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ABSTRACT. We develop a criterion for determining normal bases, and by making use of necessary
lemmas refined a little from [3] we further prove that the singular values of certain Siegel functions
form normal bases of the ray class fields over all imaginary quadratic fields other than Q(v/—1) and

Q(V=3).

1. INTRODUCTION

Let L be a finite Galois extension of a field K. Then from the normal basis theorem([14]) we
know that there exists a normal basis of L over K, namely a basis of the form {27 : v € Gal(L/K)}
for a single element x € L.

Okada([9]) showed that if £ > 1 and ¢ > 2 are integers such that £ = 1 (mod 2) and T is a set

of representatives for which (Z/¢Z)* = T U (—T), then the real numbers (14 )k(cot 7TZ)|Z:% for

T dz

a € T form a normal basis of the maximal real subfield of Q(e%) over Q. Replacing the cotangent
function by the Weierstrass p-function with fundamental period ¢ and 1, he further obtained normal
bases of the class fields over the Gauss’ number field Q(y/—1)([10]). This result was due to the
fact that the Gauss’s number field has class number 1, which can be naturally extended to any
imaginary quadratic field with class number 1.

After Okada, Taylor([13]) and Schertz([11]) established the Galois module structures of the rings
of integers of certain abelian extensions over an imaginary quadratic field, which are analogues of
the cyclotomic case([8]). They also found normal bases by the special values of modular functions.

And, Komatsu([4]) considered certain abelian extensions L and K of Q(e%) and constructed a
normal basis of L over K by the special values of Siegel modular functions.

In this paper we shall present normal bases of the ray class fields over all imaginary quadratic
fields(# Q(v/—1), Q(v/=3)) in terms of the singular values of certain Siegel functions(Theorem 4.5
and Remark 4.6) by applying a criterion for determining normal bases which will be developed in
section 2.

For any pair (r1,72) € Q*\Z* we define a Siegel function g(,, ,.,)(7) on $(the complex upper half
plane) by the following Fourier expansion

lB( ) T — = —
(1.1) I (T) = —q2 " Vemm (1 — g H (1—qrq)(1 — qPqz )

where Bo(X) = X? — X + % is the second Bernoulli polynomial, ¢, = €¢*™" and ¢, = €*™** with
z =117 4+ ro. Then it is a modular unit in the sense of [6].
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Let K # Q(v/—1),Q(v/—3) be an imaginary quadratic field of discriminant dx and O = Z[0]
be the ring of integers with

Y  for dg =0 (mod 4)
0 =
% for dg =1 (mod 4).
In what follows we denote the Hilbert class field and the ray class field modulo N of K for an

—12N
integer N > 2 by H and Ky, respectively. In [3] we showed that the value z = g(gigflij) (0) is a
primitive generator of Ky over K except possibly finitely many cases. We achieved t}ﬁs result by
showing that the absolute value of x is the smallest one among all its conjugates.

In this article we will prove that the conjugates of a high power of z form a normal basis of Ky,
over K by applying Lemma 4.2~4.4 originally investigated in [3]. On the other hand, we shall
manipulate the action of Gal(K(yy/K) on x by following Gee’s idea([2]) which will be summarized
in section 3.

2. A CRITERION FOR DETERMINING NORMAL BASES

In this section let L be a finite abelian extension of a number field K with G = Gal(L/K) =
{71 =id, -+ ,v,}. Further we let | - | be the usual absolute value defined on C.

Lemma 2.1. A set of elements {x1,--- ,xn} in L is a K-basis of L if and only if

det (a7 ) #0.

1<i,j<n
Proof. Straightforward. O
By G we denote the character group of G. Then we have the Frobenius determinant relation:
Lemma 2.2. If f is any C-valued function on G, then
IT > xOif0n) = det (F0u7")-
x€@G 1<i<n
Proof. See [7] Chapter 21 Theorem 5. O
Combining Lemma 2.1 and Lemma 2.2 we derive the following proposition:

Proposition 2.3. The conjugates of an element x € L form a normal basis of L over K if and
only if
Z X(fyl-_l)x%' £ 0 for all x € G.

1<i<n
Proof. For an element x € L, set x; = 27 for 1 <4 < n. Then we get that

the conjugates of x form a normal basis of L over K

<— {x1, - ,x,} is a K-basis of L by the definition of a normal basis
—1
3]
= lg(%fej‘cgn (wl ) # 0 by Lemma 2.1
— Z X(%_l)xi # 0 for all y € G by Lemma 2.2 with f(v;) = z;.
1<i<n
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Now we present a simple criterion which enables us to determine whether the conjugates of an
element x € L form a normal basis of L over K.

Theorem 2.4. Assume that there exists an element x € L such that

(2.1) <1 forl<i<n.

Then the conjugates of a high power of x form a normal basis of L over K.

Proof. By the hypothesis (2.1) we can take a suitably large integer m such that

x’Yi m

(2.2)

1

where #G is the cardinality of G. Then for x € G we have

m\Yi
Z x(yy HE™ ] > 2™ (1 - Z @ ) by the triangle inequality
1<i<n 1<i<n
> |2 (1 L wa- 1)) _ B by 29).
B #G #G
Therefore the conjugates of ™ form a normal basis of L over K by Proposition 2.3. O

3. ACTION OF GALOIS GROUPS

We shall investigate an algorithm for finding all conjugates of the singular value of a modular
function, from which we can determine the conjugates of the singular values of certain Siegel
functions due to [2] and [3].

For a positive integer N let Fn be the field of modular functions of level N defined over N-th
cyclotomic field over Q. Then Fy is a Galois extension of F; = Q(j)(j =the elliptic modular
function) and its Galois group is isomorphic to GL2(Z/NZ)/{£12}([12], [7]).

Throughout this section we let K # Q(v/—1), Q(v/—3) be an imaginary quadratic field with
discriminant dgx and define

9_{W for dg =0 (mod 4)

3.1 2
(3.1) % for dg =1 (mod 4).

Under the properly equivalent relation, primitve definite quadratic forms aX? + bXY + c¢Y? of
discriminant dy determine a group C(dg), called the form class group of discriminant dr. We
identify C'(dg) with the set of all reduced quadratic forms, which are characterized by the conditions
(3.2) —a<b<a<c or 0<b<a=c
together with the discriminant relation
(3.3) b’ — dac = dg.

From the above two conditions for reduced quadratic forms we have

(3.4) 1<a<y/=§

Then it is well-known that C(dg) is isomorphic to Gal(H/K)([1]). For a reduced form Q =
aX? 4+ bXY + c¢Y? of discriminant dx we define

. —b+ \/dK

(3.5) 0o o
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Furthermore, we define 8 = (8p)p € [, . prime GL2(Zp) as

b
(g %) if pta
_b
(3.6) Bp= <12 Oc> if pla and pfc for dg =0 (mod 4)
b b
—§—a —Q—C .
( 1 2 4 ) if pla and p|ec
and
b—1
<8 i) if pta
b1
(3.7) Bp= < % 0 if pla and ptec for dg =1 (mod 4).

—b—-1 _ 1-b _
< 21 “ 2_1 c> if pla and plc

Let irr(9, K) = X? + BX + C € Z[X] and N > 2. Considering the group

’ S t

we have an isomorphism Gal(Ky)/H) = Wy e/{F12}([2]).

Wi = { (t —Bs _Cs> € GLy(Z/NZ) : t,s € Z/NZ}

Proposition 3.1. Let K # Q(v/—1), Q(v/—3) be an imaginary quadratic field and N > 2. Then
we have an isomorphism

Wno/{£l2} - Cldx) — Gal(K(n)/K)
a-Q — (h(@) — hBe (GQ)).

Here h € Fn is defined and finite at 6, and 6, 0g are defined as in (3.1) and (3.5), respectively.
The action of o on Fy is the action as an element of GLo(Z/NZ)/{£12} = Gal(Fn/F1). As for
Bg we note that there exists 3 € GL;(Q) N My(Z) such that B = 5, (mod NZy) for all primes p

dividing N by the Chinese remainder theorem. Then the action of Bg on Fy is understood as that
of B which is an element of GLy(Z/NZ)/{£12}([12] or [2]).

Proof. See [3] Theorem 3.4. O

Proposition 3.1 and the transformation formulas of Siegel functions in the next proposition enable
—12N
ged(6,N)

0.%)

us to find all conjugates of the singular value g (0), which will be used to prove our main

theorem.
—12N

~
;}21\7) :1%21\7) ;%2]\/)
ged(6,N _ ged(6,N __gecd(6,N
o) (7 =90 2 (T) = 9y ) (7)

where (X) is the fractional part of X € R such that 0 < (X) < 1. It belongs to Fn and « in
GLy(Z/NZ)/{xl2} = Gal(Fn/F1) acts on the function by

TN\ TG
cd(6,N o cd(6,N
(gg%,%) (T)) = g(g%,%)a(T)~

Proof. See [5] Proposition 2.4 and Theorem 2.5. O
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4. NORMAL BASES OF K(y) OVER K

Let K # Q(v/—1),Q(+v/—3) be an imaginary quadratic field so that dxg < —7, and let 6 be defined
as in (3.1) and N > 2 be an integer. If we put

D= _gK and A= |62m0| =e ™V _dK7
then AD = e_‘/gﬂ, which is independent of K.

Lemma 4.1. We have the following inequalities:
2141 ifN=2, 3

1.903 if N =4

1773 if N=5

1.678 if N =6
(i)1<‘11j4ﬁ‘<A’(N) where A/(N) =< 1.606 if N=17, 8

1.508 if N =09, 10, 11
142 ifN=12,---,17
1.332 if N =18, 19, 20
1.306 if N > 21.

(i) If N > 2, thenH CN’<1f07“allt€Z\NZ

(iii) If N > 4, thenH CN‘< ffor2<t<N

() If N > 2, then Az(B2( ) =B ()| 1=y } < 0.76.
1—-A

1
(v) 1—AD

(vi)ﬁ<l+A1.XW for all X > 3.
(vii) 1+ X < eX for all X > 0.

<1+ Atosp for all X > %

Proof. See [3] Lemma 4.1. O

Although the following lemmas are given in [3], we present the proofs for the sake of completeness.

Lemma 4.2. Assume the condition

di < —11, N=2,3
dr < -8, N=4
dr < —31, N=5
dre < —23, N=6

(4.1) dr < —19, N=7, 8
dr < —15, N =09, 10, 11
dre < —11, N=12,---,17
dr < —8, N =18, 19, 20
dr < -7, N >21.

Let Q = aX? + bXY + ¢Y? be a reduced quadratic form of discriminant di. If a > 2, then the
mnequality

holds for (s,t) € Z?\ NZ2.



6 HO YUN JUNG, JA KYUNG KOO, AND DONG HWA SHIN

Proof. We may assume 0 < s < % by Proposition 3.2. And, note that 2 < a < D by (3.4). From
the definition (1.1) we obtain that

~1
SNC. o .
‘g({ﬁ)( Q)‘ < A%(BQ(O)—iBz(fV))‘ L—Cv 1 (A -
9(07%)(0) 1 eZﬂi(%-%Jr%) n=1 (1 — AE(n—’_W))(l — AE(n_ﬁ))
If s =0, then we get by Lemma 4.1(ii)
‘ 1—(N _ ’1 — (N <1
- = TS
1_62m(%~b+T‘/CE+%) 1—Cy
If s # 0, then by the fact 2 < a < D and Lemma 4.1(i) we derive
1-— 1-— 1-—
| | < | < [ <
1_ 62m‘(%~#+%) 1— Ava 1— A~D

Let
/ |1 ifs=0
Als, N) = { A'(N) ifs#£0.
On the other hand, by the facts Ba(3), B2(3), B2(3) < 0 and A < 1 together with the assumption
a > 2 we have

(B2(0) —iB5(0)) = 5; ifs=00r N >5
1

1 1 s l
3(B2(0)—2B2(%)) « AE(S’N) wh N) = 2
4 2 N < ere 5(37 ) %BQ(O) _ 5 Othervwise.

Therefore we achieve that

—1
9.5 +,(0q) o 14 An)2
'(fifv)‘ < 46N 45, N T Oy thefacts 2<a< D, 0< s < ¥
901 (0) azt (1= AD)(1— Ap(=2)
< AN A (s, N) T] (1 + A1+ AT50) (1 + ATo55("~2)) by Lemma 4.1(v)
n=1

n

1 1
< AE(S,N)A/(S’N) | | 2A™"4+AT.03D +AT1.03D 2 ] I ]‘1( li)

e_ﬁ\/QtlTK e VK 1~ Y08 ifs=0
- 2 ™VIK Y05 4o Y08
T e ) T L s A0ad N5
| Sy T e s £0and N <4

< 1 under the condition (4.1).

This proves the lemma. O
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Lemma 4.3. Assume that dg < —7 and N > 2. Let Q = X?> +bXY +cY? be a reduced quadratic
form of discriminant dg. Then we have the inequality

9;1 t (‘9@)
’ (.5
—1

N

<

for s,t € Z with s #0 (mod N).

Proof. We may assume 1 < s < % by Proposition 3.2. Then we establish that

—1
h 0 00 n\2
’gwlfv)( Q)' < A%(BQ(O)—BQ(E))‘ Lo T A+A""
900 L= AN | (1= AT (L= A™w)
o 0 n\2
< A;(BQ(m—Bz(}V))‘le 11 LAy thefact 1< s < ¥
1— AV |25 (1— An)(1 — A" 3)

n=1

< 076 J[T(1+A™)?(1 + At)(1 + ATs(""2)) by Lemma 4.1(iv) and (vi)

n=1

ad n 1,1 24 4 ATO03+AZ.06
< 076 [J A HATEHATETE _g76e7 " iath by Lemma 4.1(vii)

n=1
267\/?# 5_1\4(7%+e_?\47’%
767\/?77 _VIm
< 0.76e" 1-e"105 <1 by the fact dg < —T7.

0

Lemma 4.4. Assume the same condition as in Lemma 4.3 and let Q = X? +bXY +cY? be a
reduced quadratic form of discriminant dg. Then we deduce

-1
‘9(07]@)(0@)‘ _
-1
904
fort € Z with t #0,£1 (mod N).

Proof. If N = 2 or 3, there is nothing to prove. Thus, let N > 4. Here we may assume 2 <t < %
by Proposition 3.2. Then we get that

I (14 A™)?
H (1 _ An)2

-1
‘%,m(@@)‘ g ’1 ¢y

—1 — _
9o.@ 1 11—y

n=1
< % H(l + A™)?(1+ A7) by Lemma 4.1 (iii) and (vi)
n=1

oo
< % H 2A"H2AT.03 by Lemma 4.1(vii)

n=1

24 2A17173 2¢= V7T 2(%
| TATTT - | 1oV _\ix
= %e 1-ATO03 < ﬁe 1-e” 103 < ] by the fact dK < _77
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which proves the lemma. O

Now we are ready to prove our main theorem concerning normal bases of Ky over almost all
K.

Theorem 4.5. Assume the condition (4.1). Then for a suitably large integer m the conjugates of

the value
S
904 @

Jorm a normal basis of K(y) over K.

—12N
ged(6,N)
(0,3
main theorem of complex multiplication([12], [7]). Then it suffices to show by Theorem 2.4 that

Proof. For simplicity we put x = g (), which belongs to K () by Proposition 3.2 and the

x

(4.2) .

<1 for all v € Gal(K()/K) \ {id}.

To this end we consider by Proposition 3.1 and Proposition 3.2 a conjugate 7 of x which is of the
form

_}QN) a-B _%QN)
cd(6,N . o cd(6,N
7 = oy )" 00) = 0T 7, 00)

for some oo = =+ (t_SBS _tcs) € Wio/{£12}, where irr(9, K) = X?+BX +C and Q = aX?+bXY +
cY? is a reduced quadratic form of discriminant dy. If a > 2, the inequality (4.2) holds by Lemma
4.2. If a = 1, we derive from the condition (3.2) and (3.3) that

(4.3) 0— X? - dxy? for dg =0 (mod 4)
) N X2—|—XY—|—%Y2 for dx =1 (mod 4),

—12N
which yields Bg = 12 (mod N) by the relations (3.6) and (3.7). Hence 27 = g(gf(z’];” (6g). Moreover,
N’ N
if (s,t) # (0,£1) (mod N), then the inequality (4.2) is also true by Lemma 4.3 and Lemma 4.4.
Here it is not necessary to consider the remaining case where a = 1 and (s,t) = (0,£1) (mod N),
because v = id € Gal(K()/K) in this case. Therefore (4.2) holds for all v € Gal(K(y)/K) \ {id}
O

as desired.

Remark 4.6. Note that the fields Q(v/—2), Q(v/—7), Q(v/—11) and Q(1/—19) have class number

1([1]). For such a field K there is only one reduced quadratic form of discriminant dx as in (4.3).
Hence Theorem 4.5 is true for this K and all N > 2, because we don’t need to apply Lemma 4.2
in the proof. Lastly we list the other fields K and integers N which cannot be covered by our
argument as follows:

TABLE 1. Exceptions of Theorem 4.5

’ K ‘ dg ‘ (N, a singular value whose conjugates form a normal basis of Ky over K)
—60 (—1++/—15 —12 (—14+v/=15 —84 (—14+/—15 —48 (—14++/=15
QV=T5) | 15 | (5, 90, () (6 9605 )) (T 900 ) () (B 90y ()
Q(V=5) | —20 (5 991, (V=5)), (6, g7, (V=5))
Q(/~23) | 23 (5. 9% (7))
Q(v=6) | —24 (5. 901, (V=6))
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Even in these remaining 8 cases, however, one can verify Theorem 4.5 by numerical computation.

For example, let K = Q(v/—5) and N = 6. Then dxg = —20, § = /—5 and

Cldg) = {Q1=X>+5Y?, Q2 =2X%+2XY +3Y?}
0o, = V=5, g, = *1%\/775
10 15

Po. = B = € GLy(Z/NZ)/{£12}
0 1 3 2

10 01 2 3 3 2

Wivo/ {12} = { , , | } C GLy(Z/N7)/{+15}.
0 1 1 0 3 2 2 3

—12N
If x = gfgfgjm (0) = g(_oﬁ)(\/—@, then by Proposition 3.1 and Proposition 3.2 its conjugates are
T =z, Ty = 9(_;1?))(\/ —5), T3 = 9(_;122)(\/ =5),  my= 9(_212;)(\/ —5)
6’ 6’6 6’6
25 = 9% (D), we = g% (FH), ar = g% (D), as = g0 (KD
(%:5) (5:¢) (%:5) (%:5)

possibly with certain multiplicity. Hence by using MAPLE one can check that

T 4 1 .
— | <107 < ———F——==- fori=2,--- 8.
Tl #Gal(K(ﬁ)/K) 8
Therefore {z1, - ,zg} becomes a normal basis of K (6) over K by Theorem 2.4. Moreover, one can

also show that the minimal polynomial of z would be

(X —x1)--- (X —2g) = X% —1263840X7 + 42016796 X° 4 72894400X°
+15056640X* — 4525280X 3 4+ 167196 X2 — 1280X + 1

with integer coefficients([5]).

11.
12.

13.

14
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