MODULAR FORMS ARISING FROM DIVISOR FUNCTIONS
BUMKYU CHO, DAEYEOUL KIM, AND JA KYUNG KOO

ABSTRACT. For some infinite families of modular forms we provide the explicit formulas for
their Fourier coefficients by using the theory of basic hypergeometric series (Proposition 1).
By means of these modular forms we find the bases of the vector spaces of modular forms
for some levels.

1. INTRODUCTION

Modular forms appear in many areas of number theory. In particular their Fourier coef-
ficients provide us with many number theoretical properties such as the partition function,
the number of representations of integers by quadratic forms, the number of points of an
elliptic curve over a finite field, Fermat last theorem and so on. In this paper we investigate
certain infinite families of modular forms whose Fourier coefficients are expressed in terms
of divisor functions.

In the theory of basic hypergeometric series there are many useful identities between the
g-products and the ¢-series. We first notice that most of the ¢-products under consideration
are indeed modular forms up to trivial factors, and hence the identities can be restated
as the formulas for the Fourier coefficients of such modular forms. In this way we get
infinite families of modular forms whose Fourier coefficients are given by finite sums of
divisor functions (Theorem 2). This result seems to be interesting in itself because these
modular forms are holomorphic whose zeros are supported only at the cusps. In addition
we can find by utilizing those modular forms the bases of the vector spaces of holomorphic
modular forms for some small levels (Proposition 5) and its applications.

2. PRELIMINARIES

Let § = {7 € C | Im 7 > 0} be the complex upper half plane, and H* = H U Q
U {oo}. Then GL3(Q) acts on $H* by linear fractional transformation a(r) = ZTTIS for
a=(2}) € GL; (Q).

For a positive integer N we define the principal congruence subgroup I'(N) of level N by

F(N):{(CCL Z) € SLy(Z) |a=d=1mod N, b=c=0mod N},
and any subgroup of SLy(Z) containing some principal congruence subgroup is called a
congruence subgroup. We usually use the congruence subgroups I'o(N), T°(N), T';(N) and
[''(N) defined as follows: To(N) (respectively, T°(N)) consists of all (¢ b) € SLy(Z) such that
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¢ = 0mod N (respectively, b = 0 mod N), and T';(N) (respectively, T''(N)) consists of all
(28 € SLy(Z) such that a = d = 1 mod N and ¢ = 0 mod N (respectively, a = d = 1 mod N
and b = 0 mod N).

Let k& be an integer and a = (¢%) € GL3(Q). For a meromorphic function f on ), we
define a meromorphic function f|za on $) by

(flxe)(r) = (det @) (er +d)~* f(a(r)).

Now for a congruence subgroup I' and an integer k£, a meromorphic function f on $) is
called a modular form of weight k for I" if the following two conditions hold:

(1) flgy = f forall y € T

(2) f is meromorphic at all cusps of T.

The C-vector space of holomorphic modular forms (respectively, cusp forms) of weight
k for ' is denoted by My (T") (respectively, Sk(I')). Throughout this paper we also use the
standard notations g = e*™7, gy = e2™/N and (y = e*™/N for a positive integer N.

We first briefly recall the Klein forms which will be mainly used in this article. We refer to
[2] for more details. For any lattice L C C and z € C, we define the Weierstrass o-function
by

o(z L) = 2 (1— 2)es+3@)?
weg{O} v
which is holomorphic with only simple zeros at all points z € L. We further define the
Weierstrass (-function by logarithmic derivative of the Weierstrass o-function, i.e.,

C(Z;L)=M=§+ > (%w+l+ “)

o(z; L) o) w  w?

which is meromorphic with only simple poles at all points z € L. It is easy to see that the
Weierstrass o-function (respectively, the Weierstrass ¢-function) is homogeneous of degree 1
(respectively, —1), that is, o(Az; AL) = Ao (z; L) (respectively, ((Az; AL) = A\7'((z; L)) for
any A € C*. Note that ('(z; L) = —p(z; L) where
1 1 1
p(z7L)_Z2+ Z ((Z—LU)Z wg)
weL—{0}

is the Weierstrass p-function. Since the Weierstrass p-function is an elliptic function, namely
p(z+w; L) = p(z; L) for w € L, we derive that £ (¢(z+w; L) —((z; L)) = 0 for w € L. This
means that ((z 4 w; L) — ((z; L) depends only on w € L, not on z € C. Thus we may define
n(w; L) =((z+w; L) —((2; L) for all w € L. Let L = Zw, + Zw,. For z = ajw; + asws with
ai,as € R we define the Weierstrass n-function by

n(z; L) = a1n(wi; L) 4 agn(wq; L).

Then it is easy to see that the Weierstrass n-function n(z; L) is well-defined, in other words
it does not depend on the choice of the basis {w;,ws} of L, and n(z; L) is R-linear so that
n(rz; L) = rn(z; L) for r € R. Note that since the Weierstrass (-function is homogeneous of
degree —1, so is the Weierstrass n-function. We now define the Klein form by

K(z L) = e "50226(2: 1),
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Let a = (a1 az) € R? and 7 € §. We further define K,(7) = K(a;7 + ag; Z7 + Z) which
is also called the Klein form by abuse of terminology. Obviously K,(7) for a € Z? is the
constant function 0, thus we assume hereafter that a € R? — Z? while considering the Klein
forms. We also see that K,(7) for a € R? — Z? is holomorphic and nonvanishing on § and
the Klein form is homogeneous of degree 1, i.e., K(Az; AL) = MK (z; L).

Let v = (¢%) € SLy(Z) and a = (a; ay) € R* — Z% Then the Klein form satisfies the
following well-known properties (see [2]).

(KO) K_,(1) = —K,(7).
(K1) (Kal-17)(7) = Kay (7).
(K2) For b= (b; by) € Z?* we have
Koip(T) = e(a,b) K. (1),
where £(a,b) = (—1)brbetbitbzemilbaar—biaz),
(K3) For a = (% &) € vZ* —7Z* and vy € T'(N) with N > 1, we have

(Kayfl"y)(’/') = Ea(ﬁY)Ka@_)v
where €a(”}/) = _(_1)(a;]1T+%s+1)(%r+%s+l)ewi(br2+(d—a)rs—c52)/N2'

(K4) For z = ay7 + ay with a = (a; ay) € Q* — Z?, we let ¢ = €™ and ¢, = €*™* =
e?miaz g2miarT - Then we have

1 miaz(a;— Lai(ar— ¥ I qnqz) 1- qnqz—l)
afr) = —grsern gt - g TT (1—(qn)2
n=1

and ord,K,(7) = 3(a1)({a1) — 1), where (a;) denotes the rational number such that 0 <
(a1) <1 and ay — (a1) € Z.

(K5) Let f(r) = [[, K&")(7) be a finite quotient of Klein forms with a = (% =) €
~Z? —7Z* for N > 1, and let k = — Y m(a). Then f(7) is a modular form of weight k for
['(N) if and only if

S, ma)r? =3 m(a)s* =3, m(a)rs =0 mod N if N is odd
S, ma)r? =3 m(a)s* =0 mod 2N, > m(a)rs =0 mod N if N is even.

3. EXPLICIT FORMULAS FOR THE FOURIER COEFFICIENTS

For nonzero integers n, m, r, rq, ---, r;, we define
E.(n;m) = E 1- g 1,
d|n,d>0 dln,d>0
d=r mod m d=—r mod m

!
E. .. (nym)= Z E,.(n;m).
i=1

First we recall the following necessary identities which can be derived by using the theory
of basic hypergeometric series ([1]).
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Proposition 1. (1) Forp >1, 0 <r < p with (r,2p) = 1, we have

o0

11 A-gm) Z E.(2pn+r(p —1);2p)q"

_ Aapn—r _n+r
(L—=gm7)(1 —gm? !

n=1
(2) Forp>2,1r>0,5>0withr+s<p, (r,p) =1, and for a = */* with k > 0,
(a, k) =1, we have

H 1 o qpn) (1 . O[flqpnf(rJrs))(]_ . aqpnf(pfrfs))
1 _ qpn 7" 1 _ qpn p+7")(]_ _ a—lqpn s)(l _ aqpn p+s)

n:l

[e%9) k—1
=3 (S Bt s i) o
N=0 \m=0

(3) Forp> 1,7 >0 withr <p, (r,p) =1, and for a = >™/* with k > 0, (a,k) = 1, we
have

ﬁ —¢")* (1 —a g™ ) (1 — ag™ TP
(1 qp" (1 =g (1 = amlgrr) (1 — agh)

n:l

=1+(1—a) i (i A" Epr (N kp)) ¢"

N= m=0
(4) Forp>1,r >0 withr < p, (r,p) =1, we have

ﬁ (1—q"™)%(1 — g""")(1 — g7 P*7)
2o (L4 g2 (14 grrr)(1 4 grrptr)

N
—1—22( rp—r(N;2p) — 2By, r(2;2p)) q".

(5) Forp>1,r >0 withr < p, (r,p) =1, we have

n q2pn)(1 _ q4pnfp72r>(1 _ q4pnf3p+27')

qP
1;[ (1 — @) (1 — grntT)

=1+ Z E?”,pr,p+T‘,2p7T(N; 4p)qN
N=1

(6) Forp>2,r >0 withr <p, (r,p) =1, we have

. lo_O[ (1 o qpn)(l o q2pn)(1 o q4pn—p+2r)(1 o q4pn—3p—27‘)
! (1= gn)(1 = grnr+7)

n=1

Z r,2p—7,3p— T3P+T(N 4]9)
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(7) For p >3, w = e*™/P and a # +s mod p, we have

[e.e]

11 (1 —g")* (1 —w™g") (1 —w™™*g") (1 — w"*¢")(1 — w*™*¢")
(1 _ waqn)Q(l _ w—aqn)2(1 _ wsqn>2(1 _ w—sqn>2

n=1

=142w?

(1—w)?(1—w)? & ( 2msn 27rcm) ng"
Cos — cos
(1 —wrts)(1 — ws) =

p p
(8) Forp>1,r >0 withr <p, (r,p) =1, we have

(T (1—¢™) g pN =12\ |
q(IIu_@mrxy_fnmq) ==, > Q**—jf—) q -

n=1 N=1 d|pN—r2,d>0
d=r mod p

D=

(9) Forp > 2, w = e?>™/?, 2a # 0 mod p, we have

7 (L= )1 — W) (1 - w ")
=== ey

(1—w)! &S ( , 27rcm> n2q"
— sin .
“ p J1=q

n=1

Proof. We refer to [1, (10.6), (19.4), (19.5), (31.15), (32.48), (32.49), (18.85), (31.5) and
(18.87)] respectively. O

Now we restate the above identities in terms of Klein forms. For example, the ¢-product
in Proposition 1 (1) is, up to a trivial factor, equal to 1/K(§ 0)(p7) by (K4). Hence the
corresponding identity between a g-product and a g¢-series can be readily interpreted as an
explicit formula for the Fourier coefficients of the modular form 1/K (2 0) (1) of weight 1 for
some sufficiently large level.

Theorem 2. (1) For N > 1, let 0 < r < N satisfy (r,2N) = 1. Then we have
Kl g(r)==2mi ) E(n:2N)gsye.

n>r(N—r)

n=r(N—r) mod 2N

Furthermore, K(’L1 0)(T) is a holomorphic modular form of weight 1 for I''Y(2N) N T°(2N?)
N
if N is even, and for TY(N) N T°(N?) if N is odd.

(2) For N > 2, let ry > 0, o > 0 satisfy ﬁ > 2,1 +1ry <N, (N,ry)|ry. Then we have

N — _27TZ'€7T’£T1S/N2_
K(% 0)(T)K(%2 %)(7)
N __1
(N,s)
. ]\72
2mims /N . n
e EmN+T (n, —) q 2 .
Zl’rz m—0 (N,T‘l)l (]\[7 T1)<N, S) (N]v\i'l)2
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N2
. VANV N 0 2 3
— N,r1)(N,r — N- __ N
And, of we let o = <( 0 1) and T' = Th(miwm) N Dol ) then
K(T1+T2 S)() . . .
N is a holomorphic modular form of weight 1 for al'a™!.

Koy oMKz £
(3) Let N >1,0<r <N and s # 0 mod N. Then we have

K(% %)(T) _ _27T,l~eﬂ'i'rs/N2_

n

N
N__q
(N,s) 2
N
27r7,ms/NE .
1_627”5/N el ( 6 0 (N, ) (N, S)) Rom

(N,r)

M @ 1s a holomorphic modular form of weight 1

= (
If we let a = < 1 , then R oTho )0
fO?” Oé]._‘l(m)@_l.
(4) For N > 1, let 0 <r < N satisfy (N,r) = 1. Then we have
K o(7)
N — _9rjemir/(2N) + < oN_r(;2N) — 2B, n r(_ 2]\[))
Ko 1(1) Kz 1(7) Z 2’
Moreover, if we let a = 0 and I' = T'1(2N) N ['y(4N), then g ol is a
’ —\0 1 -t 0 ’ Ko 1K 1))
holomorphic modular form of weight 1 for al'a~*.
(5) For N > 1, let 0 <r < N satisfy (N,r) = 1. Then we have
K 1, r (4T> s
(4+2N 0 : n
=2 1 ET —r T - a4N .
% T)K(% NG m( +; N—r,N+r2N—r(1 )QN>
K(l = )(47')
If we let o = < ), then 7‘( MK ¢ 00 is a holomorphic modular form of weight 1
Kg
for al'1(4N)«
(6) For N > 2 let 0 < r < N satisfy (N,r) = 1. Then we have
K 1__r (47—)
(4 2N 0)
= —2m Er2N r,3N—r,3N r(n 4N)
K1 )(47) Kz 0)(7) ; '
And, if we let (V9 S oDl hic modular f f weight
nd, ifweleta={ . ), enK(% SR 0 is a holomorphic modular form of weig

1 for aT'y(4N)a™t.
(7) Let N > 3, sy #0mod N, sy #0mod N and s; # £s, mod N. Then we have

Ko sirea (T)K g s1252)(T) = (—2mi)*

2 2
Ko (1)K (")
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) _ 2mi(s1+s2)/N 1— 2mi(s1— 32)/N 9 d 9 d
2misa /N (1 € )( € TS2 . TSs1 n
e~ o2 (1 — e2mis1/N)2(] — e2mis2/N)2 + 2 Z Z CoS N Cos N d|q

n=1 \d|n,d>0

Ko sgea) (DR s1ea) ()
2 2
K(O 51)( )K(O SWQ)(T)

(8) For N > 1, let 0 <r < N satisfy (N,r) = 1. Then we have

K(_io)(r):(—Qm)Q% 3 3 (d+%) .

n>N-—r2 d|n, d>0
d=r mod N

is a holomorphic modular form of weight 2 for T'1(N).

Furthermore,

n=—r2 mod N

And, K(%Q o(7) is a holomorphic modular form of weight 2 for T*(N) N T(N?).
(9) Let N > 2 and 2s #* 0 mod N. Then we have

K 2 <T) . 1— 47rzs/N 9rsd
) . 3 omis/N \L —€ 1) ( e . s i
m =(=2mi)’ | e (1= czri/iya + 222 Z d2sin |

n=1 \d|n,d>0

K 25)(7)

) K?O s >(T)

Furthermore is a holomorphic modular form of weight 3 for I'1(N).

Proof. All the identities in the theorem can be obtained by Proposition 1 and (K4). So it is
enough to prove whether the left hand sides are indeed modular forms.
(1) We restrict ourselves to the case when N is odd, because the proofs are similar. If we

2
let 7 = (1 + C“N 1%]\[) € TY(N) NT%(N?), then by (K1) and (K2) we have

— abr? ar+br /s
(K oh)(7) = Ky oy (T) = (= )ebrt N Fartbrivrbr® Ko (1) = K3 (7).

Since K, Ll 0y(7) is holomorphic at all cusps by (K4), we achieve the assertion.
N

K ry4r (T) !/ /
. - (mtr2 s _(1+a b -1
(2) For convenience, set f(1) = Ry oK s S)( - Let v = ( c/ 1+a) € al'a

Thena’—d’ZOmodm ' =0mod ¢ =0mod x5 and a’ +d' +a'd —
b'd =0. By (K1) and (K2) we derive

(Fl1y)(r) = TGV TR 0D f(7) = f(r).
Now let p = (2 %) € SLy(Z). Then we establish by (K1) and (K4)

Na)(Za+ e if (Fa) + (Ra+ xc) <1
ordy(flip)(7) = { él —>(<%1a>)(1 —><%a +%0) otflerxxzise.< <

(NT)

Therefore f(7) is holomorphic at all cusps.

(3) The statement concerning holomorphic modular form can be deduced from the ar-
gument as in (2) by taking ro = 0, because the condition r, > 0 is not necessary for the
proof.
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) Kir (1) 1+d UV
_ (v 9
(4) For convenience, put f(7) = Ry )R 3 . And, let v = < J 14 d

Then o’ = d =0 mod 2N, ¥ =0 mod N, ¢ 0mod4anda +d +dd —-bd =0. By (K2)
we get

calat.

(Fliy)(r) = e FEDf(r) = f ()
Now let p = (28) € SLy(Z). Then it follows from (K1) and (K4) that
_ 50 =(Fa)=(35))  if (Fa) +(5) <1
ordy(fl1p)(7) = { (1—(5)((xa)+(5) —1) , otherwise.
Thus f(7) is holomorphic at all cusps.
K(L_‘_L 0)(4T) 1 —|— a —1 ! —
(5) Let f(1) = ey and v = € al'y(4N)a~'. Then d’ =
(K2)

K(% 0)(47')1((% 0)(7) 1 —|— d’
d =0mod 4N, ) =0 mod N. We see from that

(flin)(r) = (1)~ e w f(7) = f(7).
Now let p = (2 %) € SLy(Z), and let ¢/, w € 7Z satisfy ooV * e )w = d. Furthermore we
let y = (¢,4)b — ay’. Then we deduce

10 ab)&%)y)” C%ay)
fl = ' € SLy(Z).
(0 1) (c )\ 0 oo 2(Z)

Since (f]1p)(7) = =1

C, 2 a a T a a
ordy(flp)(1) = %<( 7 <<( 5t eon® — (& T eave —(En) + <(c,4)>>
{

Thus we obtain

( %(%a) , %f (c,4) =1 and (fa) < %

%El —)(%a)) , 1£ Ec, jg = ; ang E%a; > 2

2{xa ,if (¢,4) =2 and (Fa) < 5

ordy(fhp)r) = (- () it (e4) =2 and (Fa) > §
5(%&)(4<(C‘f4)> —1) ,if(¢,4) =4 and <(C?4)> +3(xa) <
| 1—(5a) ,if (¢,4) =4 and <(C‘f4)> + 2 (%a) >

Hence f(7) is holomorphic at all cusps.
(6) The assertion concerning holomorphic modularity can be obtained from the argument
of (5) by using (KO0), because the condition r > 0 is not necessary for the proof.
o) (D 1ge) O -
. By (K5) we see that f(7) is

2 2
Ko 30 )

a modular form of weight 2 for I'(/V). And by (K1) we get f|2(} 1) = f. Hence f(7) is a

K
©

(7) For convenience, we let f(7) =
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modular form of weight 2 for I'1(N), because I'y(N) = (T'(N), (} 1)). Now let p = (¢%) €
s1+s 2. )( )K $1—89 52 ( )

SLy(Z). Since (fl2p)(T) = (KQ G )K2s2 (*)) , we have by (K4)
e 0 (e

_ mmﬂ o), (%)} f (Fe) +(Fo) <1
ordy(fl2p)(7) = { 1- mam{(ﬁ c), (c)} , otherwise.
Therefore, f(7) is holomorphic at all cusps.

2
(8) Let v = <1 —i—CaN 1 l_)'_]\;N) € I''(N) N TY(N?). Then by (K1) and (K2) we derive

- —2mibrN- 2 2
([((%2 0)‘2’}/)( ) K( 2+ar brN)( )—6 NK(X/ 0)( ) K(T 0)( )

Thus we obtain the conclusion. ( )

K(f 28) . We see by (K5) that f(7) is a modular form
7

of weight 3 for I'(N). And by (K1) we have fls(31) = f. Hence f(7) is a modular form

of weight 3 for I'; (IV), because I'1(N) = (I'(N), (§ 1)). Now let p = (¢4) € SLy(Z). Since

s, ()
(flap)(T) = % we establish by (K4)

(9) For convenience, we let f(7) =

ord,(flsp)(T) = { §%—C>(%c> : ioftﬁif)\)/i:e.i

Hence we deduce the assertion. O

Here we remark that in the theory of elliptic functions Silverman ([5]) introduced certain
generalizations of Theorem 2 (7), (9) as follows.

Theorem 3. (1) Let (r1 51), (12 52) € Z* = NZ? satisfy (r1 s1) %+ (r2 52) € Z* = NZ*. Then
we have
K ritry sorsay(T)K riora s—s0)(T) $2 r2+Nn s1 ri4+Nn
( N > N ) (2N N ) :(_27”:)2 E : C . . NAaN _ .
K'r1 S1 (T)K ry 82 (T) ( Csz 7‘2+ n) (1 Csl 1+ n)
(¥ =) (% 3 Z

nez N4N nez NAN

(2) Let (r s) € Z?* satisfy (2r 2s) € Z*> — NZ?. Then we have

fi%;%ﬁ_} o) §:<§¢$N" (14 Gan™™)
4 s 7"+Nn
Ktz 0 = - GQay™y
Proof. These are restatements of [5, Corollary 5.6 and Theorem 6.2 in Chapter I]. O

The modular forms described in Theorem 2 can be used when we construct a basis of
M (T'1(N)) for some level N. To this end we first recall the dimension formulas of M (I'y(V))
for k =1, 2.

Lemma 4. Let N > 2 be an integer. Then we have the following dimension formulas.
(1) If 123755 aso o(d)p(F) > ¢(N)N [Ln(1+ %), then we obtain
JifN =4

1
dim My (T'1(N)) = { Zle a0 O(d )gb(%) , otherwise.
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(2)

%Zdw a0 P(D)o(F) + % [+ %) ,if N > 5.

Proof. See [4, §2.6]. O

Proposition 5. (1) Let (p,q) € {(3,2),(5,2),(7,2),(11,2),(13,2)}. Then M;(T'i(pq)) has
a basis {f,gg’s)(T),g,(,Z’s)(T) |1<r< ’%1, 1 <s<q—1}, where

WE

FON(7) = 14 (1= e

qg—1
(Z X (1 pq)) q"

n=1 \m=0
[e%s) p—1

grr) = 1+ (1 -y (Z eQ’TZm’"/”qu+s(n;pQ)> q".
n=1 \m=0

(2) My(I'1(3)) has a basis {f31(7)}, where

fsa(1) =1+ GZEl(n; 3)q".
(3) Mi(I'1(4)) has a basis {f11(7)}, where

fui(r) =1+ 4ZE1(n; 4)q".

n=1

(4) Mi(L1(8)) has a basis {fs1(7), fs2(7), fs3(7)}, where

fsa(T) 1+4 Z Ei(n;4)¢"

faa(r) = ) Ei(nd)g"

n>1
n=1 mod 4

fsa(t) = 142 Z E; 5(n; 8)q".

n=1
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(5) M1(T'1(9)) has a basis {fo1(7), fo2(T), fos(T), fou(T)}, where
forlr) = 146)  Ei(n;3)¢"
n=1
foolr) = Z Ey(2n;6)¢"

n>1

n=1 mod 3
fos(T) = 14 (1—e*/3) Z (Ei(n;9) + >3 Ey(n;9) 4+ ™3 B (n; 9)) ¢"
n=1
foa(r) = 141 =€) " (Ei(n;9) + P Ey(n;9) + €2 E2(n; 9)) ¢
n=1

(6) M1 (F1(12)) hCI,S a basz's {f1271(7'), f1272(7'), f1273(7'), f1274(7'), f1275(7')}, IUh67°6

f1271(7') = 1 + 4 Z E1 (TL, 4)qn

n=1

fizo(m) = 1+2 Z Ei5(n;6)¢"
n=1

f1273(7') = 1 + 3 Z E1 (TL, 6)(]”
n=1

fioa(r) = 1+ Z Ei245(n;12)¢"

n=1

fr25(1) = ZEl,s,&m(n;lQ)qn-
n=1

(7) My(T'1(4)) has a basis {f(T),g(T)}, where

foy = > | D d)

n>1 ) dln,d>0

n=1 mod

- md
=1 E E d—cos— |d | ¢".
g(T) +38 (COSﬂ' cos — ) q

n=1 \d|n,d>0

K (27) .
Proof. By Theorem 2 (3) we have % g )%1)( @ = —2mie™/4 (3 + 230 Fi(n;4)q") €
(3 0 0 HET
M;(T'1(4)). And it follows from Lemma 4 (1) that dim M;(T'1(4)) = 1, which immediately

implies the assertion (3).
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We see that fy1(7) € Mi(I'1(4)) € M;(I'1(8)), and we have two more modular forms in
M;(I'1(8)) by Theorem 2 (1) and (3) such as

~1 _ . i
Kolg(8m) = —2mi 3 Ei(nid)g
nEILani)dél
= —2mi(q+2¢°+--+)
K1 1y(27) (&=
(3 1) ; N\ mi/8 n
- _2 1 — E . 8 E . 8
K(% 027K i)(27—> mi(1 +i)e (2 —I—;( 1(n;8) + Es(n; ))q >

g, 1
= —2mi(1+ z')e’”/g(§ g+ 20 4.

By inspecting their Fourier coefficients we are sure that these three modular forms are linearly
independent over C. Since dim M;(I'1(8)) = 3 by Lemma 4 (1), we obtain the assertion (4).

For two primes p, g with p > ¢, and 1 <r < I%l, 1 <s<q—1, we get by Theorem 2 (3)
that

Kz = (p7)
Kz o(p7) K 2)(p7)

- TITS 1 = = Tims n
= —2me /(pa) (m + Z <Z 62 /qup-H“(n;pQ)) q >

n=1 \m=0
K 5(qr) , ) o [r1
) = —2mie™ 0 | —— o > Bgs (05 0q) | ¢
Kz 0)(q7) K0 2)(qT) 1 e2mir/p ; mZ::O gts(1; Q)

are holomorphic modular forms of weight 1 for I'; (pq). For (p, q) = (3,2), (5,2), (7,2), (11,2)
and (13,2), we can verify with the aid of computer that the above (p — 1)(¢ — 1) modular
forms are linearly independent over C. Thus for those (p,q) we have dim M;(I";(pq)) =
(p—1)(¢g — 1) by Lemma 4 (1), and hence we achieve the assertion (1).

For those (p,2) in the hypothesis of (1), we might explicitly find a basis of M;(I';(p)) by
means of a basis of M;(I'1(2p)) together with the observation that M;(I'y(p)) € M;(T'1(2p))
and I'1(p) = ( ['1(2p), (1;10 1), (]19 1j—p)’ (1;19 1 _pp> ). Indeed, for p = 3 we
have a basis {fél’l)(r),gél’l)(T)} of M;(T"1(6)), which are given by

fEV() = 142 (Bi(n;6) — Ey(n; 6))q"

n=1

= 1+2¢+4¢°+2¢° +---

g (r) = 143> Ei(n;6)g"

n=1

= 1+3¢+3¢+3¢+---.

Since M;(I'1(3)) € M;(I'1(6)) and dim M;(I";(3)) = 1, it can be checked out that M;(I';(3))
= Cf(r) where f(1) = —3fé1’1)(7) + 49((51’1)(7). So we get the assertion (2).
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We know that f51(7) € M;(I'1(3)) C M1(I'1(9)), and we have three more modular forms
in M;(I'1(9)) by Theorem 2 (1) and (3) which are

K(3 )(97') = —2mi Z; E1(2n;6)q"
n=1 mod 3

= 2mi(g+q"+-)

K (37‘) . 1 b 2 .
(3 3) o - /9 2mim/3 . n
= —2mie —+ e Esmi1(n;9) | q
K1 037K 1)(37) <1 _ o2mi/3 Z (Z +

n=1 \m=0

i 1 A
= —2mie™/? <W+q+(1_64m/3)q2+q3+...)

o] 2
l Z 1 '
; ;K(o (B —2mietnt (W > (Z "™ By (n 9)) q >

n=1 \m=0

= —2mie?™/? (
1

m+q+(1—e2”/3)q2+q3+---).

Since these four modular forms are linearly independent over C by checking their Fourier
coefficients and dim M;(I'1(9)) = 4 by Lemma 4 (1), we conclude the assertion (5).

We have fi1(7) € Mi(I'1(4)) C Mi(I'1(12)), and fe(Ll)(T)a gél’l)(T) € My(I'1(6)) C M;(I'1(12)),
and further we have two modular forms in M;(I';(12)) by Theorem 2 (5) and (6), which are

K5 o(127) .

(15 0) ) "
= 2m |1+ E Ei945(n;12)q

K(i 0)(127)K(§ 0)(37) (

n=1

= —2mi Z Ei5810(n;12)¢"

n=1

These five modular forms are also linearly independent over C by investigating their Fourier
coefficients, and so they form a basis of M;(I';(12)) because dim M;(I';(12)) = 5. Therefore
we have the assertion (6).

Note that we have two modular forms in My(I'1(4)) by Theorem 2 (8) and (7), which are

-2]' n n
K(% pr) = (=25 > > (d+-) | a

n21 dln,d>0
n=1 mod 2

3 1 md n
4 4

n=1 \d|n,d>0

Since these are linearly independent over C again by inspecting their Fourier coefficients and
dim M5(T'y(4)) = 2 by Lemma 4 (2), we derive the conclusion (7). O
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4. SOME APPLICATIONS

Even though all the results in this section are well-known by means of either class field
theory or standard approach via local density, we revisit the numbers of representations by
quadratic forms as applications of Proposition 5.

We first briefly review theta functions. Let A € M,(Z) be a positive definite symmetric
matrix of size r over Z with even diagonal and () be a quadratic form associated with A,
namely

Q(zx) = %txAx

for a column vector x = *(zy -+ x,) € Z" of size r.
We then define the theta function ¢ (7) associated with @ by

Oo(r) = Y e¥mmT = im(n)qn,

meZ" n=0

where rg(n) is the number of representations of a nonnegative integer n by a quadratic form
@, namely

ro(n) = {m € Z" | Q(m) = nj|.
Here we take a positive integer N satisfying NA™! € M,.(Z).

Lemma 6. With the notation as above, we further assume that r is even. If all the diagonal
entries of NA™! are even, then 0q(7) is a holomorphic modular form of weight £ for I'1(N).
In particular, 0g(7) is a holomorphic modular form of weight & for I'i(2N).

Proof. We refer the reader to [3, Corollary 4.9.5]. O

If Q(x) = 23+ x175 + 23, then Og(7) € M;(T'1(3)) by Lemma 6. Since we know a basis of
M, (T'1(3)) by Proposition 5 (2), we conclude that

ro(n) = 6E1(n;3) (n > 0).
In particular for a prime p, we deduce
p=2a+x 129+ 25 < p=3o0r p=1mod 3.
Since gro(n) = Ei(n;3) = > djn, d>0 (4) is multiplicative, we also have a different simple

i

expression of ro(n) as follows. Let n = 3' [\, p; H?Zl g; be the prime factorization of n
with p; = 1 mod 3, ¢; = 2 mod 3 for all 7, 5. Then we have

ro(n) :GH(TMLDH% (n > 0).

- 1
Similarly as for Q(z) = 2% + 23 we have 0g(7) € M;(T'1(4)); hence we obtain
ro(n) = 4E1(n;4) (n > 0).
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And, for Q(z) = z% 4 223 we see that Og(7) = afs1(7) + bfs2(T) + cfss(r) € Mi(T'1(8))
with some constants a, b, c. Since rg(0) = 1 and rg(1) = r¢(2) = 2, we get that a = b =0
and ¢ = 1, and hence we derive

ro(n) = 2E,3(n;8) (n>0).

In like manner, if Q(z) = 2% + 323, then we have 0o (7) = —2f12.2(7) +2f12.3(7) + f12.4(7) —
fi25(7) € M;(I'1(12)); hence we get

ro(n) =2E;(n;3) + 4E1(g; 3) (n > 0).

Next, if Q(z) = a? 4+ z1@9 + 223, we have (1) € M;(I'1(7)). Since we have a ba-
sis of M;(I'1(14)) by Proposition 5 (1), we can express 0o(7) as a linear combination of

FAV, o B Y (2). Indeed, we achieve by routine computation that Oo(T) = — V() +

2,1) (3,1 - oy (1,1 2,1 - oy (3,1
SO+ (1) =8 (cos T+cos 2) gty (1) 48 (cos Ztcos 2) gty (1) 48 (cos T—cos 25)gi7 Y (7).

Thus we deduce
ro(n) =2E124(n;7) (n > 0).
In particular for a prime p, we have
p=a+ 1wy +205 <= p=Torp=1,2,4mod 7.

Since 3rg(n) = Ei24(n;7) = D djn, d>0 (¢) is multiplicative, we can deduce other simple

expression of ro(n) as follows. Let n = 7' [, p}’ H?Zl q; be the prime factorization of n
with p; =1,2,4mod 7, ¢; = 3,5,6 mod 7 for all 7, 5. Then we have

n)ZQH(nH)H% (n>0).

J:
As for Q(z) = 2% + x179 + 323 we have 0g(7) € M;(T1(11)) by Lemma 6. Since we have

a basis of M;(I'1(22)), we can express 0g(7) as a linear combination of fé;’l), e ,ggl)

Proposition 5. With the help of computer we can see that there exist somewhat complicated
constants ay, - -- ,as such that

5

Oo(r) = —f () — V() = 1500 + V() = 1500+ gl ()

r=1
= 1 + 2 Z E173,475’9(n; 11)qn
n=1
In particular for a prime p, we have
p:xf—l—xlzg—l—i’)x% < p=1lorp=1,34,59 mod 11.

Since 3rg(n) = Ei3459(n; 11) = > djn, d>0 () is multiplicative, we also have simple expres-

sion of rg(n) as follows. Let n = 11" ], pi* H?:1 q;j be the prime factorization of n with



16 BUMKYU CHO, DAEYEOUL KIM, AND JA KYUNG KOO

pi =1,3,4,5,9mod 11, ¢; = 2,6,7,8,10 mod 11 for all 4, j. Then we have

_QH H—“(;”Sj (n>0).

7j=1

Lastly, since GQ( ) € My(T'y(4)) for Q(z) = 23 + 2% + 23 + 23, we see from Proposition 5
(7) that Og(7) = 16f(7) 4+ g(7). Therefore we rediscover that for n € Z-q

{ 8 djn.as0d if n is odd

ro(n) = d

8 de asolcosmd — cos 7 )d  if n is even.
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