4-RANKS OF CLASS GROUPS OF QUADRATIC EXTENSIONS OF
CERTAIN QUADRATIC FUNCTION FIELDS

SUNGHAN BAE

ABSTRACT. We obtain some density results for the 4-ranks of class groups of quadratic
extensions of quadratic function fields analogous to those results of F. Gerth in the

classical case.

1. INTRODUCTION

In 1980’s F. Gerth studied the structure of Sylow 2-subgroups of the class groups of
quadratic number fields K ([3]), or quadratic extensions K of a certain quadratic number
field F ([2],[5],[6]). More precisely, let Rx be the 4-class rank of the class group of K in
the narrow sense when K is a quadratic number field, and in the usual sense when K is a
quadratic extension of a certain quadratic number field. Then he presented results which
specify how likely it is that Rx =0, 1, 2,....

Let ¢ be a power of an odd prime p. In ([1]), the analogous problem when K is a quadratic
extension of Fy(T"), which we call quadratic function field, is studied. In this article we study
the problem in the case when K is a quadratic extension of a certain quadratic function
field.

In the function field case the behavior of co in an extension is much more diverse than
number field case, where there are only two cases, real or imaginary. To be consistent with
number field case, we only consider the extension fields K of k = Fy(T) such that every
embedding of K into a fixed complete algebraically closed field C' of ko = Fy((%)) over
k is contained in Fy((y/)). For an infinite place oo of K, we say that oo is real (resp.
imaginary) if Ko = Fq((%)) (resp. Koo = Fy(( _71)))

The case when ¢ = 1 mod 4 is much different from the classical case, because —1 is
a square in this case. This makes getting the limit density much easier. The case when
q =3 mod 4 is very similar to the classical case. But we have to mention some interesting
points compared to the classical case. In the classical case dyadic primes and the signs at
archimedean places have effects to determine some Hilbert symbols. In the function field
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case there are no dyadic primes. However, the degrees and signs at infinite places would
determine some Hilbert symbols and force to get the same result as in the classical case.
Notations:

k=T, (T), A =T, [T]

7v:= a fixed generator of Fy

oco:= the place of k associated to ()

Assume that for every extension field K of k, every embedding of K into C' is contained
in F,((,/5)-

F := a quadratic function field with odd class number A

B := the integral closure of A in F'

A := a set of quadratic extensions of I’

For K € A, let Ck be the 2-class group of the integer ring Og.

Dy := the discriminant of K/F

ri = 2-rank of C, Ry := 4-rank of Ck.

B, ={K € A: exactly t finite primes of F ramify in K}

B, .= {K € B; : deg D = n}

Bt,j;n = {K € Bt;n : RK = ]}
[Bt,jin |
‘Bt;n|

doo,j = limy 00 dt,j

dt,j = lim, oo

2. F' IS REAL

In this section we assume that F' is a real quadratic function field with odd class number
h. Assume further that the fundamental unit e of B satisfies Np/j(e ¢ F;?. Then F =
k(+v/P) for some monic irreducible polynomial P € A of even degree. Fix a sign function
sgn : ki, — F;. Let 001,002 be two infinite places of F'. Let sgne, : F* — Fj be the sign

function at co;, which is defined by

59Noo, (@) = sgn(oi(a)),

where o; is the embedding corresponding to co;. An element o € F™* is called positive at co;
if sgneo, (@) € ]Fr21 « is called totally positive if it is positive at every oco;.

For 0 # a € B and a prime ideal p of B, (a, K/F), be the norm residue symbol for K/F.
For 0 # b € B, define the Hilbert symbol (a,b), € {£1} by

(CL, K/F)p\/g = (a’ b)p\%a

where K = F(\/b).
Since Npyi(€) ¢ ]Fg, we may assume € is positive at oo; and negative at cos.

For a € F*, deg; a the order of pole of a at oo;.
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For a totally positive a € B, a is said to be of type I (resp. II, Il and IV) if (deg; a, deg, a)
is (even,odd) (resp. (odd,even), (odd,odd) and (even,even)). Put, for ¢ =3 mod 4,

ea  if a is of type I

—ea if a is of type 11

™
Il

—a if a is of type III
a if a is of type IV,

and for ¢ = 1 mod 4, put a = a. Note that —1 is a square if and only if ¢ = 1 mod 4.
From the properties of norm residue symbols, we see easily that, for a € B totally positive,
(7,@) 00, = 1 (resp. —1) if deg, a is even (resp. odd), and (€,d)x, = 1 (resp. —1) if degya

is even (resp. odd). We always have (¢,d)00, = 1.
Lemma 2.1. Let p be a prime ideal and p¥ = (a) for totally positive a € B. We have

1 if a is of type III or IV
-1 ifa is of type I or 11

(rYa &)p =

~ 1 if a is of type II or IV
(67 a)lﬂ =
—1 ifa is of type I or IIT

proof  From the product formula for Hilbert symbols, we have

(7, @)p = (7, @)ooy (75 @)oo
and

(€,a)p = (€)oo, (€, @) 0, -
The result follows from the above consideration. [

Let K be a quadratic extension of F', where exactly ¢ finite primes of F' are ramified in

K, say, p1,...,pt. Let a; be a totally positive element in B with p? = (a;). Let

M= ay - ag, H=ai---ag.

Then K = F(y/i). Let My, = (mj;) be the (t + 1) x (t + 2) matrix over Fy defined by;

Yo i) oo fori=1,2,j=1
€, il)oo, fori=1,2, j =2

Yo )pi_, fori=3,....t+1,j=1

(
(

, (@j-2, t)oo, fori=1,2,j=3,...,t+2
(
(&, W)pi_. fori=3,...,t+1,j=2
(

aj_2,ft)p,_, fori=3,...,t+1,5j=3,...,t+2
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Let Mj; be the (t + 1) x 2 matrix consisting of the first two columns of M},. Then from §1
of [7],
t+1—rankMj, if both co; and ooy are ramified, i.e. p is of type III
rx =t —rankMJ; if one of 0oy and ocog is ramified, i.e. u is of type I or II
t —1—rankM}, if both ooy and cog split, i.e. p is of type IV,
and
t+1—rankMj  if both oo; and cog are ramified, i.e. p is of type III
Ry =t — rankMj, if one of 0oy and co9 is ramified, i.e. p is of type I or II
t —1—rankMj  if both ooy and cos split, i.e. p is of type IV.

Suppose first that p is of type III. In this case both co; and cos are ramified in K. It is

easy to see that

==
_ o

Thus rank M}, =2 and rx =t — 1. Let Mg be the matrix obtained from M/, by deleting

the first two rows and first two columns. Since each a; is totally positive, the first two rows

100 - 0
110 - 0o

Then rank M} = 2 + rankMj and so,

of Mj; are given by

Rx =t —1—rank Mg.
By renumbering, we may write M = (mij) with 1 <¢<t—1and 1 <j <t where
(D)™ = (aj, ).
Note that, for ¢ =3 mod 4,

(M)H)Pi = (_,aha)l:'i = 17
and, for g =1 mod 4,
(M?:&’)pi = (Ma :u')p; = (717H)Pi(71u’7:u)pi =1L

Thus the sum of each row of Mg is 0. We may discard any column of My without changing
the rank, and thus we may consider Mg to be a (t — 1) x (¢ — 1) matrix.
Assume first that ¢ =1 mod 4. Then

(aj, )p, = (aj,ai)p, = (@i, a;)yp,,
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by the product formula for Hilbert symbols and the fact that (a;,a;)ec, = 1, since a; is
totally positive. Therefore, My is symmetric if ¢ =1 mod 4. Now use [3], Proposition 3.7
to get

i

dooj = — - —.
2:1(1 —27%) H?;(l +27%)

Now assume that ¢ = 3 mod 4. Let ¢; := a;/a;. Then using product formula and the

multiplicativity of Hilbert symbols, we see easily that

(aiv/l)m = (eiv dj)Pj (diaﬂ)pj = (eiv &j)Pj (diva’j))ﬂj
= (€, ;)p; (a5, ai)p, (@5, i) ooy (A5, i) ooy

= (€, 85)p, (€5, @i)p, (€5, 8i)oo (€55 Gi)ooy (a5, L)p,
since (aj,@i)o0, = 1. Using Lemma 1.1, product formula for Hilbert symbols and noting
that (—1,a), = (v, d)p, we see that
(eia&j)lﬂi (EJ"ai)Pa(ijdi)om(ejv&i)OOz =-1

if and only if the pair (type of a;, type of a;) is (I,I),(I,III),(II,II),(II,III),(II1,I)
or (III,II). We order ay,...,a;—1 so that ai,...,a, are of type I; ag,4+1,...,0k, 1k, are

of type II; ag, yry+15- -+ Aky thotks are of type I and axqkyky 41, -+ Qky+hothstky are Of
type IV. Then M is of the form

- Mg

where My, M3 are antisymmetric, Mg is symmetric and J is the ks x (k1 + k2) matrix with

each entry equal to 1, which is the same form as in [5], (3.11). Therefore

_ 2_j2_H21(1 — 2_i)_
g=1(1 —271)2

00,J

It is not hard to see that for ¢ =3 mod 4, the case that u is of type I or II is the same
as the case (ii) of [5] and the case that p is of type IV is the same as the case (iii) of [5].
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Suppose that ¢ = 1 mod 4 and g is of type I or II. Then the associated matrix My,

which is obtained from M7}, by deleting first two rows and first column, is of the form

H |
- |
0, |

Mg=|-— | M

|
|
|

04

where H; (resp. 0;) is a vector with each component 1(resp. 0), and M is symmetric. By

changing the order, we get

which is the same matrix as in [6], (3.7). Note that the probability that H = ¢ tends to 0
as t — oco. Then following [6], we get
2-3(+3)/2
12,0+ 27) [T (1 - 277
Now suppose that ¢ = 1 mod 4 and g is of type IV. Then the associated matrix My,

doo,j =

which is obtained from M}, by deleting first two rows, is of the form

Hy H; |

—

Hy 02 |
Mg=|— — | M

03 Hs |

— —

[ 02 0s | ]

where H; (resp. 0;) is a vector with each component 1(resp. 0), and M is symmetric. Let

J be n X 2 matrix consisting the first two columns of M. Let

Mlz[J M]
w8

where M is symmetric and u € FZ. We get the following lemma, whose proof is almost the

same as that of [6], Lemma 3.1.
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Lemma 2.2. Suppose that rank M1 = r. Then of all possible My,
i) 2t — 27+ have rank My = 1 + 2
ii) 2" — 2772 have rank My =1 + 1

iii) 2" =2 have rank My = 1.

Then we have, using Lemma 1.5 of [4],

_3(G+5)
2

doo,j = 2
I (- 27) [T, (1 + 270)

We summarize these in the following theorem.

Theorem 2.1. Let F be a real quadratic function field with odd class number.
i) If A = {quadratic extensions K of F in which both infinite places of F ramify}, then
27 [ (127
do,j = -1?:1(1—2;(;121)
M=, (=212, (1+27%)
it) If A = {quadratic extensions K of F in which exactly one infinite place of F ramify},
then

ifq=3 mod 4

ifg=1 mod 4.

.27j<j+1) Hf;l_(l_Qii)

(127175 (1-279)
0—3(i+3)/2

soo (14279 [T72,(1-279)

ifgq=3 mod4

dooj =
ifg=1 mod 4.

iii) If A = {quadratic extensions K of F in which no infinite place of F ramify}, then

2—3(i+2) Hfil(l_gfi)

do - = (=279 -2
00,j — _3U+5)

ifgq=3 mod4

a2 mare s J4=1 modd

Remark 2.1. Let F be a real quadratic function field such that Sylow 2-subgroup of the
class group Cr is elementary and Ne ¢ F=, and K a quadratic extension of F where both
infinite primes of F ramify as in [2]. Then exactly the same method used in this section

works in this case too, as in [2].

3. F' IS IMAGINARY

In this section we assume that F' is imaginary, that is, oo ramifies in F. Let K be a
quadratic extension of F', where the unique infinite place oo of F' splits in K. p;, p and a;’s
are the same as in the section 1. For an ideal a of B, we define the degree degy a of a with
respect to F' to be dimp, (B/a). In fact, for a € A, degp(a) = 2dega. Note that degp p is
even and K = F(\/1n).

Lemma 3.1.
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i) We have
1 if degp pj s even
(v, )y, =
—1 if degp p; is odd.

it) For ¢ =1 mod 4, we have
(—1,05)00 = (a5, ak)o0 = 1.
iii) For ¢ =3 mod 4, we have

1 if degp p; is even
(_17aj)oo =
—1 if degpp; is odd

1 if degp p; or degp pe is even
(a;, k)00 =
—1 if both degp p; and degp pe are odd.
Proof  Note that (v,u)p, = (7,a;)p, = (7,05)ee. Then i) follows from the fact that
degp pj = degz a; mod 2, since the class number A of F' is odd.
ii) follows from the fact that —1 is a square in this case and that a; is positive.
The first part of iii) is contained in i). Let a} := (—1)deerdiq; and e; = (—1)desr s,
Then
(a5, ar)o0 = (a5, Gk )oo (€)oo = (a4, €)oo,
since (aj, dx)oo = 1. Since Fuo(y/ex) = F((¥/T)) where r = q or ¢* according to €, = 1 or
—1. Now the result follows.
Suppose that degp p; is odd for j = 1,...,¢ and deg p; is even for j = £+1,...,¢. Then,
using Lemma 2.1 and the fact that

(aiy aj)p; = (aj,ai)p(aj, ai)oo,

the associated matrix My = (m;;) has the form

where M is a symmetric (¢ — 1) X (¢t — 1) matrix if g =1 mod 4 and
M M.
M= 1| 2
My | M
with M anti-symmetric £ x £ matrix, My arbitrary ¢ X (t—1—¢) matrix, and M3 is symmetric
(t—1—40) x (t—1—¢) matrix if ¢ =3 mod 4.
Then following the ideas of Gerth, or §1, we have the following theorem.
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Theorem 3.1. Let F be an imaginary quadratic function field with odd class number. If
A = {quadratic extensions K of Fin which the infinite place of F splits}, then we have
i) for ¢ =1 mod 4,

2-3(+3)/2

[12,(1+277) 3:1(1 - Q_k)‘

deo.;
it) for ¢ =3 mod 4,
LU (1o
L -2 ) T (-2 k)

i=

REFERENCES

[1] Bae, S. and Jung, H. ¢-ranks of class groups of function fields submitted for publication

[2] Costa, A. and Gerth, F., Densities of 4-class ranks of totally complex quadratic extensions of real
quadratic fields, J. Number Th. 54 1995 274-286

[3] Gerth, F., The 4-class ranks of quadratic fields, Invent. Math. 77 1984 489-515

[4] Limit probabilities for coranks of matrices over GF(g), Linear and Multilinear Algebra 19 1986 79-93

[5] The 4-class ranks of quadratic extensions of certain real quadratic function fields, J. Number Th. 33
1989 18-31

[6] The 4-class ranks of quadratic extensions of certain imaginary quadratic fields, Illinois J. Math., 33
1989 132-142

[7] Halter-Koch, F. Ein Satz {iber die Geschlechter relativ-zyklischer Zahlkérper von Primzahlgrad und
seine Anwendung auf biquadratische-bizyklische Korper, J. Number Th. 4 1972 144-156

[8] Wittmann, C., ¢-class groups of cyclic function fields of degree £, Finite Fields and their Applications
13 2007 327-347

DEPARTMENT OF MATHEMATICS, KAIST, TAEJON 305-701, KOREA

shbaekaist.ac.kr



