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1. INTRODUCTION

Louboutin in [2] studied the class group of a family of non-normal
totally real cubic fields {K,,}m>4 associated with the Q-irreducible
cubic polynomials

Pp(r) =2 —ma® — (m+ 1)z —1, (m>4).

He determine K,,’s with ideal class group of small class number or
small exponent.

In this paper, we study the divisibility of the class number of a family
{Kn }m>4 for any given integer n. In 1922, Nagell[3] prove that there ex-
ist infinitely many imaginary quadratic fields with class number divis-
ible by for any given integer n. Later Yamamoto[7] and Weinberger|[6]
extend this result to real quadratic field. And Nakano [5] proved in
1985 that there exists infinitely many totally real number fields with
the class number divisible by any given integer n.

The aim of this paper is to restrict the totally real cubic number field
case in Nakano’s theorem [5] to non-normal totally real cubic number
field case by constructing infinitely many K,, with class number divis-
ible by for any given integer n.

2. MAIN THEOREM

Theorem 2.1. There exists infinitely many non-nomal totally real cu-
bic number fields whose class number is divisible by any given integer
n.

Notations.
(1) n : an integer
(2) ng : the product of all prime factors of n
(3) L(n) : the set of all prime divisors [ of n
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f(x

Z|z] : a monic irreducible polynomial

) €
6 : aroot of f(x)
K =Q(0)

r : free rank of the unit group of K

wp : the number of root of unities in K.
F*

4
5
6
7
8
9 ={a' | a € F*}

(4)
(5)
(6)
(7)
(8)
(9)

We will consider the following lemmas to prove the theorem.

Lemma 2.2 (Nakano). Suppose there exist primes py,--- ,ps which
are 1 modulo wigng and rational integers t, Ay,--- , Ag and Cy,--- ,C
such that
(1) f(4) ==£C7, (1 <i <),
(2) (F(A),C) =1, (1< < 5),
!

)
) 0 0.0 20 (mod p). (1< <9
@) (52) =1(5%) A1.0<j<i<sieLm),

1
where f'(x) is the derivative of f(x). Then the ideal class group of K
contains a subgroup isomorphic to (Z/nZ)*~"

Lemma 2.3 (Erdos). Let P(x) € Z[z] be a polynomial with degree
< 3. If the greatest common divisor of P(a) (a € Z) is 1, then there
are infinitely many integers n for which P(a) is square free.

Lemma 2.4. Let Ay = —1, Ay = 0, A3 = 1. Then there exist an integer
t and infinitely many distinct primes p1, pa and psz which are 1 modulo

2ng such that y y
(t_ j)zland<t_ Z)5&1
pi ! Di !

forl e L(n), i# 7 in {1,2,3} and

(1—t)(2t2+3t+2)
( t(t+1) > .
— =1
Di n

Proof: Let F = Q((an,), where (o, is 2ng-th root of unity. From
Lemma 2.3, we find that there are infinitely many rational integers a
such that 2a? + 3a + 2 is square free. Since only finitely many primes
dividing 2n¢ are ramified in F' over Q, we can take an integer B and a
rational prime ¢ such that 2B% 4+ 3B + 2 is square free and

q|2B* +3B + 2,
q 2ny.
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Then for a prime ideal q € I lying over ¢, we have
(1) ord4(2B® + 3B +2) = 1.

Next, we take three distinct prime ideals q;(# q) € F' (i = 1,2, 3) which
are relatively prime to 14ny. And take rational integers B; (i = 1,2, 3)
for which

(2) ordg,(B;) =1 for1<i<3.

By Chinese remainder theorm, we can find a nonzero element 7" € Op
such that

T=DB (mod q?)
) T—-A;=B; (modq?) fori=1,2,3.
Since T'= A; (mod q;) we have
(4) 27?437 +2=2424+3A;+2 (modq,;) fori=1,2,3.

Since q; (i = 1,2, 3) are relatively prime to 14, form (4) we have

(5) ordy,(2T% + 3T +2) = 0.
And form (2) and (3), we have
(6) ordg,(T —A;) =1 for1<i<3.

Since q; (i = 1,2, 3) are relatively prime to 2,
ordg,(T'—A;) =0 forl<i#j<3.
Let
B = (2T% + 3T + 2)(T — A)™ (T — Ay)™(T — A3)™
then
ordg(B) =a
ordg,(f) =a; fori=123.
Thus if 3 € F*', then we have
a=0 (modI)
a;=0 (modl) fori=1,23.
It implies that 272 +3T+2, T — A;, T — Ay and T — As are independent
in [*/F*'. So
F(T—A)NE, =F (i=1,23),

where

E =] F( nﬂ)F(%l - T)Tf?:ST i 2)) (i=1,2,3).

i#]
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By Frobenious density theorem, we know that there exists infinitely
many primes p; in " which completely split over Q and inert in F'( /T — A;)
and completely split in E; for ¢ = 1,2,3. Since the prime ideals p;

(1 = 1,2,3) have inertia degree 1 over Q, we can take a rational integer

tin T + p; and we have

T— A _ A,
( ]) :(t—’) fori,j=1,2,3
Pi l Di l

and
(1-7)(2T%+3T+2) (1-1)(2t2+3t+2)

< T(T+1) ) _ < t(t+1) )
| 8J; n Di

Since the prime ideals p; inert in F'( "/T — A;) and are completely split
in F; for ¢t = 1,2, 3, we have

T—A;
( Pi J)l:1

(1-7)(2T%+3T+2)
T(T+1)

( ),
Pi

n

n

if and only if i # j and

This complete the proof. O

Let K,, be a field associated with the irreducible polynomials P,, =
r3—ma?—(m+1)z—1 (m > 4). Then it is well known that K,, (m > 4)
are non-nomal totally real cubic number fields with discriminent

(7) Dy, = (m* +m —3)° - 32.

Since K, is real number fields, the number wyg,, of root of unity of
K,, is 2. To prove the theorem, we consider the family {K,,}n>4 of
non-nomal cubic number fields. And we find infinitely many m such
that the ideal class group of K,, contains a subgroup isomorphic to
Z/nZ.

Now, we prove Theorm 1.1.

Proof of Theorem 1.1: Let a be a rational integer such that

(8) (a,14) = 1.
Put
—1—a"
m=———
2
Then

(9) P,(-1)=—1.
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(10) P,(0) = —1.

(11) P,(1)=—-1—-2m=a".
and from (8), we have
7+ 3a"

(12) (Pla(1),0) = (=

Let us consider P, (x) to f(z) and A; =1, Ay =0, A3 = 1. Then from
(9) - (12), we satisfy the conditions (1) and (2) in Lemma 2.2.

We take rational primes pi, po and p3 (> 7) and rational integer ¢
satisfying the conditions of Lemma 2.4 and
(13) p; [((EP—t=1)(*+£*—1)=3(¢(t+1))*—=3(t(t+1))%)*—32(¢(t+1))*.

Then from

,a) = 1.

(1—t)(2t2+3t+2)
< t(t+1) )
— ) =1,
yZi n

we can find an integer a such that
(1—1)(2t* + 3t +2)

(14) a" = it 1) (mod p;) fori=1,23
Then for a satisfing (14), we have
(15) P,(t)=0 (modp;) fori=123.

Andif P/ (t) =0 (mod p;) then ¢ is a multiple root of P,,(z) (mod p;).
Therefore p; divide the discriminant of P,,(x). So we have

(16) (m*+m—3)2—-32=0 (modp;) fori=123.
And (11) implies that
B—t—1
tt+1)
So for ¢ = 1,2,3 form (16), (17) we have
(B—t=1)(#+2=1)=3(t(t+1))>=3(t(t+1))*)*=32(t(t+1))* =0 (mod p;).
This contracidt to our hypothesis. Hence
P () #0 (modp;) fori=123.

Finally, We find the rational integers A;, C; (i = 1,2,3) and ¢t and
primes p; (i=1,2,3) satisfying all conditions of Lemma 2.2. As K,,’s
are totally real number fields, the rank r of unit group of K,, is 2. So
we know that the class number of the fields K _1_.» have the subgroup

(17) m (mod p;) fori=1,23.

isomorphic to Z/nZ, for the integers a satisfyims2 (14), (8). Since there
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are infinitely many a satisfying (14), (8), we complete the proof of

theorem.
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