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ABSTRACT. k denotes a number field. We study the first layers k1 D k of Zj-
extensions of k. ki can be described in terms of the norm coherent property
over the cyclotomic Zp-extension of k.
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1. INTRODUCTION

We will introduce a theorem which measures the first layers of Z,-extensions of
a number field in terms of the norm coherent property. Firstly, we search possible
candidates of the first layers of Z,-extensions when the ground field contains a
primitive pth root of unity. Secondly, we study general case by adding a primitive
pth root of unity to the ground field and by shifting Z,-extensions of the ground
field to Z,-extensions over this bigger field. This is explained at the end of this
section. Finally, the first layers of Z,-extensions are related to Coleman’s power
series over the p-adic cyclotomic Z,-extension of the completion of the ground field
at a prime lying over p.

The first step is obtained by refining a main result of Bertrandias and Payan
in [1] in which they determine the first layers of Z/p™Z-extensions of a number field
in terms of a certain norm group over the cyclotomic Z,-extension of the ground
field. For a number field k, let O be the set of all elements « in k* such that
k(a'/?) is a first layer of a Zy-extension. Let (,» denote a primitive p™th root of
unity in a fixed algebraic closure k% of k. Let koo be the cyclotomic Z,-extension
of k in k*#& with k, its unique subfield of degree p"™ over k. Let m > 1 denote
the maximum number with (= € k. By level-shifting over the the cyclotomic Z,-
extension, we may assume in this paper, without loss of generality, that m = 1,
ie., k = k((p) # k((p2). Then our k, becomes Bertrandias and Payan’s k,, ;1. For
each integer n > 1, let 7((pn) = C;jp. Thus 7 defines a topological generator for
G(koo/k). Let

A = Z[[T]] = im Z[G(ky /)]
be the inverse limit of Z[G(k,/k)] for which the generator T satisfies
14+T=r.
We will see that O can be obtained from certain A-modules. Let

lim k¢ /K> (k)T TP
n>1

denote the inverse limit of k) /k* (k,f)T2_Tp over n > 1 with respect to the norm
maps and let lim _ kX JEX(kX)T~P be defined in the same way. Let 7 be the
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natural projection from @n21 kX k> (k,f)TQ’Tp into k*/(k>)P,

7((apmod k™ (kX )TZ_TP)) = Ny, (a,)mod (k™)?

where N,, denotes the norm map from k,, to k. We introduce the following conjec-
ture.

Conjecture 1.1. If k is a number field such that k = k((,) # k((p2), then
O/ (k)P = m(lim byt /b (k)" ).

n>1
Evidence for the conjecture can be found in the proof of the following theorem.

Theorem 1.2. If k is a number field such that k = k((p) # k((p2), then we have
w(lim k)¢ /R (k)T TP € O3/ ()P C m(lim k) /B (k)T ).

n>1 n>1
We remark here that if k£ does not contain a primitive pth root of unity, then we
have
O/ (k)P = 0.

Next, we move on general case, i.e., when k is an arbitrary number field. If k
contains a primitive pth root of unity then the first layers must be of the form
k(a'/?) for some « in k which was already handled. If k does not contains a
primitive pth root of unity then each first layer is not generated by a pth root of an
element of k. However, in this case we can find possible candidates of first layers
of Z,-extensions of k by shifting k to K = k((1).

Ky = K(a'/?)
N\
3} K =k(G)

NS
k

The first layer ki of a Z,-extension ko is linearly disjoint with k(¢q) since the
degree is prime to p. In this case, the composite Koo = Kk is a Zy-extension of
K for which we have information about possible candidates of first layers. Since
both ki /k and K/k are abelian with coprime degrees, we have

G(K1/k) = Z/pZ x G(k(C1)/k) = Z/p[k(C1) : K|Z.
The first layer k1 must be the subfield of K fixed by G(k(¢1)/k) = G(K1/k1)
oy = KO/,

Conversely, every first layers of Z,-extensions of k£ can be obtained in this way, that
is, they are the fixed fields of the first layers of Z,-extensions of k(¢1) by G(k((1)/k).
2. PROOF OF THEOREM 1.2

We start with the following definition.

Definition 2.1. For an extension field K/k and a group H, we will say K is H-
extendable over k if there is an extension field F D K such that F/k is Galois and
its Galois group G(F/k) is isomorphic to H.
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When K/k is a Galois extension, then K is H-extendable over k if and only if there
is a Galois extension ' O K over k which fits into a short exact sequence

0 — G(F/K) — G(F/k)2*H — G(K/k) — 0

For a field F', F’* denotes the multiplicative group of the nonzero elements of F.
Following Bertrandias and Payan, we define two subgroups © and ¥y, of k> /(k*)P.
Let ¢, be a primitive nth root of unity in a fixed algebraic closure of k, and let u,
be the group which is generated by (,. For a number field k, let O be the set of
all elements o in k* such that k(a!/?) is Z,-extendable. If k& does not contain ¢,,
then trivially
O/ (k*)P = 0.

For a field k containing ¢,, ©/(k*)P is a finite dimensional Z/pZ-vector space.
Write si for the dimension. In terms of Iwasawa’s theory, s; is the maximum
number of independent Z,-extensions of k. If d; denotes the difference between the
Z-rank of the global units of k and the Z,-rank of those in its completion at p, then
sk is equal to ro + 14 d;, where ro denotes the number of complex embeddings of k.
Leopoldt’s conjecture is equivalent to d; = 0 for a number field k. The conjecture is
known to be true for an abelian number field by Brumer. Hence, in abelian number
field k, s is equal to ro + 1,

dimZ/pZG)k/(k:X)p =ro+ 1.

In their paper, Bertrandias and Payan studied O in terms of certain subgroups
of the ground field. Among these subgroups are the group of universal norms, the
group of p-units. We briefly recall a theorem which played a central role in loc. cit.
This theorem is a characterizing of elements whose p-th roots generate Z/p™Z-
extendable fields. Let ko, be the cyclotomic Z,-extension of kg = k = k(u,) with
k., its unique subfield of degree p™ over k. Let m > 1 denote the maximum number
with (,m € k. As mentioned in the introduction, by level-shifting over the the
cyclotomic Zy-extension, we may assume, without loss of generality, that m =1 so
that our k, becomes Bertrandias and Payan’s k1. Let INV,, denote the norm map
from k,, to k.

Theorem 2.2 (=Théoreme 1 of loc.cit). Let a € k*. Then k(al/?) is Z/p"Z-
extendable if and only if a € Ns kI (K*)P, where s, is n —m if n > m, and 0
otherwise.

Based on Theorem 2.2 above, ¥y is defined as the set of all @ € k* such that
k(at/?) is Z/p"Z-extendable for all n.

Corollary 2.3 (=Corollary of loc.cit).
Uy = () Nk ()P

Using these results, it was shown that an extension k(a!/?) which is Z/p" Z-extendable
for all n need not be Zy-extendable. This was done by providing an example of
abelian number field k such that 7y + 1 = dimg,,z0%/(k*)? # dimg,,z Vi /(k>)P,
which is due to Serre(cf. loc.cit). For a notational convention, write ¢, for a p™th
root of unity. As defined in the introduction, let 7 be a topological generator for
G(kso/k) defined to be 7((,) = AP, Let koo denote the inverse limits

~ 2

koo = }%ki/kx(krf)T w
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with respect to the norm maps. We have the following exact sequence 0 —
lim &% (k)T TP — lim kX — koo induced from the short exact sequence 0 —
—n 5 —n 5
EX (BT =TP — kX — kX kX (k)T ~TP — 0 by taking inverse limits with respect
to the norm maps. Since lim £* (kyf)TQ*T” is trivial, we have
«—n
lim k' — koo.
n

As defined in the introduction, let m be the natural projection from k., into
k> /(k*)P, ie., m((aymod kX (k)T =TP)) = N,(an)mod kP. Note that N, (a,)
is independent of n. Let k%" denote the image of 7 inside k> /(k*)P,

]';;coh — 77(12'00)
Notice that from the inclusion above, we have also the following inclusion

m(lim k) C k.

We recall the conjecture as was stated in the introduction.

Conjecture 2.4. If k is a number field such that k = k(p) # k((p2), then
O/ (k™) = k=",

Notice that if k does not contain (,, then Oy, is trivial, i.e., © = (k*)P. However,

keob may contain nontrivial elements, for example when k = Q,

pmod (k)P = (¢, — 1 mod kX (k2)7°7TP),.) € kb,

The conjecture is true for the following cases. Firstly, if there is only one prime p in
k lying over p such that the Sylow p-subgroup of the class group of k is generated by
the class of p, then the conjecture is true. Secondly, if kK = Q((,) and p is properly
irregular, then the conjecture is true. Hence, under Vandiver’s conjecture, for all p
and k = Q(¢{p), the conjecture is true since for a regular prime, the first case above
says the conjecture is true. We do not inquire further into the cases under which
the conjecture is true. Instead, we pose the following theorem.

Theorem 2.5. If k is a number field such that k = k((p) # k((p2), then we have
Feoh € @/ ()P C m(lim k1 ()T P).

n>1

Proof. Let a € k®h. For s > n, let Ng, denote the norm map from ks to
kn. There is a sequence {ay}n>m such that No(ag) = a and Ny p_10pm41 =

ananﬁ;ﬂ_n’ where a,, 3, € k;_; and a,, € k. We need the following lemma of
loc. cit.

Lemma 2.6 (=Lemme 1 of loc.cit). For integers n > m > 1, there is an integer
un and a polynomial f)(x) in Z[x] such that

= (z—1-p)fa(x) + (1 +uup)p"™™
By replacing variable x by © — 1 = y, Lemma 2.6 leads to
I+ (+D+-+@+1P (=) faly+1) + (1 +uap)p™ ™
Write f/ (y+1) = fn(y). When m = 1, by plugging in y = T, this leads to
N1 = (T = p)fa(T) + (1 + unp)p" "

n—m_q

l+ax+---+2f

n—m_ q
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Write also N,,—1 oo, = ap,,” where a, € k‘rffl and p, € k™, and
vp =afrM o =auP.

The field L/, = k,_1((e/,)*/?") is an abelian extension of k and cyclic extension of
degree p™ over k,_1. This fact is contained in the proof of part (b) of THEOREME
1 of loc.cit. We briefly recall the argument. From Lemma 2.6, we have a =

PP (aktunpyp” (afb"(T))T_p and hence
af = (attunp)p" (qpfn(T) p=pyT=p — (gl tunp)p" ,p(T=p),

It follows that (a,)T P = « —pypT=P) (altunp)p™ kﬁil. Let 7 be any extension
of 7 to L!,. Since

(F((@) 7)) = 7(ar,) = (a7,) P,
(! )M/P")) € L, which shows L/ /k is a Galois extension. Let
1/

n

for some x,, € ky,, (7(
¢ =a((a’)?")/(a!)'/P"). Then G(L,/k) is abelian if and only if
n)

Fo(0))/7") 7((0) 7") = o () ) 7 () 7).
It follows from 7(o((c)?")/()P™)) = (o((al)/P")/(al,)/P") 4P that the
condition is equal to the condition that ((c/,)Y?")'*P/7((a/)}/P") is contained
in k,_1 which is the invariant field by o. This condition is satisfied since (a/,)T =
was shown to be a p™th power of k,_;. This shows that L/, = k,_;((aw?)/?") is
an abelian extension of k and cyclic extension of degree p™ over k,_;. Next, we
claim that
L, CLy,,.
In order to prove the claim, it is enough to show that

n—1

Vny1/vn € (k)

frnt1(T) oD
Unt1 ( Qpy1 ) = ( Qg1
- 2 _ - P pn—1; .
Vn (Nn’nflan+1anﬁ3; Tp)fn(T) ( n_‘:f1(1+T) anﬂz2_Tp)f"’(T)
‘We show that the first factor
Frnt1(T)
s )
(aZi T

and the other factors
afn (@) BT*=Tp)fn(T)

are p"~'th powers of k. For the first factor it was shown as in loc.cit that

Fnt1(T) P 0+ ) (tunp) —p (1t up 1 1p)
( Sl = (a4 o )pn_l
S AT e o "
(a3 )Fn(T)

Since T annihilates a,, it follows from Lemma 2.6 that

n—1 n
a;pfn(T) — afln(T)(T—P) — agn_1—(1+unp)p = g,

This shows
fn( ) c kp

Finally, the last factor is a p"~'th powers of k) since

ﬁr(LT2_Tp)fn(T) _ ﬁ;l;(Nn—l —(I4unp)p™ ")
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from Lemma 2.6. If k(a'/P) = ky then trivially o € ©y. Otherwise, k(a'/?) is
linearly disjoint with ko over k. Then L. is a Zy-extension of ko, and L /k is
an abelian extension with G(L.,/k) = Z, ® Z,. In this case, it can be shown that
k(a'/P) is contained in a Z,-extension of k following the same argument of Lemme
2 of loc.cit. More precisely, let ¢ be a ko-automorphism of ks ((ar?)/?"). The

Galois group decomposes into
Gkoo((ar)/7") [k) 2= (o) @ (7).

The field k(a'/P) is the fixed field of a subgroup H of G(kuo((a?)Y/?")/k) of
index p. Hence, H must be of the form (o?,70") for some i,0 < i < p. Fi-
nally, k(a'/?) is contained in L,, which is the fixed field of (ro?) with G(L, /k) =
G (koo ((aE)Y/P")JK) /(T0?) = Z/p"Z and hence, k(a'/P) is contained in the Z,-
extension h_rr}ln L, of k.

Now, we proceed to the other inclusion. Let o € ©y/(k*)P so that k(a'/?) is

a first layer of a Z,-extension Lo, of k. There are intermediate fields L,, C L,41

and «; such that L1k, = kn(ai/ffﬂ) and Lyk,_1 = k:n_l(a}/pﬁ). If L,, and k,

are not linearly disjoint over k, then L, = k(a/?) = k; = k(Cll/p). In this case,
we can pick an «, = (,4+1 so that (a,), is contained in @k; Jk* (kX)T=P since
a = ¢gmod (k*)P. Thus we may assume that L, and k, are linearly disjoint over
k.

1 n+1
kn(an/-&-pl )

N
/ (™)
VAN

L1 Feno1 (/") kn(al/P)

NN N

Ln kn—l(al/p) k”

SN/
Li=Fk(@/?) |k,

\k/

k2

Define v; and &; in k| as follows. Since o; € a(k; )P and a;41 = o; (k)P , we
can write a; = av? for some v; € k* | and

Ap41 = an67€+17
for some 41 € k). Since ki_l(ag/pl)/k; is abelian for ¢ = n,n + 1, it follows that

al Pe (kX)) e,

T_ i
a; pzfip7

K3
for some &; € k; ;. Since &,11 and f,+1 are defined up to multiples of roots of
unity, we will choose &,+1 and (3,41 so that they satisfy certain conditions. It
follows from the two equations above that

n+1 n n
—p" Tt _ p—p™ gp" (T—p)
§n+1 - gn P ﬁnJrl .
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Applying the norm map N,, ,_1 to the equation above, we have

n+1 n

_ o on+1 o
(1) Nn,n—1(§ -{-)1 ) = fnp Nn,n—lﬂ£+(1T p)-
Applying the absolute norm N,,_1, we have

n41 n41

_ _on+l _
Nn—an,n—l(gnﬁl ) == Nn—l(gnp Nn,n—l nfl )
By taking a p"*'th root in the above equation, we have
Nn—an,n—l(gn-&-l) = Nn—l(gnNn,n—lﬂn-&-l)Va

where v € p,n+1 N k. Since v is contained in the image of the norm map, there are
¢’ € pp, b, € k,_1 such that

Nnm—l(c/fn-l-l)/fn = n,n—lﬁn+157{~

For a notational convenience, we will denote ¢’§,,+1 by &,41 since &,4+1 is defined
up to a multiple of roots of unity. This leads to

(2) Nn,n71(€n+1)/§n = n,nflﬂnjtlé‘;l;-
It follows from the equations (1) and (2) that
_pn+1

—p*tir _ p" (T —p)
6n - Nn,n—l n+1 .

Nnpn—18,11
This leads to
Nn,n—légpnT = 5;pn+1T = Nmn—l 2:—7;
It follows that
(Nun-18nBns1)’ =11 =13
for some vy € up, V2 € up+1. Hence, we have Nn,n_1(5n6n+1)v2_l € k*. This shows
that vy € py,, ie.,

(3) Nn,n71(6n6n+1) € kX,U,n

The following lemma is well known. The proof is left to the reader which is ele-
mentary.

Lemma 2.7. Let (An, fn), (Bn,gn) and (Cy, hy) be inverse systems. If the short
exact sequences

0— A, — B, 2~ C,, — 0
are commute with respect to fn,gn and h, for all n, then we have

lim p,,
0 — lim A4,, — lim B,, = 1im C,, — Cok(lim p,,) — 0,
P P — P

where Cok(liln pn) is the cokernel of @pn. If . is surjective for all sufficiently
large n > 0, then

Cok(lim p,) = 0.
The equation (2) leads to
(4) Nn,n71(§n+1)/£n = Nn,nflﬁnJrl(S;J; = n,nfl(énﬂn+1)5g_p'
The equations (3) and (4) tell us that
(5) O1 C m(lim K /K s ()7 ).
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It follows from Lemma 2.7 that there is a lifting from lim &k} /&> pun 41 (k) )T=P to
lim ky /K> (kX)T=P since the norm maps are surjective over p"th roots of unity as
n varies. Hence, the equation (5) leads to

Ok C m(lim &y /&> (k)T P).
This completes the proof of Theorem 2.5. O

Remark. We write k = F(¢;) with F/Q is unramified at p and write o, for the
Frobenius element of p. Then k,, = F({,+1). For each primes p,, 41 in k,41 and p,
in k,, with p,11|p, lying over p, we can identify G(k,+1/k,) with its decomposi-
tion group G(kn41,p,,.,/kn.p,) since each prime lying over p is totally ramified at
kn+1/kn, where ky , denotes the completion of k, at the prime p,, and similarly
for kp,p,.,.- Hence we have the following commutative diagram

0 kn—l—l le\pk7>1<+l,p/ - (kn+1 ® Qp)X
Nn+1m,J/ Hp’\pNn+1‘nJ/
0 kn, Oy pknp = (kn ® Qp)*

where the horizontal arrow denotes the diagonal embedding k) — IL, k. ,. By
taking inverse limits, we have

lim k7 = T Iy ke = lim(ky © Qp)
since the projective limit is left exact functor. Let Op denote the ring of integers
of F. Op is identified with the diagonal embedding via

OF — 61:‘ = Hp\pOFp =0r® Zp

where OF, is the ring of integers of the completion F}, of F' at a primes p lying over
p. We need the following theorem of Coleman.
Theorem 2.8 (Theorem 16 and Corollary 17 of [2]). Let (ay,) be an element of
liﬂl(kn ® Qp)*, where the inverse limit is taken with respect to the norm maps.

Then there is a unique power series f in @F((X)) such that

f(Cng1—1) = an? and N f = fo»
where N denotes the Coleman’s norm operator.

It follows from the inclusion ﬂ(lﬂln k) < kM in the previous argument, Theo-
rem 2.5 and Theorem 2.8 that each element o in ﬂ(h&ln k) produces a Coleman’s
power series f such that k,(f(Cup1 — 1)/?P") generates a p™-extension of k,, which
is Z,-extendable for each n. Conversely, each element f in (Op((X))*)N=" pro-
duces a p"-extension ky(f(Cny1 — 1)Y/P") over k,, which is Z,-extendable for each
n.
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