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QUASITORIC MANIFOLDS OVER A PRODUCT OF SIMPLICES

SUYOUNG CHOI, MIKIYA MASUDA, AND DONG YOUP SUH

ABSTRACT. A quasitoric manifold (resp. a small cover) is a 2n-dimensional
(resp. an n-dimensional) smooth closed manifold with an effective locally
standard action of (S1)" (resp. (Z2)™) whose orbit space is combinatorially
an n-dimensional simple convex polytope P. In this paper we study them
when P is a product of simplices. A generalized Bott tower over F, where
F = C or R, is a sequence of projective bundles of the Whitney sum of F-line
bundles starting with a point. Each stage of the tower over F, which we call a
generalized Bott manifold, provides an example of quasitoric manifolds (when
F = C) and small covers (when F = R) over a product of simplices. It turns
out that every small cover over a product of simplices is equivalent (in the
sense of Davis and Januszkiewicz [5]) to a generalized Bott manifold. But this
is not the case for quasitoric manifolds and we show that a quasitoric manifold
over a product of simplices is equivalent to a generalized Bott manifold if and
only if it admits an almost complex structure left invariant under the action.
Finally, we show that a quasitoric manifold M over a product of simplices is
homeomorphic to a generalized Bott manifold if M has the same cohomology
ring as a product of complex projective spaces with Q coefficients.

1. INTRODUCTION

Toric varieties in algebraic geometry and Hamiltonian torus actions on symplectic
manifolds exhibit fascinating relations between the geometry of algebraic varieties
or smooth manifolds and the combinatorics of their orbit spaces. Considering the
success of toric theory, it is natural to generalize them to the topological category,
and a monumental development in this direction was obtained by the work of Davis
and Januszkiewicz in [5]. They defined a topological generalization of toric variety
by the name of “toric manifold”, which is a 2n-dimensional closed manifold M
with an effective locally standard action of n-torus G = (S')" whose orbit space
is combinatorially an n-dimensional simple convex polytope P. In this case M is
said to be a “toric manifold” over P. They also defined a Zs-analogue of a “toric
manifold” called a small cover, which is an n-dimensional manifold with an effective
action of the Zs-torus of rank n with an n-dimensional simple polytope as the orbit
space.

Unfortunately the term “toric manifolds” is already well-established among al-
gebraic geometers as “non-singular toric variety”. Moreover there are “toric mani-
folds” (in the sense of Davis an Januszkiewicz) which are not algebraic varieties, for
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example CP?§CP2. Because of this reason Buchstaber and Panov introduced the
term “quasitoric manifold” as an alias for Davis and Januszkiewicz’s “toric mani-
fold” in [1]. In this paper we adopt Buchstaber and Panov’s “quasitoric manifold”
instead of “toric manifold”. We refer the reader to Chapter 5 of [1] for an excel-
lent exposition on quasitoric manifolds including their comparison with (compact
non-singular) toric varieties.

This paper is motivated by the work [10] which investigates quasitoric manifold
over a cube. A cube is a product of 1-simplices. We take a product of simplices
as the simple polytope P and describe quasitoric manifolds and small covers over
P in terms of matrices with vectors as entries. A typical example of quasitoric
manifolds or small covers over a product of simplices appears in a sequence of
projective bundles

Tm—1 T2 Tl

Tm
B,, — B,

B, By = {a point},

where B; for i = 1,...,m is the projectivization of the Whitney sum of n; +1 F-line
bundles over B;_; (F = C or R). Grossberg-Karshon [7] considered the sequence
above when F = C and n; = 1 for any ¢, and they named it a Bott tower. Motivated
by this, we call the sequence above a generalized Bott tower (over F). The j-stage B;
of the tower provides a quasitoric manifold (when F = C) and a small cover (when
F =R) over [[]_, A™ where A" is the n;-simplex. We call each B; a generalized
Bott manifold (over F) and especially call it a Bott manifold when the tower is a Bott
tower. It turns out that any small cover over a product of simplices is equivalent (in
particular, homeomorphic) to a generalized Bott manifold (over R) (see Remark 6.5)
but this is not the case for quasitoric manifolds. We give a necessary and sufficient
condition for a quasitoric manifold over a product of simplices to be equivalent
to a generalized Bott manifold (over C) (see Theorem 6.4). This result is closely
related to a result by Dobrinskaya ([6, Corollary 7]) which gives a criterion for a
quasitoric manifold over a product of simplices to be decomposable into a tower of
fiber bundles with quasitoric manifolds as bases and fibers.

This paper is organized as follows. In Section 2 we recall general facts on qu-
asitoric manifolds and small covers over a simple polytope. From Section 3 we
restrict our concern to a product of simplices as the simple polytope and treat only
quasitoric manifolds because small covers can be treated similarly. In Section 3 we
introduce some notation needed for later discussion and associate a matrix with
vectors as entries to a quasitoric manifold over a product of simplices. In Section
4 we describe quasitoric manifolds over a product of simplices as the orbit space of
a product of odd dimensional spheres by some free torus action. The association
of the matrix with vectors as entries to a quasitoric manifold over a product of
simplices depends on the order of the product of the simplices. We discuss this
in Section 5. Generalized Bott towers are introduced in Section 6 and generalized
Bott manifolds are characterized among quasitoric manifolds over a product of sim-
plices (Theorem 6.4). In Section 7 we explicitly describe the cohomology ring of a
quasitoric manifold over a product of simplices and prove in Section 8 that such a
quasitoric manifold is homeomorphic to a generalized Bott manifold if it has the
same cohomology ring as a product of complex projective spaces with Q coefficients.
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2. GENERAL FACTS

An n-dimensional convex polytope P is said to be simple if precisely n facets
(namely codimension-one faces of P) meet at each vertex. Equivalently, P is simple
if the dual of the boundary complex OP of P is a simplicial complex. It is clear
that every simplex is simple and a product of simple convex polytopes is simple.
Therefore a product of simplices is simple.

Let d = 1 or 2. We denote by S; an order two group S° when d = 1 and a circle
group S when d = 2, and by G4 a group isomorphic to (S4)". A dn-dimensional
smooth Ggz-manifold My with a projection w: My — P is called a small cover
(when d = 1) and a quasitoric manifold (when d = 2) over an n-dimensional simple
convex polytope P if My is locally isomorphic to a faithful real dn-dimensional
representation of G4 and each fiber of 7 is a G4-orbit. The orbit space M,;/G4 can
be identified with P. Two quasitoric manifolds or small covers w: My — P and
7't M), — P are equivalent (in the sense of Davis and Januszkiewicz) if there is a
homeomorphism f: My — M), covering the identity on P and an automorphism
0 : G4 — G4 such that f satisfies f-equivariance, i.e., f(gm) = 6(g)f(m) for all
m € My and g € G4. Note that the equivalence is neither weaker nor stronger than
G 4-homeomorphism, because any (4-homeomorphism must satisfy #-equivariance
with @ = id, but it may not cover the identity on the orbit space.

Let m: My — P be a small cover or a quasitoric manifold and let F be the set
of facets of P. If F € F, then the isotropy subgroup of a point z € 7~ !(int F) is
independent of the choice of z, and is a rank-one subgroup G4(F') of G4. The group
Hom(S4, Gq) of homomorphisms from Sy to G4 is isomorphic to (R4)™ where Ry
is Z/2 when d = 1 and Z when d = 2. Each rank-one subgroup of G4 corresponds
uniquely (up to sign) to a primitive vector of Hom(Sy, G4) which generates a rank-
one direct summand of Hom(S4, G4). Therefore every My defines what is called
the characteristic function of My

A: F — Hom(Sy, Gyg)

such that the image of F' € F is a primitive vector of Hom(Sg4, G4) corresponding
to the rank-one subgroup G4(F). When d = 1, such a primitive vector is unique
for each F', but sign ambiguity arises when d = 2. This sign ambiguity can be
resolved if an omniorientation (see [1]) is assigned to a quasitoric manifold My, in
particular if My admits an almost complex structure left invariant under the action
(see Lemma 1.5 and 1.10 of [9]). In any case, the characteristic function A of My
must satisfy the following condition, see [5].

Condition 2.1. If n facets Fy, ..., F, of P intersect at a vertex, then their images
A(F1), ..o, MEy) must form a basis of Hom(Sg, Gq).

Conversely, for a function A: F — Hom(Sy, G4) satisfying Condition 2.1, there
exists a unique (up to equivalence) small cover (when d = 1) and quasitoric man-
ifold (when d = 2) with A as the characteristic function, see [5] or [2] for details.
Therefore in order to classify all small covers or quasitoric manifolds over a sim-
ple convex polytope P, it is necessary and sufficient to understand the functions A
satisfying Condition 2.1.

Let Fy,..., F; be the all facets of P and let wq,...,w; be the indeterminates
corresponding to the facets. Then it is shown in [5] that the equivariant cohomol-
ogy ring H¢, (Ma; Ra) is the face ring (or the Stanley-Reisner ring) of P with Ry
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coefficient as graded rings, that is,
(2.1) Héd(Md;Rd) :Rd[wl,...,wk]/l,

where the degree of w; is d for each ¢ and I is the homogeneous ideal of the poly-
nomial ring Rglwi,...,wk] generated by all square-free monomials of the form
wi, - --wj, such that the intersection of the corresponding facets Fj,,...,F; is
empty.

We choose a basis of Hom(Sg, G4) and identify Hom(S4, G4) with (Rq)™. We
form a k X n matrix whose i-th row is A\(F;) € (Rq)", i.e.,

A(F1)
(22) (Aij) = :
A(Fk)

Let A\j = Ajjwi + - - -+ Agjwr, and let J be the ideal of Rg[ws, ..., wy] generated by

Aj for 5 =1,...,n. Then we have
(2.3) H*(Ma; Rq) = Ralwy, ... wi] /(I + J).

Warning. In general it would be natural to use a column vector to express A\(F;)
(see [1]), but then, as noticed in [10], we need to take a transpose of a matrix at
some point to adjust our description to the notation used in [4] and [7]. Therefore
we will use a row vector to express A(F;) in this paper.

As is seen above, most of the arguments for quasitoric manifolds work for small
covers with S* and Z replaced by S° and Z/2 respectively. In fact, the study of small
covers is a bit simpler than that of quasitoric manifolds in our case. So we shall
treat only quasitoric manifolds throughout this paper. The main difference between
quasitoric manifolds and small covers in our arguments is stated in Remark 6.5, so
that the arguments after Section 7 are unnecessary for small covers.

3. VECTOR MATRICES

From now on, we take

m m
P= H A" with an =n,
i=1 i=1

where A" is the n;-simplex for ¢ = 1,...m. Let {v},..., v}, } be the set of vertices
of the simplex A™. Then each vertex of P is the product of vertices of A™’s for
i =1,...,m, hence the set of vertices of P is

{Vjrgon = "Ujl'l X e x vt |0 < g < gl

Each facet of P is the product of a codimension-one face of one of A™’s and the
remaining simplices. Therefore the set of facets of P is

F={F,|0<k<n; i=1,...,m}

where F,ﬁz =A™ X x A1 x f,iq, X AT+ o AT and f,gl is the codimension-
one face of the simplex A™ which is opposite to the vertex v}c Hence there are
Yot (n;4+1) = n+m facets in P. Since P is simple, exactly n facets meet at each
vertex. Indeed, at each vertex vj,. ;. of P all n facets in F — {F; l[i=1,...,m}
intersect, in particular, the n facets in the set

F—{Fi|i=0,....,m}={F,... F}

nyo e

LE L FT Y
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intersect at the vertex vy g.
Let A\: F — Hom(S, (S1)") be the characteristic function of a quasitoric mani-
fold over P. By Condition 2.1, n vectors

(3.1) AED), G AEL ), G AE) AN ED)

Nm

form a basis of Hom(S?t, (S1)") and we identify Hom(S*, (S1)") with Z" through
this basis. Then the vectors in (3.1) correspond to the standard basis elements

e = (1,0,...,0),...,e, =(0,...,0,1)
in the given order. For the remaining m facets Fg, we set
ME) =a;€Z™ fori=1,...,m.

In this way, to the characteristic function A of a quasitoric manifold over P we have
a corresponding m X n matrix

ai
A= : , where a; € Z".
an,

Each row vector a; can be written as

— 1 J m
a; = (aj,...al,...,a")
_ 1 1 J J m m
= ([, aem, ] laiy - vamﬂv cslad o ag )
J — [, J n; - :
where a] = [a],..., ainj] e Z™ for j =1,...,m. Therefore we may write
1 m
a; aj af
A = : = . .
1 m
an a,, am
(32) al al a™ am
1 -+ Qi ... afy ... oafy,
1 1 m m
e e e T (
with a] € Z™ for all i = 1,...,m. In other words, the m x n matrix A can be

viewed as an m X m matrix whose entries in the j-th column are vectors in Z™.
From now on, we shall view the matrix A this way and call it a vector matriz.
Since the characteristic function A satisfies Condition 2.1, we need to translate
this into a condition on the corresponding matrix A. For this let us fix some more
notation. For given 1 < k; < n; with j = 1,...,m, let Ay, 1, be the m xm

Rm

submatrix of A whose j-th column is the kj-th column of the m x n; matrix

a’ aly | Ay, |- @y,
al, a oL a;kj e g,
Thus
aikl o a’i’;ﬂm
Ak ok = : :
a"}nkl Uk,
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Example 3.1. Let P = A? x A! be a triangular cylinder. Let {v},v1,vi} be the
vertices of A% and {v3,v?} the vertices of Al. Then

{Uooyvlo»U20,®017@11,U21}
is the vertex set of P where v;; = v} x v?. The set of facets of P is
{F()lvFllaF21’F02>F12}
where F! = f! x Al for i = 0,1,2 are the side rectangles and sz =A% x fj2 for
j = 0,1 are the top and bottom triangles. The characteristic function \: F — Z3
is assigned as follows:

ANFy) = a1, AMF}) = e1, A(Fy) = e
)\(F02) = ag, )\(Ff) = €e3.

The corresponding 2 x 3 matrix A is

al
a2
1.2
aj a :
= 11 as a 2 x 2 vector matrix
a3 a

1 1 2
_ < a%l a%2 a%1 )
a1 Gz a4
Thus the 2 x 2 submatrices A;; and As; are as follows:
1 2 1 2
A = [ %11 91 Aoy = [ %12 %11
1= 1 2 ) 21 = 1 2 .
az; a4 Qe G2
Condition 2.1 at a vertex, say va;, can be translated as follows: since the facets
F§, Fl and F} intersect at vg;

e 1 0 0
det [ ay = det| a}, al, a*%
az ay  aby a3

= det A21 ==+1

Similarly Condition 2.1 at vg; is equivalent to a3; = 41, and that at vg is equiva-
lent to al, = 1. These conditions are equivalent to the condition that all principal
minors of Ay (including the determinant of As; itself) are +1. Similarly Condi-
tion 2.1 at other vertices is equivalent to all principal minors of A;; being +1.

The last statement in Example 3.1 holds in general. A principal minor of an
m X m vector matrix A of the form (3.2) means a principal minor of an m x m
matrix Aj, ;. for some 1 < j1 < nq,...,1 < jp, < ny, where the determinant of
Aj, . .. itself is understood to be a principal minor of A;, . ;.

Lemma 3.2. Let P =[]/, A™. If an m x m vector matriz A of the form (3.2) is
associated with the characteristic function A of a quasitoric manifold over P, then
Condition 2.1 for X at all vertices of P is equivalent to all principal minors of A
being +1.
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Proof. The basic idea of the proof is same as in Example 3.1. Indeed, at a vertex
Vjy...j Of P all n facets in 7' = F — {F} | i=1,...m} intersect. Hence Condi-
tion 2.1 at v;,. ;. is equivalent to the determinant of the n x n matrix having A(F)
as its row vectors for all F € F’ being +1. But this determinant is nothing but
a principal minor of the m x m matrix A;, ;. up to sign. Therefore the lemma
follows. 0

Remark 3.3. It follows from the lemma above that each component aﬁj in the
diagonal entry vector al = (al;,...,a%, ) of the matrix A, see (3.2), is +1 for
Jj=1,...,n; The characteristic function A is defined up to sign and if we change
the sign of a vector A(F})) in (3.1) (say A(F}) = e¢), then the column vector
corresponding to A(F}) (the £-th column) changes the sign; so we can always arrange

aj;=1fori=1,...omandj=1,...,n; ie, al = (1,...,1) by an appropriate
choice of signs of the vectors in (3.1). In the following we always take al = (1,...,1)
for ¢ = 1,...,m for the matrix A associated with a quasitoric manifold unless

otherwise stated.

4. QUOTIENT CONSTRUCTION

It is known that any quasitoric manifold over a simple polytope is realized as
the orbit space of the moment-angle manifold of the polytope by some free torus
action, see [1] and [2]. When the polytope is ]/, A", the moment-angle manifold
is the product [T\", 52nit+1l of odd dimensional spheres. In this section we shall
describe the free torus action on it explicitly.

Lemma 4.1. If C = (c;;) is a unimodular matric of size m, then the system of
equations
2P i =11, for i=1,...,m

has a unique solution 2y = -+ =z, = 1 in ST C C.

Proof. Write z; = exp(2n6;1/—1) with ; € R for j = 1,...,m. Then the equations
in the lemma are equivalent to

ci101 + -+ cimbm = ki for i=1,....,m
for some k; € Z. Since C is unimodular and k;’s are integers, §;’s are also integers,

which means z; =1for j=1,...,m. O

Let A be an m x m vector matrix in (3.2). We construct a quasitoric manifold
M (A) with A as its corresponding matrix. Consider the subspace X =[]/~ §2"i*!
of [T%; C"*1, which is the moment-angle manifold of [];, A™. Let K = (S')™
and define an action of K on X by

(4.1) (g1, gm) - (25, ... ,zrlll), v (20 ) =
1 1 aln a/’}”."l
((91237 (gi‘n o 'ggnml)z%7 R (gl1 tee “gm 1)Z7111)7 o
m " at Arrrim
o (gm0 g )2 (9 g )2 )
where (g1,...,9m) € K and (z{,...,2},) € §?*T1 c C™* fori=1,...,m.

Lemma 4.2. The action of K on X defined in (4.1) is free if all principal minors
of A are equal to +1.
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Proof. To prove that the action is free we have to show that the equation

(4.2) (15 gm)  ((20s - zp )ses (20 200 )

=((zg,.--, 271“), s (20t )
implies g1 = -+ = g, = 1. Since (2§, .., z}ll) € §2mitl at least one component, say
25, is nonzero for every i = 1,...,m. If 25 = 0 for all i = 1,...,m, then equation

at

(4.2) implies that gtlll“ coogm?t =1foralli=1,...,m. Since det 4;, ; = +1
from the hypothesis, Lemma 4.1 implies that g; = --- = g, = 1. Now suppose
25 # 0 for some i = 1,...,m. For simplicity let us assume that there is some
0<s<msuchthat 2§ = =25 =0and 2§ # 0 foralli =s+1,...,m. Then
equation (4.2) implies that g1 = --- = g; = 1 and ggr;rl)ji ...gfn’"“ = 1 for all
i=s+1,...,m. Since all principal minors of A;, ; are 1, Lemma 4.1 implies
that gs41 = - -+ = ¢;» = 1, which proves the lemma. O

Since the action K on X is free, the orbit space X/K is a smooth manifold of
dimension 2n. Let M(A) be the orbit space X/K with the action of G = (S')»
defined by
(4.3) (t1, . tn) - [(zé,...,z,lu), v (20 )] =

[(ztl),tlz} . ,tnlziﬂ% v (2 121tz )]
Then we have the following proposition.

Proposition 4.3. M(A) is a quasitoric manifold over [[;~, A™ with A as its
associated matriz.

Proof. We think of ¢-simplex A? as
q
A? = {(xg,...,x) ERIT |25 >0,... 2, > O,in =1}
i=0

Then P = [[/", A™ sits in [[;~, R™ 1. It is easy to see that M (A) with the action
of G = (S1)" is a quasitoric manifold over P with the projection m: M(A) — P
defined by

T([(20, - 2ny ) (2 ) = (20l Lzm, Dy (280 2, D)
The facets F; of P are given by x; =0 for some 1 < i< mand0 < j < ny,
where x; denotes the (j + 1)-st coordinate of the i-th factor R" ™1, The isotropy
subgroup of a point in 7~ '(int F) is a circle subgroup. One can check that it is
the (Z;;ll nk + j)-th factor of G = (S1)™ when j > 1 and the circle subgroup

N N Y I
when j = 0. This shows that if we denote the characteristic function of M (A) by
A, then
AED), G AEL )y G AFT) N E)
are the standard basis elements of Z" in the given order and

MED) = ((aty, -y ai, )seeos (@, oam ) €Z™ fori=1,...,m,

s Ying 3 YNy

which is the i-th row of our matrix A, proving the lemma. O
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5. CONJUGATION OF VECTOR MATRICES

The correspondence between a quasitoric manifold over P = [[\"; A™ and an
m X m vector matrix A depends on the order of the simplices A™i’s in the product
formula of P. Namely, if we consider P = [[!", A" for some permutation o of
{1,...,m}, then the corresponding m x m vector matrix A, will be different from
A. In fact it is not difficult to see that if F, is the m X m permutation matrix of o
obtained from the identity matrix by permuting the i-th row and column to o(%)-th
row and column respectively for all i = 1,...m, then A, = E,AE, 1. One should
be cautious that, as an m x m vector matrix, the entries in the j-th column of A,
are vectors in Z"<@ while the j-th column of A are vectors in Z".

As an example let us consider P as in Example 3.1. If we consider P = A! x A?
instead of A2 x A! then the corresponding 2 x 2 vector matrix A, is given by

a3 aj
(%)

(1)

10 1 0 ’

The entries of the first column above are vectors in Z and the ones in the second
column are in Z2.

We say that two m x m vector matrices A and B are conjugate if there exists
an m x m permutation matrix E, such that B = E,AE;!. In this case, the
quasitoric manifolds M (A) and M (B) defined in Proposition 4.3 are equivariantly
diffeomorphic.

Let A be an m x m vector matrix of the form (3.2). A proper principal minor
(resp. determinant) of A means that a proper principal minor (resp. determinant)

of Aj, 4, for some 1 < j; < nq,...,1 < jp < ny,. The set of proper principal
minors or determinants is invariant under the conjugation relation.

As

Lemma 5.1. Let A be an m X m vector martriz of the form (3.2) such that all the
proper principal minors of A are 1. If all the determinants of A are 1, then A is
conjugate to a unipotent upper triangular vector matriz of the following form:

1 b? b} ... bp
0 1 by --- by
(5.1) : .o :
0o .- ... 1 bm
O --- .- 0 1

where 0 = (0,...,0), 1 =(1,...,1) of appropriate sizes. If all the determinants of
A are 1 and at least one of them is —1, then A is conjugate to a vector matriz of
the following form:

1 b2 0 0

0O 1 bd 0
(5.2) :

0 1 b™
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where b* is non-zero for any i and H:’;l b;, where b; is any non-zero component of
bt, is (—1)™2. (Therefore, the non-zero components in b are all same for each i
and they are £1 or £2.)

Proof. The lemma is proved in [10] when A is an ordinary m X m matrix except the
last statement on the components of b?, and the proof for an m x m vector matrix
is quite similar. So we refer the reader to the cited paper and shall prove only the
statement on the components of b’.

Let B be the vector matrix of the form (5.2). The determinants of A are £1 and
at least one of them is —1 by assumption while any determinant of B is of the form
1+ (=1)™* T, b; where b; is a component of b’. Since the set of determinants
of A agrees with that of B as remarked above, it follows that there is a non-zero
b; for each ¢ and [/, b; = (—1)™2 whenever each b; is non-zero. This implies the
statement on b;’s in the lemma. O

6. GENERALIZED BOTT TOWERS

A quasitoric manifold over a product of simplices also appears in iterated pro-
jective bundles. For a complex vector bundle F, we denote the total space of its
projectivization by P(E).

Definition 6.1. We call a sequence

Tm—1 T T

(6.1) B,, — By,_1 By By = {a point},

where B; = P(C @ &) and &; is the Whitney sum of complex line bundles over
Bj_1, a generalized Bott tower and each B; for j = 1,...,m a generalized Bott
manifold.

Each B, admits an effective action of G; = (S1)2i=19m& defined as follows.
Assume by induction that B;_; admits an effective action of G;_;. Then it lifts to
an action on &; since H'(B;_1) = 0 although the lifting is not unique, see [8]. On
the other hand since ; is the Whitney sum of complex line bundles, it admits an
action of (S1)4m& by scalar multiplication on fibers. These two actions commute
and define an action of G; on ;, which induces an effective action of G; on B;.
Without much difficult it can be shown that B; with the action of G is a quasitoric
manifold over szl Adm& - Pyrthermore each B, is a nonsingular toric variety (i.e.,
a toric manifold).

Proposition 6.2. Let M be a quasitoric manifold over P = [[*, A™, and let A be
an m X m vector matriz associated with M. Then M is equivalent to a generalized

Bott manifold if A is conjugate to an m X m upper triangular vector matrixz of the
form (5.1).

Remark 6.3. We will see later that the “only if” statement in the proposition
above also holds, see Lemma 5.1 and Theorem 6.4.

Proof. We may assume that M = M(A) and A is of the form (5.1). We recall the
quotient construction in Section 3. Let X; = []/_; S?™*! for j =1,...,m, so X,
agrees with X in Section 3. The group K = (S')™ is acting on X as in (4.1) and
X/K = M(A). We set B; = X;/K, so B,,, = M(A). In the following we claim
that the sequence

Tm Tm—1 T 1

B, By = {a point}
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induced from the natural projections from X; on X, 4 for j = m,...,2,11is a
generalized Bott tower.

Since A is of the form (5.1), the last (m — j) factors of K = (S!)™ are acting on
X trivially, so the action of K on X; reduces to an action of the product K; of the
first j factors of K = (S1)™. This means that X;/K = X;/K;. Moreover, the last
factor of Kj is acting on the last factor S™*! of X; as scalar multiplication and
trivially on the other factors of X;. Therefore the map 7;: B; = X;/K; — B;_1 =
X;_1/Kj_1 is a fibration with CP™ = S"+1 /St as a fiber and this is actually the
projectivization of a complex vector bundle §; over B;_;. In fact, the bundle &; is
obtained as follows. Let V; be C" ™! with the linear K;_j-action defined by

(9152 95-1) - (2055 2,)
iu b i b, bt
=(2p, (g™ - 'gjill Detse (g7 '9311 ! )Z%,)

where bf = (bgl, b )fori=1,...,7 — 1. Since the action of K,;_; on X,_; is

? inj

free, the projection
(Xj1 x Vj)/Kj1 = Xj1/Kj1 = Bj

becomes a vector bundle, where the action of K;_; on X;_; x Vj is a diagonal
one. This is the desired bundle &; and since V; decomposes into sum of complex
one dimensional K-modules, the bundle §; decomposes into the Whitney sum of
complex line bundles accordingly. (]

One can describe the bundles &; in the proof of the proposition above more
explicitly. For that let us fix some notation. For a vector bundle n and a vector
a=(ay,...,a,) € Z" let n* denote the bundle n* @ --- ® n®". For vector bundles
M, .-, N, over a space and vectors a; = (a1, ...,01n),.-.,8 = (Ag1,- .., akn) let

O = ook
— (nilll®...®ngk1)@...@(ni’ln®...®77ng>

where the last expression denotes the Whitney sum of componentwise tensor prod-
ucts.

Let £2 denote the canonical line bundle over By and let & = 73 (£2) the pull-back
bundle of the canonical line bundle over By to By via the projection my: By — Bj.
In general, let §§71 be the canonical line bundle over B;_;, and we inductively
define

j—k+1 :
j,k:ﬂ.;o”'oﬂ';—k-l—l(fjfk ) fork=2,...,5—1.

Then one can see that §; = Gg;ll(ff)bg.

A generalized Bott manifold is not only a quasitoric manifold over a product of
simplices but also a complex manifold on which the action preserves the complex
structure, in particular, it has an almost complex structure left invariant under the
action. The following theorem shows that the converse holds.

Theorem 6.4. Let M be a quasitoric manifold over P = [\, A™, and let A be
the m x m wvector matrix associated with M which has 1 as the diagonal entries.
Then the following are equivalent:
(1) M is equivalent to a generalized Bott manifold.
(2) M is equivalent to a quasitoric manifold which admits an invariant almost
complex structure under the action.
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(3) All the principal minors of A are 1.

Proof. The implication (1) = (2) is obvious and the implication (3) = (1) follows
from Proposition 6.2 and Lemma 5.1, so it suffices to prove the implication (2) =
(3).

We may assume that M itself admits an invariant almost complex structure. As
is noted in the paragraph before Condition 2.1 we can define a sign-unambiguous
characteristic function A of M. Let A be the matrix associated with A\. To each
cubical face of P, the submanifold of M over it inherits an invariant almost complex
structure, so it follows from [10, Theorem 3.4] that all principal minors of the
restriction of —A to each cubical face of P are equal to 1. Therefore A = —A and
this proves (3). O

Remark 6.5. A difference between quasitoric manifolds and small covers appears
here. Namely, not every quasitoric manifold over a product of simplices is equivalent
to a generalized Bott manifold as is seen from Theorem 6.4, while it follows from the
real version of Proposition 6.2 and the Z/2 version of the former part of Lemma 5.1
that every small cover over a product of simplices turns out to be equivalent to a
generalized Bott manifold (over R).

7. COHOMOLOGY RING

The connected sum CP?#CP? is a quasitoric manifold over a square but not
homeomorphic to a Bott manifold (or Hirzebruch surface) over a square. In the rest
of this paper, we shall give a sufficient condition in terms of cohomology ring for a
quasitoric manifold over a product of simplices to be homeomorphic to a generalized
Bott manifold (Theorem 8.1). This section is a preliminary section for the purpose.

Lemma 7.1. Let M be a quasitoric manifold over [~ A™ and let A be the vector
matriz of the form (3.2) associated with M. Then

(7.1) H*(M) =Zlys, ..., yml]/L

where the ideal L is generated by the following m expressions:
Nk m

(7.2) Yk - H(Zaijz) fork=1,...,m.
j=1 i=1

Proof. We will use the result (2.3). In our case, the matrix in (2.2) is of the form

(7.3) (Aij) = ( }i )

where I,, is the n x n identity matrix. Let

1 1 m m
WOy e Wy oo W0 e e s Wy
be the indeterminates corresponding to the facets
1 1 m m
) L L

in the given order. Then by (2.3) we have
(7.4) H* (M) 2 Z[wg, ... wph ey eeswit 1/(L+J)

g
where I is the ideal generated by the monomials
i i

Wh W, fori=1,...,m
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because the intersection of facets Fg, ..., F! is empty for i = 1,...,m, and J is

the ideal generated by "
Aj = Aywh + o Amywg
+ Amt1)i@i + + F Amena)in,
4.
F At 2 nr @1 0 A,
for j =1,...,m+ n because the order of the row vectors in (7.3) is
AED)s - AET),AED) s AL, AET), o A ED).
If j = (Zf:_ll n;)+ ¢ and 1 < £ < ny, then
Aj = @iy + a5 + - G + W

Since A; = 0 in H*(M), we have that

(7.5) wi = —(afewp + a5 + -+ + ahy0f").
Set yr, = wf for k=1,...,m. Then wf - ~wa1 = 0 in the cohomology ring implies
that
ng
v [ [(alomn + aBeyo + - + abypym) = 0.
=1
This proves the relation in the lemma. O

Lemma 7.2. Let M and y1,...,ym be as above. Let x = Z;n:l bjy; be an element
of H*(M) such that b; # 0 for some j. Then ™ # 0 in H*(M).

Proof. Suppose ™ = 0 on the contrary. Then (Z;nzl bjy;)™ must be in the ideal
L in (7.2). However, y}”“ is the least power of y; which appears as a term in

a polynomial of L while (Z;ﬂ:l bjy;)"™ contains a non-zero scalar multiple of y?j
because b; # 0 by assumption. This is a contradiction. O

Lemma 7.3. Let M (j) be a facial submanifold of M over [[;,; A™. Then H*(M(j))
is equal to (7.1) with y; = 0 plugged in.

Proof. Let y1,...,ym be the generators of H*(M) in Lemma 7.1. We may assume
that M (j) is over [];7,; A™ x {v} where v is a vertex of A" and also that y; is
the dual of the characteristic submanifold M; over [];7,; A™ x A™~!(v) where
A"i~1(v) is the facet of A™ not containing v. Since M(j) and M; have no inter-
section, the restriction of y; to M(j) vanishes.

We know that

(7.6) H*(M)=Zy1,---,ym)/ (g1, -, Gm)-

where g, is the polynomial in (7.2). Since y; maps to zero in H*(M(j)) and g;
contains y; as a factor, we have a natural surjective map

Zlyrs -3 Gss - ¥ml/ (91 G- G) — HT (M ().

where g;, denotes gi with y; = 0 plugged in and ~ denotes the term there is dropped.
The degree of g;, for k # j is ni + 1 and g, contains the term y,:"“"H. Therefore,
the ranks of the both sides above agree, so that the map is an isomorphism. This

proves the lemma. (I
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Lemma 7.4. Let N be the smallest number among n;’s. If the vector matrix
associated with M is of the form (5.2) in Lemma 5.1, then there is no non-zero
element in H?(M) whose (N + 1)-st power vanishes.

Proof. Let y be an element of H2(M) whose (N + 1)-st power vanishes. Since N
is smallest among n;’s, y can be expressed as a linear combination of the canonical
generators y;’s with n;, = N by Lemma 7.2, say y = Z a;y; with a; € Z. All
relations in H*(M) of cohomological degree 2(N + 1) are generated by yk oy +
biyi,l)”i*k“s with n; = N over Z, where y; 1 with ¢ = 1 is understood to be y,,,
b; is the non-zero component of the vector b; in Lemma 5.1 and k; is the number
of zero components of b;. Note that k; < N when n; = N since b; is non-zero. It
follows that we obtain a polynomial identity

(7.7) (D )V = Z aN LY (g 4 by )N R
n;=N

Case 1. The case where N = 1. In this case k; = 0 for ¢ with n;, = N = 1.
Suppose that a; is non-zero for some i with n; = 1. Comparing the coefficients of y?
and y;y;—1 at both sides of the identity (7.7) with an observation that the right-hand
side of (7.7) contains a y;y;_1-term, we see that n;_; = 1 and 2a;a;,—1 = a?bi. Since
a; and b; are both non-zero, this shows that a;_; is also non-zero and 2a;_1 = a;b;.
Since n;—; = 1 and a;_1 is non-zero, the same argument can be applied to i — 1
instead of i. Repeating this argument, we see that n; = 1 and 2a;_1 = a;b; for any
i. It follows that [];~, b; = 2™ which contradicts the fact that [~ b; = (—1)™2
in Lemma 5.1.

Case 2. The case where N > 2. When we expand the right hand side of the
identity (7.7), no monomial in more than two variables appears. Since N > 2, this
implies that at most two coefficients among a;’s are non-zero. Since all b;’s are
non-zero, it easily follows from (7.7) that the case where only one coefficient among
a;’s is non-zero does not occur.

Suppose that there are exactly two non-zero coefficients, say a; and a;. Then
only two variables appear at the left hand side. Unless m =2 and ny = ny = N, at
least three variables appear at the right hand side of (7.7) which is a contradiction.
If m = 2 and n; = ng = N, then the identity (7.7) is

(aryr + asy2) VT = al PryP T (yr + biya) N TR+ ad Ty (yo 4 boyn )V R

Replacing yo by —boy; above, we obtain an identity
|a1_a2b2|N+l |CL ‘N+1

where we used the fact b1by = 2 in Lemma 5.1. Since asby # 0, it follows from the
identity above that 2a; = agby. Similarly, replacing y; by —byy2 above, we obtain
2a9 = a1b1. These two identities imply that b1by = 4 which contradicts to b1by = 2.

This completes the proof of the lemma. ([

8. COHOMOLOGICALLY PRODUCT QUASITORIC MANIFOLDS

We say that a quasitoric manifold M over [[\~, A™ is cohomologically product
over Q if there are elements x1, ..., 2, in H?(M;Q) such that

(5.1 H(M;Q) = Qlan, ol (@7 ),

The purpose of this section is to prove the following.
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Theorem 8.1. If a quasitoric manifold M over ]_[111 A™ is cohomologically prod-
uct over Q, then the vector matriz associated with M is conjugate to a unipotent
upper triangular vector matrixz, so that M is homeomorphic to a generalized Bott
manifold.

In the following M is assumed to be cohomologically product over Q. We have

another set of generators {y1,...,y,} in Lemma 7.1. Since both {z1,...,z,,} and
{y1,...,ym} are sets of generators of H?(M;Q), one can write

m
(8.2) Y; = Zcﬁxi for j=1,...,m and ¢;; € Q,

i=1

where the coefficient matrix C' = (¢;;) has non-zero determinant.

Lemma 8.2. By an appropriate change of indices in x;’s and y; ’s, we may assume
that cj; #0 forany j=1,...,m.

Proof. We may assume that n; > ny > ... > n,, by an appropriate change of
indices. Let S = {Ny,..., N} be the set of all distinct elements of ny, ..., n,, such
that Ny > ... > Ni. We can view {ny,...,n,} as a function p : {1,...,m} = N
such that p(j) = nj. Then S is the image of u. Let J, = u='(Ny) for £=1,... k.

We write

(8.3) T = Zdijyj fori=1,...,m and d;; € Q.
=1

Since x?”‘l =0, d;; = 0 if n; < n; by Lemma 7.2. This shows that D = (d;;) is a
block upper triangular matrix because we assume ni > ng > ... > n,,. The matrix
C in (8.2) is the inverse of the matrix D, so C is also a block upper triangular
matrix and of the same type as D, i.e.,

le *
C= €
0 Cy,
where Cj;, (¢ = 1,...,k) is a square matrix formed from ¢;; with i,j € J,.

Since det C' # 0, we have detC;, # 0 for any ¢. By definition of determinant
detCy, =3, sgno Hjng Cjo(j) where the sum is taken over all permutations o on
Jy. Therefore there must exist a permutation o on J; such that Hjng Cio(j) 7 0.
This implies the lemma.

Lemma 8.3. The facial submanifold M(j) of M over H:;ZJ A™ s also cohomo-
logically product over Q for any j.

Proof. Since H*(M(j)) is H*(M) with y; = 0 plugged by Lemma 7.3, it follows
from (8.2) that
H*(M(]),Q) = Q[mh .. ,xm]/($?1+1, .. 71‘:an'+17 chzxz)
i=1

Here c¢j; # 0 by Lemma 8.2, so that one can eliminate the variable x; using the
. m
relation )", ¢j;z; = 0. Therefore a natural map

Q[zl,...,fj,...,zm}/(x?1+1,...,x?7‘+1,...,xfn’"J“l) — H*(M(5); Q)
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is surjective. Since the dimensions at the both sides above are same, this map is
actually an isomorphism, proving the lemma. O

Now we shall prove Theorem 8.1 by induction on the number m of factors in
[T7%, A™. Suppose that M is cohomologically product over Q. Then any facial
submanifold M (j) is cohomologically product over Q@ by Lemma 8.3. Therefore
by induction assumption all the proper principal minors of the vector matrix A
associated with M are 1. It follows that the vector matrix A is conjugate to
a unipotent upper triangular vector matrix or to a matrix of the form (5.2) in
Lemma 5.1. But the latter does not occur because since M is cohomologically
product over Q, H2(M) must contain a non-zero element whose (N + 1)-st power
vanishes, where N is the smallest number among n;’s, but this fact contradicts
Lemma 7.4. This proves Theorem 8.1.
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