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ABSTRACT. The graded modules over noncommutative algebras often have minimal free resolutions
of infinite length, resulting in infinite Castelnuovo-Mumford regularity. While a generalized notion
of regularity was developed in in [6] to address this problem, it is not easily computable. In this
paper, we compute the generalized Castelnuovo-Mumford regularity for integrable highest weight
representations of affine Kac-Moody algebras. It is shown that the generalized regularity depends

only on the type and rank of algebras and the level of representations.

INTRODUCTION

For graded modules over commutative algebras, the Castelnuovo-Mumford reqularity provides a
computational invariant measuring the degree-complexity [1, 2]. However, in the case of graded
modules over noncommutative algebras, the projective dimension is usually infinite, resulting in infinite
Castelnuovo-Mumford regularity. In such a case, one cannot deduce any meaningful information out
of it.

To overcome this difficulty, the notion of the exponent of growth e(M) and the rate of growth r(M)
were introduced in [6], for a graded module M over a noncommutative algebra A. When the projective
dimension of M is finite, we have e(M) = 0, and r(M) coincides with the usual Castelnuovo-Mumford
regularity. For this reason, the pair (e(M),r(M)) is called the generalized Castelnuovo-Mumford
reqularity of M. While the generalized Castelnuovo-Mumford regularity is often difficult to compute,
it was successfully computed for several interesting classes. These include finite dimensional irreducible
modules over finite dimensional simple Lie algebras, and integrable highest weight modules over affine
Kac-Moody algebras of type A,(ll).

In this paper, we aim to compute the generalized Castelnuovo-Mumford regularity for integrable
highest weight representations of all affine Kac-Moody algebras. By contrast to an ad hoc method
used in the previous work [6], a unified approach is taken here that works for all affine cases. One
of the key ingredients of the computation is a thorough understanding of the structure of affine Weyl

groups. The Coxeter number and the dual Coxeter number appear naturally in the process of the
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computation. As a result, it is shown that the exponents of growth are always 2 and that the rates of

growth depend only on the type and rank of algebras and the level of representations.

1. GENERALIZED CASTELNUOVO-MUMFORD REGULARITIES

Let A = @aGZg .
is said to be Z"-graded if M has a decomposition

Aq be a Z% -graded noncommutative C-algebra with Ay = C. An A-module M

M= @D Mz suchthat A,MgC Mayp forall a,8€Z"
BEZ"

We assume that Mz = 0 for 8 < 0. An element m of M is homogeneous of weight 3 if m € Mg for some
B € Z". We write wt(m) = (3 if m € Mg. A homomorphism ¢ : M = @ cyn Mo — N = P czn Na
is called a graded homomorphism of degree [ if ¢$(My) C Naqp for all & € Z". A free resolution
(Fy, ¢i)i>0 of M is said to be graded if ¢; are graded homomorphisms of degree 0 for all ¢+ > 0. It
is called minimal if it cannot be pruned. It can be shown that the minimal graded free resolution is
unique.

In [6], the following generalization of Caselnuovo-Mumford regularity was introduced for graded

A-modules.

Definition 1.1. Let M be a Z"-graded A-module and let (F;, ¢;);>o be the minimal graded free
resolution of M. For each i > 0, write F; = @jzo Ae;j;, and set
T; = max{|wt(es;)| | j > 0},
where |a| = a1 + - + o, for a = (aq,...,a,) € Z™.
(a) The length of (F;, ¢;)i>0 is called the projective dimension of M and is denoted by pdim 4 M.
(b) We define the exponent of growth of M to be

0 if pdim 4 M < oo;
. log(T; —i+1)
limsup ———
1—00 1Ogl
(c) If e(M) < oo, we define the rate of growth of M to be
sup{T; —i|i>0} if e(M)=0;
if e(M) #0.

M) =
e(M) if pdim 4 M = oo.

M) =
r(M) lim sup

i—00 ie(M)
(d) The generalized Castelnuovo-Mumford regularity of M is defined to be the pair
veg oM = (e(M),r(M)).
As we have seen in [6], if pdim 4 M < oo, then e(M) = 0, and the rate of growth of M coincides with
the usual Castelnuovo-Mumford regularity. If pdim 4 M = oo, then we obtain the following asymptotic

behavior of the degree twistings:

T, —i ~ (M) for sufficiently large i.
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2. AFFINE KAC-MOODY ALGEBRAS

In this section, we recall the basic facts about affine Kac-Moody algebras. We follow the definitions
and notations in [4, 5]. Let I = {0,1,...,n} be the index set. The affine Cartan datum of type X](\;)
(N >1,r =1,2,3) consists of (i) the affine generalized Cartan matrix A = (aij)i,jel of type X](\:), (ii)
dual weight lattice PV = @, Zh; ®Zd, (iii) the affine weight lattice P = @, ZA; ®Z(5/ag) C b*,
where b = C @z PY, Aj(hy) = 65, Ag(d) = 0, 6(h;) =0, 6(d) =1 (i,j € I), ag = 2 for type A?,
ap = 1 otherwise, (iv) the set of simple coroots IV = {h; | i € I}, (v) the set of simple roots
IT ={a; | i € I} C h* such that o;(h;) = a;j, o(d) = 650 (4,5 € I).

The free abelian group @ = @, Za; is called the root lattice and the semigroup Q+ = > i, Z>o
is called the positive root lattice. For o = >, _; k;a; € @, we define the height of o to be ht(a) :=

> ic1 ki. We denote by

iel

P, ={xebh* |ANh;) €Z>o, i €I}

the set of dominant integral weights.

The affine Weyl group W is the subgroup of Aut(h*) generated by the simple reflections {r;}cr,
where 7;(A\) := A — A(hi)a; for A € b* and i € I. The length l(w) of w € W is defined to be the
smallest k > 0 such that w =17, ---7;, (i; € I). For each k € Z>¢, we set

W(k):={weW |l(w)=k}.

Definition 2.1. The affine Kac-Moody algebra g of type XJ(\;') is the Lie algebra over C generated
by e;, fi,h; (i € I) and d with the deﬁning relations:
[hi, hj] =0, [hs,d] =0 (i,j € 1),

[h,ei] = az(h)eu [h, fi] = —ai(h)fi (h€b,iel),

leis f5] = dizhi (3,5 € I),

(ades)' =" (e5) = (adfi)' =" (f;) =0 (i # j).
The affine Kac-Moody algebra g has the triangular decomposition

g = g-DhDyy,

where g, (respectively, g_) is the subalgebra of g generated by the elements e; (i € I) (respectively, f;
(i € I)). For each a € Q, g := {x € g | [h, 2] = a(h)zx for all h € h} is called the root space attached
to a. If « € Q\{0} and g, # 0, then « is called a root of g. The set of all roots is denoted by A. We
have the root space decomposition

=00 P ga-

acA
The elements in Ay := AN Q4 (respectively, A_ := —Ay) are called the positive (respectively,

negative) roots. The sets of all long and short roots are denoted by Ap and Ag, respectively. A
root @ € A is called real if there exists w € W such that w(a) € II. We denote by A" the set of
all real roots. The sets of all positive and negative real roots are denoted by A" := A" N Q and

AT¢ := —A"¢, respectively.
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Fix a dominant integral weight A € P, and let b = ) @ g, the Borel subalgebra of g. We denote
by C, := Cuv) the 1-dimensional b-module defined by hvy = A(h)vy and e;uy = 0 for h € h,7 € I.
Then the U(g)-module M()) := U(g) ®u) Cy is called the Verma module with highest weight A.
Let N(A) be the submodule of M(\) generated by fi’\(hi)ﬂv)\ (i € I). The irreducible quotient
V(A) := M(X\)/N(\) is called the integrable highest weight module with highest weight A.

Choose an element p € h* such that p(h;) = 1 for all i € I. In [3], Garland and Lepowsky

constructed a natural free resolution of V(\) viewed as a U(g—)-module:
(2.1) = F(A) == Fi(A) = Fo(A) = V(A) =0,

where Fi(A) = @, ew @ M(w(X+ p) — p). The free resolution 2.1 is called the Berstein-Gelfand-
Gelfand resolution of V(A). As we have seen in [6], the Bernstein-Gelfand-Gelfand resolution is a
minimal graded free resolution of V()\). We denote by ¢!, the highest weight vector of the Verma
module M (w(A + p) — p) with w € W (k). Then the Berstein-Gelfand-Gelfand resolution 2.1 can be

written as

(2:2) m P Ul )el, == P Uls-)el, = Ulg-)el = V(N — 0,
weW (i) weW (1)
where |[wt(g!,)| = ht(A + p — w(A + p)) for w € W(i).
Let a;, af (i =0,1,...,n) be the numerical labels given in [5, Ch.4]. Then we have 6 = Y7 ja;

and K = Y7 a;h;, where K is the canonical central element of g. The Cozeter number and the dual

Cozxeter number are defined to be
n n
h:Zai, hV:Za;/,
i=0 i=0

respectively.

n
ij=1

o o
Let g be the finite dimensional simple Lie algebra associated with the Cartan matrix A := (a;;)
o o o o] [e] [e]
and let W be the Weyl group of g generated by r; (i = 1,...,n). We denote by A, Ay, Ag, Ap,
At g, and Ay 1 the set of roots, positive roots, short roots, long roots, positive short roots, and

positive long roots of E;, respectively. We also denote by ;) the element of h* such that E(hl) =1 for

=1,...,n. Th have p=1%" o . Set pg =33 dp, =1 o«
i=1,...,n us we have p 22a€A+ a. Set pg QzaeA+,s a and py, QZaeA+,L e
Let by := Spang{aa, ..., a,} (respectively, h* := Spanc{a,...,a,}) and we denote the closure of
(o]

the fundamental Weyl chamber relative to I = {a1,...,a,} by
C:={aeby| (alay)>0fori=1,...,n}.

Note that C is the fundamental domain for the action of W on hj. For o € h*, we define ¢, € GL(h*)
by

) = A+ (0 K)a = ((a) + 3llal? (0 K) )
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where (.|.) is the normalized bilinear form on h* and ||a||? = (a|a). Note that t,(\) = A — (A|a)d if
(\K) =0. Let

[e]
Q if A is symmetric or r > ag,

M = Z& L if A is not symmetric and r» = 1,
%ZEL ifg=A2.
The free abelian group T = (t, | « € M) is called the group of translations. It is known that
W =T x V?/
(see, for example, [5, Ch.6]).

3. THE EXPONENT OF GROWTH

In this section, we show that the exponents of growth are always 2 for all integrable highest weight

modules over affine Kac-Moody algebras. We first prove:

Lemma 3.1. For a translation t, € T, we have

> Iula)] ifr=10r Xy = AG).
€Ay
ta) =4 "
Z |(ule)| + Z H(Mla)-H otherwise,
r
u€£+,s ME£+,L

where [x] denotes the smallest integer greater than or equal to x.
Proof. Since l(w) = [{n € Ay| w(p) € A_}|, we have
(ta) = [ € Ay ta(n) € A}
= [{pn € AY| p— (pla)s € A7},
If r = 1, it follows from [5, Proposition 6.3] that

U(ta) = [{u+n8 | p+nd— (ula)s € AT, n € Zog, pe Ayl

+{=p+nd| —p+nd+ (pla)d € AT, n € Zso, pu€ AL}

= > |l
HEAL
Ifg= Aéi), we have
U(ta) = |{1+nd | 416 — (ula)s € A™, n € Zso, pe Ass}]
+{—p+nd| —p+nd+ (pla)d e AT ne€Zsg, pe £+75}|

1 1 o
{50 @n=1)8) | 5(u+ (20— 10— (4la)d) € A, n € Zog, pe Ay r}]
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1 1 re °
+H5(=p+2n=1)0) | 5(=p+ (2n—1)0 + (ula)d) € AT, n € Zso, p € Ay}

+ {4208 | 4208 — (ula)d € AT, 0 € Zng, p€ Ay p)

+{—p+2né [ —p+2nb+ (pla)d € AT, n € Zso, p€ Ay L}

> Il 3 H(“'f)ﬂ+ > H(Mza)H

o

HEAL s HEAL L HEAL L

= > lula)l.

o
HEAY

Here, |x] is the largest integer less than or equal to x.
Ifr=23and g# AP by a similar argument, we obtain

2n
lta) = {p+nd | p+nd— (ula)d € AT, n € Zso, p€ Ay s}
+{—p+nd| —p+nd+ (pla)d € AT n € Zso, p € Ay s}
{6 | b — (ula)d € AT, n € Zso, p € Ay p}]

+{p s | =t rnd 4 (ula)s € AT, n € Zo, pe Aup)

= X e+ X ([,

o o

HEAY s REAY L
O

Using Lemma 3.1, we can compute the exponent of growth for the integrable highest weight module
V().
Theorem 3.2. Let g be an affine Kac-Moody algebra. Then for any dominant integral weight \ € Py,

we have

e(V(N) = 2.
Proof. Let w = tow € W for « € M and w € V[O/ Set
HT(w) :==ht (A +p—w(A+p))
and let @ ;= w(A+p) —A—pe 6?27 = —>" | Z>o«a;. Then we have
HT(w) = ht (/\+p—ta(>\+p+&))

[e] o o ]. o
= ht </\+p—(A+p+w+<A+p+w,K>a—((/\+p+w|a)+2|a||2</\+p+w,K>)5 )).

(o)
Since |W| < oo, we obtain

HT(w) — %(AH,K) ht(8) [lol* = o[le®).
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On the other hand, since |£| < 00, Lemma 3.1 implies there exist A > B > 0 such that
Bllal| < l(w) < Al|e.
Therefore, Definition 1.1 and the Bernstein-Gelfand-Gelfand resolution (2.2) yield
) log(HT (w) — l(w) + 1)
e(V(\)) = limsup
(V) = s ™ og(i(w))

l(w)—o0

=2

4. THE RATE OF GROWTH

The remaining task is to compute the rate of growth of V(\). For this purpose, we need a couple

of lemmas.

Lemma 4.1. For a dominant integral weight A € Py, we have

1<)\-|-,0 K) ht(d) limsup o .
2 ’ acm U(ta)?

lleefl =00

r(V(N) =

Proof. With the same notations as in the proof of Theorem 3.2, we get

b tp-wtp) M- taOtp+0)

I(w)? I(taw)?
I(ta)® (A +p, K) 1t(9) [l + f(lleel])
I(taw)? 20(ta)?

for some f(||er]]) = o([|a||?). Then, using the fact that |I(taw) — I(ts)| < |5+| and ||« — oo if and
only if I(t,) — 00, we obtain
ht A+ p —w(A + p))

r(V(X)) = limsup

weW l(w)2

l(w)—o0

. 1 [le?

= limsup = (A + p, K) ht(§ .
”aHeMp 5 (A + p, K) ht(9) TOE
O
Lemma 4.2.
2
hmsup'kéi” ifr=1 org:Aéi),
Ha”2 agC  (2p | @)?
lim su =
gt L0a)? ol

laf|—o0 lim sup otherwise.

el (2pg+ 2py | @)?
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Proof. First, assume that r =1 or g = Aéi) For any o € M and ¢ € Z, we have

led® _ el _ lea?

(s ) (5 )

HEAL Ay

Note that, for any a € bg, there exists ¢ € Z such that ca € M. Since Q is a dense subset of R, we

get
1 ol _, x| ?
im sup 5 = limsup 5
oL et (S o)
s o o
llal|— o0 R ek, iz
On the other hand, for any simple reflection 7; (i =1,...,n) and « € b, we have

(o]@) _ (rialriq) B (ria|ra)

(S5, I(alu)l>2 (Z,es. |<ma|w>|)2 ! (Z,es. I(malu)|>2.

Note that (.|.) is invariant under W and ;AL = <A+ \ {ai}> U{—a;} for i =1,...,n. Thus, since

[e]

the closure C of the fundamental Weyl chamber is the fundamental domain for the action of W on by,

we obtain

ol o2 L o2
P 5 = limsup 5 = limsup 5
s, e () S L ()
[lafl—o0 H€£+ 2318 H€3+ 23183
. el o2
Imsup =————5 = limsup —; .
aec (Zpeﬁ+ pla) acC  (2p|a)

Next, assume that » = 2,3 and g # Agi) Let

lt)= 3 N+ 3 11

o o
REAL s HEAL L
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for o € M. Note that [I(ta) — I(ta)] < |Ay £|. Thus by a similar argument given above, we can show
that

lim sup loll” = Z(tQ)Q ~||oz||2
aeM l(toz)Q aEM l(ta)2 l(ta)z

llorl[— o0 llorf[— o0
[|a]|?
2
a€C [(plo)|
o (6% + o T
<Z# +,S|(“| )l ZHGAH s

o]

o 2
((@sle) + 2212 )

i o
= limsup — 5o .
aeC (2pS + 7PL | Oé)

= lim sup
aeC

Now we are ready to state and prove the main result of this paper.

Theorem 4.3. Let A be a dominant integral weight of level £ = M\(K). Then we have
h(£ + hY A2
(e+n) A

5 ifrzlorg:A(i),
20 (25 | A2 :

(4.1) r(V(N) = ., ,
h(¢+ h A;
he+h7) max — | 1” otherwise.
2 €0} (2pg + 2pp, | Ai)?
Proof. Let
22, ifr:lorg:Agzn),
f = o 20 .
2pg + ~PL otherwise.
and

li = ﬂ Hj,

je{0,i}
where H; = {a € f)%% | (o]ej) = 0} (j € I\ {0}). Note that £ € C and I; = RA;. Since (.|.) is a

symmetric positive-definite bilinear form on b, if ||a| is fixed, ({]«) achieves its minimum value at
the boundary of C. Therefore

lim sup (a|a)2 = max limsup (a|a)2
aeC (gla) i€e\{0}  qel; (fla)
(Ai|Ad)

= max .
ien\{o} (€]A)?

Since (A + p, K) = £+ hY and ht(d) = h, the formula (4.1) follows from Lemma 4.1 and Lemma

4.2. O
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Corollary 4.4. Let A be a dominant integral weight of level £ = A(K) and write § = 3 ;¢ p\ (o} kic
with k; € Z. Then we have

h(¢+hY) 20,y
rVN) = =—— max, <HaH2k2> ’

o
where (a};)i jer\(oy 15 the inverse matriz of A.

Proof. Since 2(a;|a) = (ailei)a(h;) and Ay = 3.y oy @30 for o € by, i =1,...,n, we have
(ailai)ai;
Ada = 3 dpiay | A, = Ll
jeI\{0}
and

€= X koA, | = 2k
JjeI\{0}

Our assertion follows immediately from Theorem 4.3. g
Combining Theorem 3.2 and Corollary 4.4, we can compute explicitly the generalized Castelnuovo-
Mumford regularities for integrable highest weight representations of all affine Kac-Moody algebras.

Note that the rates of growth depend only on the type and rank of algebras and the level of represen-
tations.

Corollary 4.5. Let g be an affine Kac-Moody algebra of type XJ(\;) and let V(X\) be an integrable
highest weight g-module with highest weight A € Py. Then we have

1"egU(g,)Vr()‘) = (2, r(V(N)),

where r(V (X)) is given in the following table.

X AW B o pW B
r(V(N) Liptl e bl Gand g2
Xy BV B PV GV AP
r(V(A) bty ) e 2 A
Xy AL A DY), By DfY
r(v(y) | Gt | G G | AR 25
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