ARITHMETIC OF THE RAMANUJAN-GOLLNITZ-GORDON
CONTINUED FRACTION

BUMKYU CHO, JA KYUNG KOO, AND YOON KYUNG PARK

ABSTRACT. We extend the results of Chan-Huang ([4]) and Vasuki-Srivatsa Kumar
([14]) to all odd primes p on the modular equations of the Ramanujan-Gollnitz-
Gordon continued fraction v(7) by computing the affine models of modular curves
X(I') with ' =T'1(8) N T'9(16p). We then deduce the Kronecker congruence relations
for these modular equations. And, by showing that v(7) is a modular unit over Z we
give a new proof of the fact that the singular values of v(7) are units at all imaginary
quadratic arguments and further obtain that they generate ray class fields modulo 8
over imaginary quadratic fields.

1. INTRODUCTION

The well known Rogers-Ramanujan continued fraction is a holomorphic function
r(7) on the complex upper half plane $) defined by

(=)
S

T(T):R(Q): %Hl—q %

1+

14---

where ¢ = €*™ and (%) is the Legendre symbol. In his first letter to Hardy, dated
1913, Ramanujan gave its value at 7 = ¢ as a radical expression

, e~ % 54v5 Vi+1
T(l) = 6*27" = 5 — 9 .

1 + —4m

He also gave some other values at 7 = 2%, /=5, 5+\2/j5, _1+2“/j3 ([1], [7])- And he

further stated that T(@) can be exactly found whenever n is any positive rational
quantity. However, the existence of radical expressions is nowadays clear by the class
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field theory. Precisely speaking, since r(7) becomes a modular function as a Haupt-
modul for the principal congruence subgroup I'(5) ([8]), any singular value of r(7) at
imaginary quadratic argument is contained in some ray class field over an imaginary
quadratic field, and so the splitting field of its minimal polynomial is abelian, namely
its Galois group is solvable. Thus the minimal polynomial is solvable by radicals. But
the problem is how to find such radical expressions explicitly. Gee and Honsbeek ([8])
recently treated and settled down this problem by using the Shimura reciprocity law,
and asserted that their method can be applied to any other similar problems.

Besides, one of the other important subjects is the one about modular equations.
Since the modular function field of level 5 has genus 0, there should be certain poly-
nomials giving the relations between r(7) and r(n7) for all positive integers n. These
are what we call the modular equations. Most of the followings were originally stated
by Ramanujan and later on proved by several people.

n mathematician (year)

2 Rogers (1920)

3 Rogers (1920)

4 Andrews, Berndt, Jacobsen, Lamphere (1992)

5 | Rogers (1920), Watson (1929), Ramanathan (1984)
7 Yi (2001)

11 Rogers (1920)

Recently, the modular equations of the Rogers-Ramanujan continued fraction are
deeply studied and settled down by Cais and Conrad ([3]), whose arguments rely on
the theory of arithmetic models of modular curves. They further found the Kronecker
congruence relations for the modular equations which is similar to the one of the ellip-
tic modular function j(7). We will consider the same problem with the Ramanujan-
Gollnitz-Gordon continued fraction defined below, but unlike Cais and Conrad’s ap-
proach we establish by finding affine models of some modular curves from the standard
theory of algebraic functions (see [10]).

Now the Ramanujan-Géllnitz-Gordon continued fraction v(7) is defined by

) 0 (1 o q8n—7)(1 o q8n—1)
v(1) =V(q) = 2 =gz H (1— ¢ 5)(1 — q8n—3)'
1+qg+ 1 n=1
1+ ¢+ 5

q
14 gp

[}
ST

In this case its singular values at some imaginary quadratic arguments in terms of
radicals were studied by Chan and Huang ([4]), but Gee and Honsbeek’s method can
also be applied to this situation. Therefore we will not go into this direction any
further.

On the other hand there are some modular equations with v := v(7) and w := v(n7)
on a case-by-case basis as follows.
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n mathematician (year) equation

2 Chan-Huang (1997) vi = w;—lwv

3 Chan-Huang (1997) vw(l —vw)(v +w) + (V¥ —w)(1 +vw?) =0
4 Chan-Huang (1997) v = \/\/( 2“{8:;21”))2 + w%_ww) - 21;11;;“])

5 | Vasuki-Srivatsa Kumar (2006) v® — w + 5v%w — 100?w? — 10v3w?

+10v3w? — 5vtw® + 10v*w? + vSuwd
—5vw? + Sow! —vwb =0
7 | Vasuki-Srivatsa Kumar (2006) v® — T w — (vw)" — T w? + T w?
+280%w? + TvSw” — Tvw — 49(vw)® — Tvow?
+70(vw)* + Tv3w — Tv3w” — Tvdw® — 49(vw)?
+28v2wb — vw — Tvw” — Tvw® + Tow? + w® =0

Vasuki and Srivatsa Kumar also estimated the modular equation of order 11 ([14]).
For more backgrounds of r(7) and v(7) we refer to [1] and [7].

If we let ®,,(X,Y) = 0 be the above modular equation of order n, namely, ®, (v, w) =
0 with w = v(n7), then it is worth of noting that

P3(X,Y)=(X?-Y)(1+XY?) mod 3
and

O5(X,Y) = (X5 -Y)(1+ XY5) mod 5.
Moreover for the case n = 7 we see that

P(X,Y)=(X"=Y)(X —Y") mod 7.

One of our results is to show that these Kroneckerian models can be formulated as
follows: for any odd prime p

o x.y) =] X =Y)1+XY")modp ifp=+3mods8
PR S)Z L (XP—Y) (X —YP)modp  if p= 41 mod 8.

We first extend in §3 the above known results systematically by providing an al-
gorithm to all odd primes p (, namely w = v(p7)) on the modular equations of the
Ramanujan-Gollnitz-Gordon continued fraction and then as remarked above we give
an analytic proof of the Kronecker congruence relations for these modular equations
(Theorem 10). Secondly, although it is known that any singular value of v(7) at imag-
inary quadratic argument is a unit ([4] §5 or [7] §9), we provide a new proof in §4 by
showing that v(7) is a modular unit over Z. Finally, since v(7) is a modular function,
its singular values may generate some class fields. To be more precise, now that v(7)
is a Hauptmodul for T'1(8) N T°(2) (Theorem 5), we obtain in Theorem 15 that with
some conditions on an imaginary quadratic argument the singular value of v(7) gener-
ates the ray class field modulo 8 over arbitrary imaginary quadratic field. Those our
methods can also be applied to the Rogers-Ramanujan continued fraction r(7) as will
be remarked at the end of §4. In §2 we present some basic and necessary preliminaries
about modular functions and Klein forms, and give several lemmas about the cusps of
a congruence subgroup which will be used in §3.
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2. PRELIMINARIES
Let $ = {7 € C| Im 7 > 0} be the complex upper half plane, H* = HUQU{oo} and
let I'(N) = {(Z 2) € SLy(Z)la=d=1mod N,b=c¢=0mod N} be the principal

congruence subgroup of level N for any positive integer N. Here we mainly utilize
congruence subgroups such as I'o(N), T°(N) and T'y(N) where T'o(N) (respectively,

I'%(N), T'1(N)) consists of all (Z Z) € SLy(Z) such that ¢ = 0 mod N (respectively,

b=0mod N, a=d=1mod N and ¢ = 0 mod N). Further let Ay(T") be the field
of all modular functions with respect to I' and Ay(I', Q) be the field of all modular
functions f(7) with respect to I' such that the Fourier expansion of f(7) has rational
coefficients.

. From now on we briefly recall the Klein forms, which is mainly used in this paper.
We refer to [11] for more details. For any lattice L C C and z € C, we define the
Weierstrass o-function by

L) = _ Z)ezti ()
o(xL)== [ )ent
weL—{0}

which is holomorphic with only simple zeros at all points z € L. We further define
the Weierstrass (-function by the logarithmic derivative of the Weierstrass o-function,
ie.,

=201 3 (s le g

Z— W w w
weL—{0}

which is meromorphic with only simple poles at all points z € L. It is easy to see that
the Weierstrass o-function (respectively, the Weierstrass (-function) is homogeneous
of degree 1 (respectively, —1), that is, o(Az; AL) = Ao (z; L) (respectively, ((Az; AL) =
A1(z; L)) for any A € C*. Note that ('(z; L) = —p(z; L) where

@(Z;L)IéJr > (ﬁ— 1)

(A)Q
weL—{0}

is the Weierstrass g-function. Since the Weierstrass g-function is an elliptic function,
namely p(z + w; L) = p(z; L) for w € L, we obtain that < (¢(z + w; L) — ((z; L)) = 0
for any w € L. This means that {(z + w; L) — ((z; L) depends only on w € L, not on
z € C. Thus we may define n(w; L) = ((z +w; L) — ((#; L) for all w € L. Let L =
Zwy + Zwsy. For z = ayjwy + aswy with aq,as € R we define the Weierstrass n-function
by

n(z; L) = ain(wy; L) 4+ asn(ws; L).

Then it is easy to see that the Weierstrass n-function n(z; L) is well-defined, in other
words it does not depend on the choice of the basis {w;,ws} of L, and n(z; L) is R-linear
so that n(rz; L) = rn(z; L) for any r € R. Note that since the Weierstrass ¢-function is
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homogeneous of degree —1, so is the Weierstrass n-function. We now define the Klein
form by

K(z L) = e "0 25 (5. 1),

Let a = (a; az) € R? and 7 € $. We further define K,(7) = K(ai7 + ag; Z7 + Z)
which is also called the Klein form by abuse of terminology. Here we observe that
Ka(7) is holomorphic and nonvanishing on ) if a € R?* — Z? and that the Klein form
is homogeneous of degree 1, i.e., K(Az; A\L) = AK(z; L).

The Klein form satisfies the following well-known properties (see [11]). Let v =

(‘CL Z) € SLy(Z) and a € R?.

(K0) K_a(1) = —Ka(7).
(K1) Ka(v(7)) = (e7 + d) ™ Kan (7).
(K2) For b = (b; by) € Z?, we have that K, p(7) = ¢(a,b)Ka(7) where e(a,b) =

( )b1b2+b1+b2em(b2a1 blag).

€ %ZQ — 7% and v € T'(N) with an integer N > 1, we obtain

(K3) For a = (% +)
) s—i—l)(Nr—i-us—i-l)

that Ka(7(7)) = ea(y) - (e + d) " Ka(7) where 4(7) = —(—=1)“F
67ri(b7’2—i-(d—a)7"s—052)/N2 )

(K4) Let 7 € ), 2 = a17 + ay with a = (a; az) € Q* — Z? and further let ¢ = ™7,
g, = €2m'z — 62m’a2€27ria17—. Then
L prioaa—1) 3 Hoo (1-¢"¢.)(1 —q"q;")
Ka - miaz(a1—1) 20,1((11 1) .
(1) = —5m¢ ¢ (1—qn)?

and ord,K,(7) = % < a; > (< a; > —1) where < a; > denotes the rational number
such that 0 < <a; > <1land a;— < a; >€ Z.

(K5) Let f(r) =11, K2 (7) be a finite product of Klein forms with a = (% ~) €
+Z* — 7* for an integer N > 1, and let k = — > m(a). Then f(7) is a modular
function with respect to I'(/V) if and only if £ = 0 and

Sam@rr =3 m(a)s* =3 m(a)rs =0 mod N if N is odd,
Soaom(a)r? =3 m(a)s* =0 mod 2N, >, m(a)rs =0 mod N if N is even.
We remark that if the condition £ = 0 is omitted in K5, then f(7) becomes a
modular form of weight k£ with respect to I'(NV).

For later use we now consider the set of all inequivalent cusps of some congruence
subgroup I' which can be achieved from the standard methods in [13].
Let N, m be positive integers and I' = T';(N) N ['y(mN). Note that if we let

I\L(1)/T(Loo = TNl (D)oo, -+, Tyl (1)},
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then {71(00), - ,74(00)} is a set of all cusps of I' which satisfies that ~;(c0) and ~;(c0)
are not equivalent under I for any i # j. Let M = {(¢,d) € Z/mNZxZ/mNZ| (¢,d) =
1, ie., (¢,d,mN) = 1}. Further, let

A ={+(1+ Nk) € (Z/mNZ)*|k=0,--- ,m— 1}

which is a subgroup of (Z/mNZ)*. We define an equivalence relation ~ on M as
follows. (e, dl) ~ (¢z,ds) if there exist 5§ € A and 7 € Z/mNZ such that & = 5- ¢
and dy = §-d; + 7 -77. Then ~ is indeed an equivalence relation. And we further
define a map ¢ : T\I'(1)/T(1)se — M/ ~ by ¢(T “ Z) I'(1)s) = [(¢,d)]. Here the

map ¢ is well-defined and bijective, and so we get the following lemma.

Lemma 1. Let a,c,d’,c € Z be such that (a,c) = 1 and (', ) = 1. We understand
that il = o00. Then, with the notation A as above, 9 and “, are equivalent under
Fl(N) N FO(mN) if and only if there exist s € A C (Z/mNZ) and n € Z such that

p ~
(CCL,) = ( C;j nc) mod mN .
a

/ /
Proof. Let I' = T'1(N)NTo(mN). We take b, d, b/, d' € Z such that (a Z), (C, 2,)
€ I'(1). Then we have

~

o
=
o,

are equivalent under I'
a b
) 1) =T (c’ d’) ')
)] = [(c,d")] _ L
A, n €Z/mNZs.t. ¢ =5¢, d = 5d+ nc.
Since ad — be = a'd — b/ = 1, the last statement is equivalent to the first one of the
followings. Note that

= ole
vy 9\/\

m <

<~

QL @0\|Q

O

<~
<~

L=

s¢, (ad — be) - d =5-(a/d —bc)-d+ne

Q\|
H

dse A, ne€Z/mNZs.4t. d
< Jse€ A, ne€Z/mNZs.t. 8:55 add’ = sa’ dd' + ne
< 3d5€ A, n€Z/mNZst. ¢ =53¢ a=3d+ne
by observing (dd’,é) = 1. This completes the proof. O

For any positive divisor z of mN, let 7, : (Z/mNZ)* — (Z/xZ)* be the natural
homomorphism. Observe that 7, is surjective. And for a positive divisor ¢ of mNV,
let s, 8L, € (Z/™XZ)* be all the distinct coset representatives of mmy (A) in
(Z/mNZ) where n, = <p( )/|7TmN (A)]. Here, ¢ is the Euler’s p-function. Then for
any s, withi =1,---  n. we take 3.; € (Z/mNZ)* such that mmn (52;) = a With
the notatlons as above, we let

Sc == {50,17 e 7sc,ne} C )

be such a set that 0 < s.1,- -, Sen. < mN, (S, mN) =1 and s.; is the representative
of 5.; for every i =1, n,.
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On the other hand, for a positive divisor ¢ of mN, let E, ceeual € (Z)cL)”

be all the distinct coset representatives of 7.(AN Ker(mm~)) in (Z/ CZ)CX, where m,

c

= @(c)/Ime(A N Ker(mmn )| = @(c)|mmy (A)|/|7_my_(A)[. Then for any Ij with
¢ ¢ (e, ) ’

j=1,---,m. we take a.; € (Z/mNZ)* such that 7.(a.;) = a, ;. We further let
Ac - {ac,17 e Jac,mc} - Z

be such that 0 < ac1,- -, acm, < mN, (a.;, mN) =1 and a.; is the representative of
a.; for every j =1,---  me.

Lemma 2. With the notations as above, let
S = {(¢-5c,ac;) € Z/mMNZ X Z/mNZ | S¢i € Se, acj € Ae

for every positive divisor ¢ of mN}.

For a given (C-3.;, Go;) € S, we can take x, y € Z such that (v,y) =1, T = ¢- 5.,
and § = Gcj;. Then for such x,y € Z, ¥ form a set of all the inequivalent cusps of
I['y(N)NTo(mN) and the number of such cusps is

|S|:ch-mc— Z

c>0 c>0
clmN clmN

Proof. Since there is a bijection between I'\I'(1)/T'(1)s and M’/ ~ where

M' ={(¢c,a) € Z/mNZ x Z/mNZ | (¢,a) =1, ie., (¢c,a,mN) =1}
and (¢1,ay) ~ (Cz,az) if there exist § € A and n € Z/mNZ such that &3 = 5-¢1 €
Z/mNZ and a; = § 'a; + nc; € Z/mNZ, it is enough to prove that the natural map
of S into M’/ ~ is a bijection.

We first prove the injectivity. Suppose that [(¢-5.;,dc;)] = [(¢ - Sew,aw)]. Then
there exist 5 € A and n € Z/mNZ such that ¢ -5, = §-¢-5.; € Z/mNZ and Gz j; =
§'a.;+n-c-5.; € Z/mNZ. Since 5,5.;, 52 € (Z/mNZ)* and ¢, | mN, we obtain
¢ = ; hence

|7T mN
(e, mN)

TN (Seir) = Tmn (8) - Tmn (5c7) = S,y € Tmn (A)K
- Si:z = S/c,i
== =i = 7TmN< 5) =1,

in other words § € AN Ker(ﬂmw) Thus 7.(ae;7) = 7e(5 Y)me(ac;) € (Z/cZ)* implies
a, i € T(AN Ker(w%)) e

Now we prove the surjectivity. Let [(¢/,a’)] € M’/ ~. We take ¢ = (¢, mN). Then
(2) € (z/™NZ)* implies

c
C

for some i. Since (¢/,a’) = 1 € Z/mNZ, we get 1 = (c/,;a’,mN) = (c,a’), namely
d € (Z/cZ)*, and hence o’ € m.(A N Ker(mmx))a, ; for some j. We further claim that

from which we get j = j, that is, a.;; = a.;.

€ Tmn (A)s),, = Tmn (A)Tmn (5;)

c,i
c c

N—
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there exist § € A and n € Z/mNZ such that ¢ = 5-C¢-5.; and o =5 ac]—{—ﬁ C 505 It
suffices to show that there exist 5 € A such that mmy (5) = ( )7rmN (5o te T (A)
C (z/™X7)* and m.(5) = 3_1@ € m.(ANKer(mw~)) C (Z/cZ)*, which is equlvalent
to prove the following isomorphisms ‘

T_mn (A)/7_mn (AN Ker(Tmy)) = mun (A)

(e, 2N (e, 2N ¢ ¢

T _mN (A ﬂ Ker(ﬂ'mN )) = 7TC<A ﬂ Ker(ﬂ-mN ))

under the natural maps. Note that the kernel of the natural map = mz\lzv (A) = mmn (A)
(e, ) ©
is equal to m_wy (AN Ker(ﬁmw)) As for the second, let 5 € AN Ker(wmzv) be such
(e, )
that 7.(s) = 1 c (Z/cZ)*. Then s =1 mod ™ and s = 1 mod ¢, which implies s = 1

mod “}ﬁv This completes the proof. l

The above lemma gives us a set of all the inequivalent cusps of I'1 (V) N T'o(mN).
And we can figure out the width of each cusp by the following lemma.
Lemma 3. Let ¢ be a cusp of I' = I't(N)NTo(mN) with a, ¢ € Z and (a,c) = 1. We
understand % as oo. Then the width h of the cusp % in T\$* is

W if N =4 and (m,2) =1 and (¢,4) =2
h = mN otherwise.
(@) -(m. )
Proof. First, we consider the case where N does not divide 4. We take b,d € Z such
that (a Z € SLy(Z). Observe that the width of the cusp ¢ in I'\$* is the smallest

positive integer h such that

ED06 €D (28 1) e o onom,

1 —ach :
If ( _Cgfl 14 ach) € {—1} - (T'1(N)NTy(mN)), then by taking the trace we have

2 = —2 mod N, which is a contradiction. So we have

(1 —ach o« ) € T4 (N) N Ty(mN).

—c*h 1+ ach
mN mN _ 3
Thus A S )Z N mN)Z (c,N)-(m,%)Z' For the cases N = 1, 2, 4, we can verify
the statement in a similar fashion. O

Now we remark that arbitrary intersection
[ =To(Ny) NTO(Ny) N Ty (N3) NTHN,) NT(Ns)
is conjugate to the above form I'y(N) N To(mN). More precisely,
a 'Ta =T (N)NTy(mN)
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where N = lem(N3, Ny, N5) and

. <lcm(N2,N4,N5) 0) , m = lem(Ny, N3, N5)lem(No, Ny, N5)/N.

0 1
Note that if we let {s1,--- , s,} be a set of all the inequivalent cusps of some congruence
subgroup I and set I" = a'T'a for some «, then {a(s1), -, a(s,)} gives rise to a set

of all the inequivalent cusps of I'.
If we restrict the congruence subgroup I' to I'g(N), T';(N) or I'(N), then the above
lemmas may be reduced to simpler statements as follows.

Corollary 4. Let a,c,a’,d € Z be such that (a,c) =1 and (a’,) = 1. We understand
that % = 00. Further we denote by St a set of all the inequivalent cusps of a congruence
subgroup I'. Then we have the following assertions.

(1) % and @ are equivalent under To(m) if and only if there exists 5 € (Z/mZ)* and

¢ I a—1
n € Z such that (Z,) = (8 C;:_ nc> mod m. Furthermore we can take Sty as the

following set

Stoim) = {=2€Q|c>0, ¢fm, 0<ac; <m, (a.;,m)=1,
Uej = Qejr <= Qe j = Aey mod (¢, ™)}

and the width of the cusp ¢ in Do(m)\H* is m/(m, c?).
(2) ¢ and @ are equivalent under T'1(N) if and only if there exists n € Z such that
CL/

C

(c’) =+ <a +Cnc> mod N. And we can take Sr () to be the set

Sruvy = {% €Q|c>0, ¢|N, 0<S8ci,ac; <N, (Sci, N) = (ac;, N) =1,
Sci = Seit = Sci = £Scir mod %,

= Q) = Qc; = Ta.y modc if c = % or N,

Acj = Q¢ jr = Q¢ j = Qe ;v Mmod ¢ otherwise,

choose x.;,Yy.; € Z such that (z.;,y.;) =1 and

Zei =C- Se; mod N and y.; = a.; mod N}

and the width h of the cusp & in I't(N)\$H* is

b 1 if N =4 and (¢,4) =2
o ) otherwise.
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/
3) 2 and % are equivalent under T'(M) if and only i a/ =+ (%) mod M.
C C C C
Further, we can take Srry as the set

Sron) = {% €Qle>0, fM? 0<sei ae; <M, (Sei, M) = (ac;, M) =1,
2
Sei = Seit <= Sci = £Sc mod (M, MT),

3 . 2
Aej = Qe jy <= a.j = £a.; mod (c, ﬁ) if (M,22) =1 or2,

Qej = Qe jr <= Gcj = a0 mod (c, (MLJLQ)) otherwise,
choose x¢;,Ye;j € Z such that (xc;, yej) —1 and
Tei = ¢ Sey mod M? and y.; = a.; mod M?}

and the width of any cusp in T(M)\$H* is M.

Proof. Let I' = T'1(N)NTo(mN). If I' =T'y(m), i.e., N = 1, then A = (Z/mZ)*; hence
S. = {1} C Z for any positive divisor ¢ of m. Since

Qe j = Qe ji = G j = Qv Mod ¢

and

B m B m
Acj = Ay mod — e = ey mod (c, ?)

we obtain the assertion (1) by observing (c, a. ;) = 1.
Now we consider the case I' = I';(N), namely m = 1. Since A = {£1} C (Z/NZ)*,
we have

Sci = Seit <= Sc; = £S8. mod —.
c

Note that AN Ker(ry) = {£1} if c = & or N, and AN Ker(my) = {1} otherwise.

Hence we get the assertion (2).

To prove (3), we first observe that o 'T'(M)a = T'y(M)NT(M?) with a = (']\04 (1))

Thus we consider the case N =m = M. Since A = {£(1 + Mk) | k=0,--- ,M—1} C
(Z/M>*Z)*, we have
2
Sei = Scit <= Sei = £Sc mod (M, —).
c

Observe that we have

M3

WE
ANKer(mw = 1+—2]{3 kez\u{—1+ Mr 5 4+ 2]{? keZ
with an integer r satisfying r - (MA@) = 1 mod &@) if (M, M72) =1 or 2, and we
have ’ ’
3
AﬂKer(W$)2{1+C(TMTQ)k‘kEZ}
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otherwise. Now that

{i(1+(7MQ k) | k€Z} C(Z/cz)* if (M,M2) =1 or 2

Wc(AﬂKer(ﬂ'MTz)) = 0T

o 1\12 k|kelZyC(Z/cZ)* otherwise,

therefore we establish the assertion (3). This completes the proof. U

3. MODULAR EQUATIONS AND KRONECKER’S CONGRUENCES

By definition, a Hauptmodul for some congruence subgroup I' of genus zero is a
modular function f(7) with respect to I' such that Ay(I') = C(f(7)). First, we note
that

A=A =) Kays g/9(7)
V\T) = q2 —= —C
(7) g (1—q8n )(1 - 8” 3 10 H Ks/s j/s)(T)
by K4 where ¢, = €™/, and so v(7) is a modular function with respect to I'(8) by

K5. Meanwhile, it was shown by Duke ([7]) that v?(7) is a Hauptmodul for T';(8).

Theorem 5. The Ramanujan-Géllnitz-Gordon continued fraction v(t) is a Haupt-
modul for T'1(8) NTY(2).

Proof. Tt is not hard to see that v?(7) is indeed a Hauptmodul for T';(8) because we
know the transformation formulas of the Klein form (see [7]). If we let C(v(7)) = Ao(I)
for some T, then 2 = [C(v(7)) : C(v*(7))] = [['1(8) : T]. As stated above, since v(7) is

invariant under I'(8), T’ contains I'(8). Note that I';(8)NT°(2) = < I'(8), <1 2> > and

) 01
. 1 2
[T1(8) : T1(8) NTY(2)] = 2. Soifvo <O 1) = v holds, then T';(8) NT°(2) C T C I'y(8);
hence
2 = [[4(8) : T1(8) NTY(2)]
= [[y(8) : T)[T: T1(8) NTO(2)]
= 2[[:Ty(8) NTO(2)]

implies ' = T'1(8) N T°(2). Therefore it remains to verify that v o ((1) %) =v. By

using the transformation formulas K1 and K2 we obtain

7 e
0 (1 2) el Kugs eoiym() _ 1 TTi—o Kays as)(7)
= —Ci6 = (i
01 = Kes 0raye)(7) i/t T Kass /) (T)

=".

O

Since v(7) clearly has rational Fourier coefficients, the above theorem implies that
Q(v(7)) = Ap(T1(8) NT°(2),Q). And, from the following proposition we can further
see the existence of an affine plane model defined over QQ, which is called in our case
the modular equation.
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Proposition 6. Let n be a positive integer. Then we have
Q(v(7), v(n7)) = Ap(T'1(8) NT°(2) NTo(8n), Q).

Proof. Since v(7) is a Hauptmodul for T';(8) NTY(2), we get that for a« € GL (Q), voa
= v yields @ € Q*(T'1(8) NT°(2)). Let T' = I'1(8) NT%(2) and 3 = (g (1)) First,
note that T'1(8) NT%(2) NTy(8n) = T' N B7'T'3, hence it is clear that v(7), v(nT) €
Ao(T'NB~ITB3,Q). Thus it is enough to show that Q(v(7),v(n7)) D Ag(T N BB, Q).
Let I be the subgroup of SLy(Z) such that Q(v(7),v(n7)) = Ap(I”,Q), and let v
be any matrix in I”. Since v(7) and v(n7) are invariant under by the remark in
the beginning of the proof, we establish that v € T" and Bv3~! € I', which implies
~v € I'N B~I'3. This completes the proof because it means that IV ¢ I' N 3~T'3, that
iS, A()(]'—V?@) ) AO(Fmﬁ_lrﬁa@) O

In general, if we let C(fi(7), f2(7)) be the field of all modular functions with re-
spect to some congruence subgroup where fi(7) and fy(7) are nonconstants, then
[C(f1(7), fa(T)) : C(fi(7))] is equal to the total degree D; of poles of f;(7) for i =1, 2.
So there exists a polynomial ®(X,Y") € C[X, Y] for which ®(f,(7),Y) is an irreducible
polynomial of f5(7) over C(f1(7)) with degree D; and similarly so is ®(X, fo(7)) over
C(f2(7)) with degree Dy. Then Proposition 6 claims the existence of a polynomial
¢, (X,Y) € Q[X,Y] with rational coefficients such that ®,(v(7),v(n7)) = 0 and
®,,(X,Y) is irreducible both as a polynomial in X over C(Y) and as a polynomial
in Y over C(X), for every positive integer n.

Let I'" = I'1(8) N I'g(16n). Then it is not hard to see that I' is conjugate to I'1(8) N
%(2) NTy(8n), ie.,

(g (1)) I <(2) (1)) ) =T1(8) NI°(2) NTo(8n)

and Q(v(27),v(2n7)) = Ao(I",Q). Since it is rather easier to handle with I, we are
going to concentrate on the modular equation of v(27) and v(2n7), which is also the
modular equation of v(7) and v(nT).

Now that it is more convenient to work with a Hauptmodul having the pole at oo,
we let f(7) = 1/v(27) and consider the modular equation F,(X,Y) = 0 of f(7) and
f(n7) with F,(X,Y) € Q[X, Y]. Hereafter, we fix dy (respectively, d,,) to be the total
degree of poles of the modular function f(7) (respectively, f(n7)) with respect to I'' =
I'1(8) NTo(16n). Then we may let F,(X,Y) = > o<i<a, Ci; X'Y7 € Q[X,Y] so that it

0<j<d1
satisfies F,(f(7), f(nT)) = 0.

Here we observe that f(7) is a Hauptmodul for T';(8) NIy (16) with a simple pole only
at oo and a simple zero only at 3/16, because v(7) is a Hauptmodul for T'y(8) N T%(2)
with a simple zero only at oo and a simple pole only at 3/8.

In what follows, we fix the notation by

f(r)= @)’ I =T,(8) NTy(16)
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so that f(7) is a Hauptmodul for T'.

Lemma 7. Let a,c,ad’,c € Z and f(r) = 1/v(27). Then we obtain the following
assertions.

(1) f(7) has a pole at & € Q U {oo} with (a,c) = 1 if and only if (a,c) =1, c =0
mod 16, a = +1 mod 8.

(2) f(m') has a pole at & € Q U {oo} if and only if there exist a,c € Z such that
“—”‘f, (a,¢) =1, c=0 mod 16, a = +1 mod 8.

(5’) J(7) has a zero at ¢ € Q U {oo} with (a,c) =1 if and only if (a,c) =1, c =0
mod 16, a = £3 mod 8.

(4) f(nT) has a zero at ‘é—,, € Q U {oo} if and only if there exist a,c € Z such that

a_nd (g ¢)=1,c=0 mod 16, a = £3 mod 8.

c c

Proof. 1t is enough to show (1) and (3), because (2) and (4) are the immediate conse-
quences of (1) and (3). Since f(7) is a Hauptmodul for I' with a simple pole only at
o0, f(7) has a pole only at ¢ € Q U {oo} such that 2 is equivalent to oo under I'. By

Lemma 1 we know that

< is equivalent to co under I

. a 57140
< 3J5e€ A={%1,£7€ (Z/16Z)*}, n € Z s.t. o) = 0 mod 16.
So we get the assertion (1). In a similar way we have the assertion (3) by observing
that f(7) has a simple zero at 3/16. This completes the proof. O

We now introduce a method of finding modular equations by computing

BRXY)= Y €X'y
0<:<da
0<j<dy

precisely. Then the congruence subgroup which we should consider is ' = T'{(8) N
['0(32); hence
A ={£1,+9,£17,+£25 € (Z/327)*}

where the notation A is the subgroup illustrated as in §2. We will first obtain d;. By
the above lemma and Lemma 2 we should consider Sig, Aig, S32 and Ass, which are
casily described as Sijg = S50 = {1}, Aig = Ass = {1,3}. So all the cusps of I" at
which f(7) has poles are 1/16 and 1/32 by (1) of Lemma 7, where 1/32 is equivalent
to oo by Lemma 1. And, all the cusps of IV at which f(7) has zeros are 3/16 and 3/32
by (3) of Lemma 7. We see from Lemma 3 that the widths of 1/16, co in ["\H* are
1 and 1, respectively. Since f(7) = ¢~ + O(1), we derive that ord., f(7) = —1. And,
116 (1) = f = q '+ O(1) by observing that (116 (1)) € I', we conclude
that ord; 6 f(7) = —1. Hence the total degree d; of poles of f(7) is 2. Next we will
compute dy. In like manner, by Lemma 7 and Lemma 2 we should consider S35 and
A3, which are already obtained as S3; = {1}, Az2 = {1,3}. Thus all the cusps of I at
which f(27) has poles is 1/32 by (2) in the above lemma, where 1/32 is equivalent to
oo by Lemma 1. Meanwhile, we see that all the cusps of I at which f(27) has zeros

since f o
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is 3/32 by (4) of Lemma 7. As estimated in the above the width of co in ["\$* is 1.
Since f(27) = ¢~% + O(q™1), we have that ord,, f(27) = —2. So the total degree dy of
poles of f(27) is 2. Therefore we have

BR(X,Y)= ) CyX'Y.
0<i<2
05522
In order to determine Fy»(X,Y’) precisely, we are going to use the following theorem
due to Ishida and Ishii ([9]) which can be derived from the standard theory of algebraic
functions.

Theorem 8. For any congruence subgroup I, let fi(7) and fo(7) be nonconstants such
that C(f1(7), fo(1)) = Ao(I") with the total degree Dy, of poles of fr(T) for k = 1,2,
and let

F(X,Y)= ) Ci;X'Y’€C[X,Y]

0<i<D2
0<j<D1

be such that F(fi(7), fo(T)) = 0. Let Sp be a set of all the inequivalent cusps of I'" and
let

Sk.0 {s € St | fr(T) has zeros at s}

Skoo = {s€Sr | fu(T) has poles at s}

for k =1,2. Further let

a=— Z ordsf1(1), b= Z ords f1 (7).

8651700052,0 8651,0052,0

Here we assume that a (respectively, b) is 0 if Sio N Sao (respectively, SioN Sag) is
empty. Then we obtain the following assertions.

(1) Cpya # 0. If further Sy oo C So00 U Sag, then Cp, ; =0 for any j # a.

(2) Cop # 0. If further S1 o9 C S2.00 U S20, then Cy; =0 for any j # b.

(3) Ci,Dl =0 fOT’O <i < |Sl,0 N SQ7OO|7 Dy — ‘Sl,oo ﬂ527oo| <1 < Ds.

(4) C@o =0 fO’/’O <1< |Sl70 ﬂ52’0|, Dy — |Sl,oo N 5270| < 1 < Ds.

If we interchange the roles of fi(1) and fo(7), then we may have further properties
similar to (1)~(4). Suppose further that there exist r € R and N,ny,ny € Z with
N > 0 such that

fe(m +71) = (¥ fi(T)

for k =1,2, where Cy = e*™/N . Then we get the following assertion.
(5) nii+ngj £ niDy +nga mod N = C;; = 0. Here note that nob = ny Dy + noa
mod N.

Now we are ready to apply the above theorem to our situation. If we let fi(7) =
f(r) and fo(7) = f(27) in the above, then we achieve

Sio = {3/16,3/32}, Si. = {1/16,00},
5270 = {3/32}, Sg}oo = {OO}
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So we have
Sl,oomszoqu = a=0 = 02,0#0
St00 N Sa00 ={00} = Cya=0
5170 N 5270 = {3/32} — 0070 =0.

Since f(7+1/2) = —f(7) and f(2(7 + 1/2)) = f(27), we also have that
z;tOmon — CL]':O

namely Cyg = C11 = C15 = 0. Therefore we conclude that F5(X,Y) = Cy1 XY +
C(Q,()‘XV2 + C()QYQ + C()JY.

Here we may determine all the coefficients of F5(X,Y') by inserting Fourier expan-
sions of f(7) and f(27). Since v(7) is given by the g-product in §1 and f(7) = ﬁ,
we obtain the Fourier expansions of f(7) and f(27) by expanding each corresponding
g-product as a series. Since Cyy # 0, we may let Uy = 1 and by inserting enough
terms of the Fourier expansions of f(7) and f(27) we conclude that Cy; = —1, C o =

1, Co1 = 1, and hence
FR(X,)Y)=-X?Y + X?+Y?+Y,

from which we induce the relation
VA7) = v(27)(1 —v(27))
1+ v(27)
Note that this relation coincides with one of Chan and Huang’s results.
Next, we consider the cases of all odd primes n = p which also cover the results of

Chan-Huang ([4]) and Vasuki-Srivatsa Kumar ([14]).

Theorem 9. With the notations as above, let p be an odd prime. Then F,(X,Y) =
> o<ij<pil C;; XY € Q[X,Y] satisfies the following conditions.
(1) If p=+1 mod 8 then Cpi19 # 0, Coo = 0 and

Cpt11 = Cpy12 =+ = Cpy1pp1 = 0
t+j=1mod2 = (;; =0.

(2) If p=+3 mod 8 then Cpiy1,p # 0 and

Cpi10=Cpr11 =" =Cpr1ip-1=Cpript1 =0

Proof. The congruence subgroup which we should consider is IV = I'y(8) NT'(16p), and
hence
A= {£(1+8k) € (Z/16pZ)" | k=0,---,2p— 1}

where A is the subgroup as in §2. Note that among the values £k =0,--- ,2p — 1, only
two of them do not satisfy the condition £(1 + 8k) € (Z/16pZ)* because p is an odd
prime. By Lemma 2 and 7 we have to consider Sig, A6, Si6p and Ajg,. And we know
that Si6 = {1}, for example, by observing that {1+ 8k € (Z/pZ)* | k=10,--- ,p—1
such that 1+ 8k # 0 mod p} is equal to the whole set (Z/pZ)*. Further, we easily see
that Sis, = {1}. Since |A| = 4(p — 1) and |m,(A)| = p — 1 as noted in the above, we
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get myg = 2 with the notation ms¢ as in §2. So we have that A;s = {1,3}. Since myg,
is also equal to 2, we derive that

Amp:{ {1,3} ifp+#3

{1,5} ifp=3.
Thus all the inequivalent cusps under consideration are 116, 136, 1(13p and - (respectively,
%, 1%, 4—18 and @) if p # 3 (respectively, p = 3). Although we con51der only the case

p # 3 for convenience, all the statements below are true by replaeing with appropriate

cusps. Hence we concentrate on the cusps 16, 136, Top and == S at which the widths are

p, p, 1 and 1, respectively by Lemma 3, and 1 T6p is equlvalent to co by Lemma 1. If
we let f1(7) = f(7) and fg( ) f(p7) in Theorem 8, then by Lemma 7 we know that

S1e0 = {15 16p} Sro=1{5%, = i6; - Further we obtain that
S2,oo—{_6 6} SQO_{16,1 } 1pr:|:1mod8
S200 = {13—6, %p}, Sa0 = %6, %p} if p = 43 mod 8.
Since f o 116 (1)) = f=¢ 1+ 0(1) due to the fact that (116 (1)) € I', we derive that

orde. f(7) = —1 and ord; /16 f(7) = —p. So the total degree d; of poles of f(7) is p+ 1.
Since f(pT) = q¢7P + O(q7P"), we get that ord f(pT) = —p. Let a = 1 (respectively,
a = 3) if p = £1 mod 8 (respectively, p = £3 mod 8). In order to find ord, 6 f(p7),
we first take b, d € Z such that (16 2) € SLy(Z). Then since there exists z € Z such
that d — 8x = 0 mod p, we have

2p 0 ab_pa2b—aa: 2 x
0 1)\16 d) \8 d*}% 0 p
2b —
where (p8a d__g,,? x) € SLy(Z). Thus the Fourier expansion of f(p7) at a/16 can be
derived from "

2p 0\ (a bO) _ pa 2b—ax\ (2 z
1/“"(0 1) (16 d) = 1/”0(8 s ) o p

_ : . 7 K(pa/S *)(27/p+:v/p)
= (some root of unity) - [[;_, R s @ /pra/D)

by K1 and K2. By K4 we see that the above is of the form

(some root of unity) - q;f + higher order terms

where k = 8(< 3”‘1 > (< 3%‘1 > —1)— < B > (<& > —1)) with the notation < > as
in K4. By pluggmg p = £1 mod 8 and p = 4+3 mod 8§, respectively, into the above
we come up with that £ = —1 whether p = 1 mod 8 or not. Thus if p = +1 mod 8
then ord; 16 f(p7) = —1, and if p = £3 mod 8 then ordsz/i6f(p7) = —1. And the total

degree d, of poles of f(pr) is p+ 1. Therefore F,(X,Y) is of the form

Y XY

0<i,j<p+1
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Since S0 N S is empty (respectively, {%}) if p = £1 mod 8 (respectively, p = £3
mod 8), we claim that a = 0 (respectively, a = p); and hence Cp119 # 0 (respectively,
Cpt1p # 0). Similarly, by Theorem 8 we derive all the other assertions. For example,
by observing f(r + 3) = —f(7) and f(p(7 + 3)) = —f(pT) we get that

i+j=1mod2 — (;; =0 ifp==+1lmod8
i+7=0mod2=C;; =0 if p=+3mod8.

This completes the proof. U

Now we are able to estimate the modular equation ®,(X,Y") = 0 of v(7) and v(p7)
by inserting enough terms of the Fourier expansions of f(7) and f(pr) into F,(X,Y) in
Theorem 9 and observing ®,(X,Y) = XP*! YP [ (£, <). For instance, we have the
following table which recovers the results of Chan-Huang and Vasuki-Srivatsa Kumar
in §1. It is obvious that one may apply our method to find higher order modular

equations ®,(X,Y) =0 for p > 13.

P the modular equation of v(:= v(7)) and w(:= v(p7))

3 viwd — v3(Bw? — 1) — 30*(w? —w) — v(w? — 3w?) —w =0

5 V0w — 0°(5w? — 1) — 5ot (w® — 2w?) — 1003 (w* — w?)
—502 (2w — w) — v(wb — bw?) —w =10

7 ¥ — 0T (w” — Tw® + Tw? + Tw) + 2805w?

+70% (w" — Tw® — w? — w) + T0vtw* — T3 (w™ + w® + Tw? — w)
+28v2w8 — v(Tw” + Tw® — Tw? + w) + wd =0
11 vP2w! + o (11w — 33w® — 11w® + 33w? — 11w? + 1)
—110"%(w' — 6w® 4+ 6w” — 6w* + w)
—1109(6w!® — 21w® — 5w + 36w* — 6w?)
+33v8 (w — 12w + 16w” + 6w’ — Tw® + w)
—66v7 (3w® 4 6w’ — 8w* + w?)
—1105(w't — 5w? 4+ 36w” — 36w° + Sbw? — w)
+660° (w'® — 8w® + 6w’ + 3w?)

—33vt (w = Tw? + 6w’ + 16w° — 12w* + w)
—1103(6w' — 36w® 4 5w’ + 21w* — 6w?)
+110?(w' — 6w? 4+ 6w® — 6w + w)

—v(w'? — 11w' + 33w® — 11w’ — 33w* + 11w?) —w =0

JFrom now on, in order to find the Kronecker congruence relations for the modular
equations of v(7) and v(nt) we let I' = I'1(8) NT'y(16) as before and further let n be a
positive integer with (n,2) = 1. For any integer a with (a,2) = 1, we fix 0, € SLs(Z)

~1
such that o, = (aO 2) mod 16. Then we have
1 0 a
F(o n)F_U U Faa<0 )

a>0 0§b<%
an (a,0,2)21
a

QI3 o
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in which the right hand side is a disjoint union. Indeed, first note that |[T'\I" (é 2) N
=n]],,(1+ Il)) and use [13], Proposition 3.36.

Since o, depends only on a modulo 16, we fix o, as

10 277 32
s ==\ 1)’ ==\ 16 19)>

19" 32 —a1 32
75 =% 16 —27)’ e =% 39 —25)'

It follows from the transformation formulas KO~K2 that

1
fooyi=foour=Ff, fooys=fooss=—.

f

8 2) for such a,b. We now consider the following

a

polynomial ¥, (X, 7) with the indeterminate X

V(Xor) =11 II X =(feauw®).

a>0 0<b<Z

aln (q,p,m)21
Note that degx V,,(X,7) = n[],,(1 + i) Since all the coefficients of W, (X, ) are
the elementary symmetric functions of the f o a,y, they are invariant under I, i.e.,
U, (X,7) € C(f(r))[X], and we may write ¥, (X, f(7)) instead of ¥, (X, 7).

With the notations as in Theorem 8, we let fi1(7) = f(7) and fo(7) = f(n7). Since

(n,2) = 1, we have S1 o U S1 9 = S2,00 U S20 by Lemma 7.

For convenience, let o, = o,

Theorem 10. With the notations as above, for a positive integer n with (n,2) = 1 we
define

Fo(X, f(7)) = f(1)" W (X, (7)),
that is, F,,(X,Y) = Y*U,(X,Y) with the nonnegative integer

a=— Z ords f (7).

SESLOOQSQ’O

Here we assume that a = 0 if 100 N S2o s empty. Then we obtain the following
assertions.

(1) Fu(X,Y) € ZIX,Y] and degx Fo(X,Y) = degy Fo(X,Y) = n]],,(1+1).

(2) F,.(X,Y) is irreducible both as a polynomial in X over C(Y') and as a polynomial
in'Y over C(X).

(8) Let d = n][,,(1+ }D) If n = +1 mod 8, then

Fu(X,Y) = F,(Y, X).

If n =43 mod 8, then

1
F,(X,Y) = Yan(—?,X).
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(4) If n is not a square, then F,(X,X) is a polynomial of degree > 1 whose leading
coefficient is £1.
(5) (Kronecker’s congruences) Let p be an odd prime. If p = +1 mod 8, then

F,(X,)Y)=(X?-Y)(X = Y?) mod pZ[X,Y].
If p =43 mod 8, then
F,(X,Y)=(X? =Y )(XY?+ 1) mod pZ[X,Y].
Proof. Since f(1) = (57), we may let f(7) = %—i— > Cmq™ with ¢, € Z. We further
let d =nJ[,, (1+ ) and let ¢ € Gal(Q((,)/Q) be such that ¢(¢,) = ¢* for some

integer k with (k,n) = 1. Then ¢ induces an automorphism of Q(¢,)((g#)) through the
action on the coefficients. We denote the induced automorphism by the same notation

Y. Since
a a a
roff u) = s
C’;ub
(g7)2

met Cmcgbm(q%)azm,
abk 0
wro g f) e e

a

S

23

we get that

Let & be the unique integer such that 0 § V<2 and V' = bk mod 2. Then

(5 -6 )

because (%% = ¢ Since foo, = f or —%, we have 1(f 0 aus) = f o auy, and so all
the coefficients of W, (X, f(7)) are Contamed in Q((gn)). Hence by observing the fact

W, (X, £(7)) € C(£(7)[X] we see that W, (X, £(r)) € QF(r))[X].

Meanwhile, W,,(f(%), f(7)) = 0 implies that [C(f (%), f(7)) : C(f(7))] < d. Let § be
the field of all meromorphlc functions on § which contains C(f(%), f(7)) as a subfield.
Note that for v € I' the map h(7) — h(y(7)) is an embedding of C(f(%), f(r)) into §,
which is the identity on C(f(7)). Also, observe that for any o, there exists v, € I’

such that
10 _
(O n) 'ya,baa}, erl.

Since f(aap(T)) # flawwy(T)) if agp # awy, there are at least d distinct embeddings
of C(f(%), f(7)) into § over C(f(7)) defined by

P o (g 1) 0 = faustr)

Thus
-

[CUC), f(7) = Cf ()] = d,
which yields that W, (X, f(7)) is irreducible over C(f(7)).
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With the notations as in Theorem 8, if we let

a=— ZseSLoomSg,o ordsf(1), b= ZSESL()FTSgo ord, f(1),
a = — 25652’0005170 ordsf(n1), b = 28652’0051’0 ord f(n1),

then F'(X,Y) in Theorem 8 is of the form
Capa XY+ CopY? + Cor g, X“Y M + Cy o X" + Y Ci XYY

0<i<dn
0<j<dy

Since F'(X, f(7)) is an irreducible polynomial of f(Z) over C(f(7)) and F(f(%),Y) is
also an irreducible polynomial of f(7) over C(f (%)) we know that
(

F1wa(x, ) = LD

and F,,(X,Y) is a polynomial in X and Y which is irreducible both as a polynomial in X
over C(Y') and as a polynomial in Y over C(X). Since f(7)*V, (X, f(7)) € Q[X, f(7)]

and all the Fourier coefficients of the coefficients of W,,(X, f(7)) are algebraic integers,
we conclude that f(7)*W, (X, f(7)) € Z[X, f(7)], namely F,(X,Y) € Z[X,Y].

We first consider the case n = £1 mod 8. Since V,,(f(n7), f(7)) = 0, i.e., ¥, (f
= 0, f(%) is a root of the polynomial F,(f(7),X) € Z[X, f(7)]. Now that f(
root of the irreducible polynomial F, (X, f(7)), we derive that

Fau(f(7), X) = g(X, f(7)) Fu(X, f(7))

for some polynomial g(X, f(7)) € Z[X, f(7)] by the Gauss lemma on the irreducibility
of polynomials. Thus

Fu(f(7), X) = g(X, f(7))g(f(7), X) F0(f(7), X)

implies g(X, f()) = 1. It g(X, f(7)) = =1, then F,(f(7), (7)) = —=Fu(f(7), [(7));
hence f(7) is a root of F,(X, f(7)), which is a contradiction to the irreducibility of
F.(X, f(1)) over C(f(7)). Therefore we have

(X, f(7)) = Fu(f(7), X).

) F())

(7
T)is a

Next we consider the case n = +3 mod 8. Since \Dn(—%,fﬁ)) = 0, namely

Wo(~ 7k, £(2)) =0, f(Z) is a oot of the polynomial f(r)* Fi(~ &, X) € ZIX, f(7)].
So

dp 1y
FT)TE( ) X)) = g(X, f(T) Fu(X, f(7))

for some polynomial g(X, f(7)) € Z[X, f(7)] again by the Gauss lemma. Note that
d=degy F,,(X,Y) =degy F,(X,Y) + degy g(X,Y)

and
dng Fn(X7 Y) = degX Fn(Xa Y) + degX g(X7 Y>7
and so g(X,Y’) is a constant and

degy Fo(X,Y) = degy Fo(X,Y) = d.
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Since F,(X,Y) is a primitive polynomial, we have ¢g(X,Y) = +1. By considering
the coefficients of the equation Y?F,(—+,X) = g(X,Y)F,(X,Y) we also get that the
coefficient of X?~¢Y4 in F,,(X,Y) is equal to (—1)%g(X,Y). Since ¥, (X, f(7)) is equal

to
[T I =g+ T TI (X+ctas +-0),

a>0,aln 0<b<2 a>0,aln  0<b<2
a==£1(8) (a,b,2)=1 a=+3(8) (a,b,2)=1

we see that the coefficient of X472Y? in F,(X,Y) is equal to

IT II =™

a>0,aln  0<b<2
a=+1(8) (a,b,2)=1

For convenience, we denote the above products by [[]], in other words, the first
product runs over a > 0, a|n, a = £1(8) and the second product runs over 0 < b < 2,
(a,b,%2) = 1. Observe that [T[[(—1) = (—1)* by considering the degree with respect
to X, and so g(X,Y) = [][1¢,%. Hence we immediately obtain that g(X,Y) =1 by

the following elementary lemma (see [3]|, Lemma 6.7): If m > 0 is an odd integer and

k|m, then [Jo<pem ¢0 = 1.
(bk)=1

Now we consider the case where n is not a square. Then

_%4_0@%) if a = £1 mod 8

f(7) = flaap(r)) = oy :
+ O(gn) if @ = £3 mod 8.

Q= Q=

Therefore the coefficient of the lowest degree in F,,(f(7), f(7)) is a unit. Since it must
be an integer, F,,(X, X) is a polynomial of degree > 1 with leading coefficient +1.

Let p be an odd prime. For any ¢(7), h(7) € Z[Cp]((q%)) and « € Z[(p], we write
g(7) = h(7) mod «

if g(r) — h(7) € aZ[G,)((g7)).

First, we consider the case p = +1 mod 8. Since

we have that

that is,
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for any b=0,--- ,p— 1. And, since

o0

1 m
Fapo(™) = =+ 3 cud?
q m=1

and &, = ¢, mod p, we establish that f(c, (7)) = f(7)? mod p, i.e.,
flapo(T)) = f(7)’ mod 1 — (.

Here we note that

f(7) = flaao(7))P mod 1 — G
Since a = — > g onSao OTds f (1) = 0 by Theorem 9, the above congruences yield that
Fp(X, f(7)) )" (X, f(7) = Yp(X, (7))

Ha lpHO<b<p(X f(aab( )

(X = Flarg(T)"(X = f(7)7)
(X? = faro()P)X = f(7)7)
(XP = F()(X = f(7) )modl—Cp-

Let Fp(X, f(7)) = (XP = f(T))(X = f(7)") = 22, ¥ (f (7)) X", where ¥, (f (7)) € Z[f(7)].
Since all the Fourier coefficients of 1, (f(7)) are rational integers and divisible by 1—(,,

we see that ¢, (f(7)) € pZ[f(7)]. So
Fp(X, f(m) = (XP = f(1))(X = f(7)") mod pZ[X, f(7)]
when p = £+1 mod 8 as desired.

Lastly, we consider the case p = 3 mod 8. By the same arguments as in the case
p = £+1 mod 8, we achieve that

flanp(7)) = flano(r)) mod 1= ¢,
forany b=0,--- ,p—1 and

Since f(apo(T)) = —f(zl)T) and f(pr) = f(7)? mod p, we get that f(a,o(7)) = —f(i)p
mod p, i.e.,

J— 1 _
Fapa(r)) = = a
Now that a = — Zsesl,oomSQ,o ords f(7) = p by Theorem 9 again, we claim that
Fy(X, f(1)) F()"(X, (7)) = f(1)PU,(X, f(7))
( )p Ha 1pHO<b< (X f<&ab( )))
f(r)r

()P(X = Flaro(T)) (X + 755)

(XP = flaro(T))" )X f(T)P + 1)
(XP = f(r)(Xf()" + 1) mod 1 — (.

Then by the same arguments as in the case p = +1 mod 8 we conclude that

Fy(X, f(7)) = (XP = f())(X f(7)" + 1) mod pZ[X, f(7)].
This completes the proof. 0
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With the notations as in Theorem 10 we remark that F,(X,Y) = 0 is the modular
equation of f(7) and f(n7) such that the coefficient of X?Y in F,(X,Y) is 1. Since
degy F,(X,Y) = degy F,,(X,Y) = d, Theorem 10 can be rewritten as the modular
equation ®,,(X,Y) = 0 of v(7) and v(n7) by observing ®,(X,Y) = X4 Y F, (%, +).

4. UNITS AND APPLICATION

Let j(7) be the classical elliptic modular function. By definition a modular unit over
Z is a modular function f(7) of some level N rational over Q((y) such that f(7) and
1/ f(7) are integral over Z[j(T)].

Lemma 11. Let h(7) be a modular function of some level N rational over Q((y) for
which h(T) has neither zeros nor poles on $). If for every v € SLy(Z) the Fourier
expansion of h oy has algebraic integer coefficients and the coefficient of the term of
lowest degree is a unit, then h(7) is a modular unit over Z.

Proof. We refer the reader to [11] Chapter 2, Lemma 2.1, which can also be proved by
the theory of Shimura reciprocity law (see [13]). O

Let h(7) be a modular unit over Z and K be an imaginary quadratic field. Since
it is well known that j(7) is an algebraic integer for every 7 € K — Q, we can derive
that for such 7, h(7) is an algebraic integer which is a unit. By observing this fact we
derive the following theorem.

Theorem 12. Let v(7) be the Ramanujan-Gdillnitz-Gordon continued fraction and K
be an imaginary quadratic field. Then v(T) are units for all T € K — Q.

Proof. As stated in the above, it is enough to prove that v(7) is a modular unit over

a b . K () )
Z. Let v = (c d) € SLy(Z). Since v(1) = —(i5 H] 0 #xz;() we obtain that
K (a+je)/s (b+id)/s)(7)
v(( — ¢
10 H K(a+je)/s @3b+ia)/8)(T)

by K1. If we replace the Klein forms by the g-products in K4 and expand the products
as a series, then the series is the Fourier expansion of v(y(7)). Since we want to prove
that v(y(7)) has algebraic integer Fourier coefficients and the lowest coefficient is a
unit, we may assume that

0<(a+jc)/8, (3a+jc)/8 <1

by K2. If we assume these, then the only term we should consider in K4 is 1 — ¢,.
First, we treat the case where ¢ is even. Since a is odd, (a+ jc)/8 cannot be an integer
forany j = 0,--- ,7. Similarly (3a+jc)/8 cannot be an integer for any j = 0,--- ,7. So
1 —¢q. cannot be complex numbers, namely it has algebraic integer coefficients with the
lowest coefficient 1, and the series expansion of v(y(7)) has the desired properties. Now
we consider the case of ¢ odd. Since ¢ € (Z/8Z)*, there exist unique j;,j2 € {0,---,7}
such that
a+jic=0mod8, 3a+ joc=0mod 8.
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Hence for such j;, jo (respectively, 7s),
| — 0 — 1— ¢ if jy arises
==11- (P2t if j, arises.

b4j1d

Thus v(7(7)) has the desired properties if fff—th is a unit. First, note that
58
(2,b+ jid) = (2,3b+ jod) = 1

because (3 L) = (2tic H%i) _dc _ab) with (a + ji¢)/8 € Z. Meanwhile, by the
following elementary lemma we obtain the assertion. Let p be a prime and r,s € Z
such that (p,rs) = 1. Then 1:?;71 is a unit of Z[(y»]. Indeed, s € (Z/p"Z)* implies
that r = st mod p” for some ¢ GPZ, and so

1 —(n _ 1=
1:?2: € Z[(yn]. This completes the proof. O

P

=14+ G+ + GV € Z[G)-

Similarly,

Next let N be a positive integer, K be an imaginary quadratic field and let z € KN$H
be a root of the primitive equation axz? 4+ bx + ¢ = 0 such that b*> — dac = d, where
dg is the discriminant of K. Further, let

_ 92(Zz+ Z)g3(Zz + )
Jian a(2) = AZz +12)

be the first Fricke function defined as in [13] §6.1 where (a; a2) € Q* — Z*. By the
notation K - §'(2) in the following theorem we mean the field generated over K by all
the values h(z), where h € § is defined and finite at z. And, let §x stand for the field
of all modular functions of level NV rational over Q((y).

a1z +ag; Zz + 7)

Theorem 13. With the notations as above, let x (respectively, y) be the least positive
integer such that v = (Nx,a) (respectively, y = (Ny,c)), and let

.. (Nz 0
%virl],zn = Q(]a] © ( 0 1) 7f(0 %))7
ngn = the field of all modular functions for T'o(Nxz) NT'1(N)
with rational Fourier coefficients,
&fgn = the field of all modular functions for T°(Ny) N T(N)

with rational Fourier coefficients,

4 .. (1 0 1 0
Smin — Q(]a] © (0 Ny) 7f(0 %) © (0 N,y )7
Smaz =  the field of all modular functions for T°(Nc) NTo(Na) NT(N)

whose Fourier coefficients with respect to e*™*/N¢ belong to Q(Cy).
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Then for any field §' described in the hypothesis K - §'(z) is the ray class field modulo
N over K. Furthermore, if §" is any intermediate field such that S(Z) C §' C Fmas

min

for some i = 1,-+- 4 or v C F" C Fmax, then K - F"(2) is also the ray class field
modulo N over K.

Proof. [5] Theorem 29. O

Here we will make use of the following lemma to show that the units mentioned in
Theorem 12 really generate some ray class fields over imaginary quadratic fields.

Lemma 14. Let K be an imaginary quadratic field with discriminant dg and 7 € KN$
be a root of the primitive equation ax® + bx + ¢ = 0 such that b*> — 4ac = dg, and let
I be any congruence subgroup containing I'(N) and contained in I'y(N). Suppose that
(N,a) = 1. Then the field generated over K by all the values h(T), where h € Ao(I", Q)
18 defined and finite at T, is the ray class field modulo N over K.

Proof. With the notations as in Theorem 13, if (N,a) = 1 then z in Theorem 13 is
equal to 1. Therefore the inclusions §°) = Ap(T1(N),Q) C Ap(T7,Q) C Ap(T'(N),Q)

C SN C Fmaz imply the lemma. O
Theorem 15. Let K be an imaginary quadratic field with discriminant dgx and T €
K N$ be a root of the primitive equation ax® + bx + ¢ = 0 such that b* — 4ac = d.
Then K (v(T)) is the ray class field modulo 8 over K if (2,a) = 1. In particular, if Z|7]
is the ring of integers in K, then K(v(7)) is the ray class field modulo 8 over K.

Proof. Since v(7) is a Hauptmodul for T'1(8) N T'%(2) with rational Fourier coefficients
and T'(8) C I';(8) NT°(2) C TI'4(8), we obtain the first assertion by Lemma 14. In
particular, if Z[7] is the ring of integers in K, then ¢ = 1 and hence we conclude the
last assertion immediately. O

By the same arguments in this section we are able to obtain similar results for
the Rogers-Ramanujan continued fraction r(7) which is a Hauptmodul for I'(5) with
rational Fourier coefficients ([8]). More precisely, r(7) becomes a modular unit over
Z so that its singular value r(7) at any imaginary quadratic argument 7 is a unit.
Further, with the notations as in Theorem 15, K (r(7)) is the ray class field modulo 5
over K if (5,a) = 1.
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