql], 1861], {c, 0, q - 1}], 1861], {d, 0, 2q - 1}], 1861]
+Mod [Sum [Mod [Sum[Mod [ch2[2c"2 + 2d"2 + 4 n ¢ d]*SA2[2c,
2d, n, q], 1861], {c, 1, q - 1}], 1861], {d, 0, q - 1}], 1861]
+Mod [Sum [Mod [
Sum[Mod[ch2[2c"2 + 2d"2 + 2c + 2d +1+ n(2c + 1)(2d + 1)]x*
SA2[2c + 1, 2d + 1, n, ql, 1861], {c, 0, q - 1}], 1861], {d, O,
q - 1}], 1861]
+Mod [Sum [Mod [ch2[2 4°2] SA3[0, 2 d, n, ql], 1861], {d, 0, q - 1}], 1861]
-Mod [Sum [Mod [Sum[Mod [ch2[a"2 + (2 - 2n)b"2 + (2 - 2n)a b]
SA4[a, b, n, q], 1861], {a, 0, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [Sum[Mod [ch2[a"2 + b"2 + 2n a b]*SA5[a, b, n,
ql, 18611, {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [ch2[b~2]SA6[0, b, n, q], 1861], {b, 0, q - 1}], 1861]

RB2[g_, n_] :=
-Mod[ Sum[Mod[Sum[Mod[ch2[2 ¢c™2 - (n - 1) d°2 - 2(n - 1) c d]*
SB1[2c, d, n, q], 1861], {c, 0, q - 1}], 1861], {d, 0, 29 - 1}], 1861]
+Mod [Sum [Mod [Sum[Mod [ch2[2¢c"2 + 2d"2 + 4 n ¢ d]*SB2[2c,
2d, n, ql, 1861], {c, 1, q - 1}], 18611, {d, 0, q - 1}], 1861]
+Mod [Sum [Mod [Sum[Mod [ch2[2¢c"2 + 2472 + 2c¢c +
2d +1+ n(2c + 1)(2d + 1)]1*SB2[2c + 1, 2d + 1, n, ql], 1861],
{c, 0, q - 1}], 1861], {d, 0, q - 1}], 1861]
+Mod [Sum [Mod [ch2[2 4°2] SB3[0, 2 d, n, ql], 1861], {d, 0, q - 1}], 1861]
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-Mod [Sum [Mod [Sum[Mod[ch2[a"2 + (2 - 2n)b"2 + (2 - 2n)a b]SB4[a,
b, n, ql, 18611, {a, 0, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [Sum [Mod [ch2[a"2 + b"2 + 2n a b]*SB5[a, b, n, ql,
1861], {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [ch2[b"2]SB6[0, b, n, ql, 18611, {b, 0, q - 1}], 1861]

RA3[g_, n_] :=
-Mod [Sum [Mod [Sum[Mod[ch3[2 ¢"2 - (n - 1) 4°2 - 2(n - 1) c d]*
SA1[2c, d, n, ql,1861], {c, 0, q - 1}], 18611, {d, 0, 2q - 1}], 1861]
+Mod [Sum [Mod [Sum [Mod [ch3[2c"2 + 2d"2 + 4 n ¢ d]*SA2[2c,
2d, n, ql], 1861], {c, 1, q - 1}], 18611, {d, 0, q - 1}], 1861]
+Mod [Sum [Mod [
Sum[Mod[ch3[2c"2 + 2d"2 + 2c + 2d +1+ n(2c + 1)(2d + 1)]*
SA2[2¢ + 1, 2d + 1, n, ql, 18611, {c, 0, q - 1}], 1861],
{d, 0, q - 1}], 1861]
+Mod [Sum [Mod [ch3([2 d4°2] SA3[0, 2 d, n, ql], 1861], {d, 0, q - 1}], 1861]
-Mod [Sum [Mod [Sum [Mod[ch3[a"2 + (2 - 2n)b"2 + (2 - 2n)a b]
SA4[a, b, n, ql, 18611, {a, 0, q - 1}], 18611, {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [Sum[Mod [ch3[a"2 + b"2 + 2n a b]*SA5[a, b, n,
ql, 18611, {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [ch3[b~2]SA6[0, b, n, q], 1861], {b, 0, q - 1}], 1861]

RB3[g_, n_] :=
-Mod [ Sum[Mod[Sum[Mod[ch3[2 ¢c"2 - (n - 1) d°2 - 2(n - 1) ¢ d]*
SB1[2¢c, d, n, ql,1861]1, {c, 0, q - 1}]1, 18611, {d, 0, 2q - 1}], 1861]
+Mod [Sum [Mod [Sum [Mod [ch3[2¢c"2 + 2d"2 + 4 n ¢ d]*SB2[2c,
2d, n, ql, 1861], {c, 1, q - 1}], 18611, {d, 0, q - 1}], 1861]
+Mod [Sum [Mod [
Sum[Mod [ch3[2c"2 + 2d"2 + 2¢c + 2d +1+ n(2c + 1)(2d + 1)]x*
SB2[2c + 1, 2d + 1, n, ql, 18611, {c, 0, q - 1}, 1861],
{d, 0, q - 131, 1861]
+Mod [Sum [Mod [ch3[2 d4~2] SB3[0, 2 d, n, ql], 1861], {d, 0, q - 1}], 1861]
-Mod [Sum [Mod [Sum[Mod [ch3[a"2 + (2 - 2n)b"2 + (2 - 2n)a b]SB4[a,
b, n, ql, 18611, {a, 0, q - 1}1, 18611, {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [Sum [Mod [ch3[a"2 + b"2 + 2n a b]*SB5[a, b, n, ql,
18611, {a, 1, q - 1}], 1861], {b, 0, q - 1}], 1861]
+Mod [Sum [Mod [ch3[b~2]SB6[0, b, n, ql, 1861], {b, 0, q - 1}], 1861]

(The functions Ti[r_] compute T;(r), for i=1,2,3.)

Ti[r_]
T2[r_]
T3[r_]

Mod [-RA1[175, r]*175%iv[RB1[175, r], 61] + r, 61];
Mod[-RA2[61, rl*61xiv[RB2[61, r], 1861] + r, 1861];
Mod [-RA3[175, r]*175%iv[RB3[175, r], 1861] + r, 1861];
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(The followings are the result for our table)

Print [{T1[2], T1[7], T1[12], T1[23], T1[28], T1[33], T1[37], T1[42],
T1[47], T1[58], T1[63], T1[68], T1[72], T1[77], T1[82], T1[93]}]
{2, 21, 12, 38, 54, 27, 48, 12, 51, 18, 35, 0, 12, 13, 17, 44}

Print [{T2[2], T2[21], T2[12], T2([38], T2[(54], T2[27], T2[48], T2[12],
T2[61]1, T2[18], T2[35], T2[0], T2[12], T2[13], T2[17], T2[44]1}]

{2, 1214, 12, 286, 1277, 34, 110, 12, 573, 1388, 696, O,

12, 1751, 709, 1152}

Print [{T3[2], T3([7], T3[12], T3[23], T3[28], T3[33], T3[37], T3[42],
T3[47], T3[58], T3[63], T3[68], T3[72], T3[77], T3[82], T3[93]}]

{2, 1805, 12, 637, 412, 1005, 208, 347, 100, 376, 1177, 1517, 262,
1034, 943, 918}
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