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Abstract. Let K/Q be an abelian extension containing an imaginary qua-
dratic field k. Each intermediate field of the cyclotomic Zp-extension of K
contains both the group of elliptic units and the group of circular units. We
explain the relation between the characteristic ideals of the inverse limit of the
minus ideal class groups and the inverse limit of the quotients of the circular
units by the elliptic units using the Iwasawa main conjectures.

1. Introduction

Let K/Q be an abelian extension containing an imaginary quadratic field k of
odd prime power conductor. Let p be an odd prime which is prime to [K : k] and
does not split in k. Let K∞ =

⋃∞
n=0 Kn ⊃ · · · ⊃ K1 ⊃ K0 be the cyclotomic

Zp-extension of K0 = K with [Kn : K] = pn. For a number field F , let ClF
denote the ideal class group of F . Then the group of the global units En of Kn

contains two different subgroups, the circular units Cn and the elliptic units E ln, the
former is defined in an algebraic way and the latter in an analytic way. Moreover,
the group of elliptic units is contained in the group of circular units of Kn. This
follows from the results of Gillard(cf. [5] and [9]). Up to a certain constant, the
cardinality of the class group of the maximal real subfield of K+

n is equal to that
of the quotient of En by Cn. The group structures of these are not isomorphic in
general. When K has a prime power conductor, the cohomologies are known to
be Galois isomorphic. Thanks to Gillard(cf. [6]), the cardinality of the p-part of
the class group is known to be equal to that of the quotient group of the group of
global units by the group of elliptic units when the inertia groups satisfy certain
conditions which are satisfied in our case. In general, the cohomologies of the class
group Cln of Kn and the quotient of En by E ln are not likely to be isomorphic.
As a result, the p-part of the quotient group of the circular units by the elliptic
units has the same cardinality as that of the minus class group of Kn. Under the
condition of the cyclicity of the minus class group of the first layer, it is known
that they have the same module structure. We will show that they have the same
characteristic ideals as Iwasawa Λ-modules without the condition of the cyclicity.
Let E∞ = lim←− En ⊗ Zp, E l∞ = lim←− Eln ⊗ Zp and C∞ = lim←− Cn ⊗ Zp be the inverse
limits of En⊗Zp, Eln⊗Zp and Cn⊗Zp with respect to the norm maps respectively.
Let Cl∞ = lim←− Cln ⊗ Zp be the inverse limit of the p-part of the ideal class groups
of Kn. Let hk denote the class number of k.
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Theorem 1.1. Suppose that p does not split completely in K/k. If p - hk, or the
Hilbert class field of k is contained in K, then

char(Cl−∞) = char(C∞/E l∞).

Let Hn and H+
n be the Hilbert class fields of Kn and K+

n respectively. Let H∞ =⋃
n Hn and H+

∞ =
⋃

n H+
n .

Corollary 1.2. char(C∞/El∞) = char(G(H∞/K∞H+
∞)).

2. Elliptic units and circular units

Following Gillard(cf. [5]), we briefly recall the group of elliptic units. Let L =
Zw1 + Zw2 be a lattice in C with Im(w1/w2) > 0. Using Weierstrass’ σ function,
let

ϕ(z, L) = e−η(z,L)z/2σ(z, L)∆1/12(L),

where η(z, L) is an R-linear form on C(cf. loc.cit.) and

∆1/12(L) = (2πi/w2)q1/12
∞∏

n=1

(1− qn)2

with q = e2πiw1/w2 . For an integral ideal f of k, let k(f) be the ray class field
modulo f and Cl(f) ∼= G(k(f)/k) be its ray class group. For each class C ∈ Cl(f), let
(t, b) ∈ k××Cl(f) be a pair which represents C(cf. loc.cit.). Let ϕf(C) = ϕ12f (t, b),
where f denotes the positive generator of f ∩ Z. Let K/k be a cyclic extension of
conductor f 6= 1. For each σ ∈ G(K/k), let

ϕK(σ) =
∏

ϕf(C)

where C ranges over all classes in Cl(f) whose image by the relative reciprocity to
K/k is σ. We extend ϕK to the group ring Z[G(K/k)] by multiplication. Then,
ϕK is G(K/k)-equivariant map whose image is contained in K. For the unramified
case, f = 1, we refer loc.cit. for the details. Let (−,K/k) denote the Artin map
over K/k and N = Nk/Q denote the absolute norm map. The subgroup ẼlK of the
global units EK is defined as

Ẽ lK = {x ∈ EK |x12fwf ∈ ϕK(J ∩ I)}
where wf is the number of roots of unity in k congruent to one modulo f, J the
ideal generated by (a,K/k) − N(a) over all ideals of k prime to 12f , and I is the
augmentation ideal of Z[G(K/Q)]. For an abelian extension K/k, the group of
elliptic units E lK is defined as

E lK =
∏

Ẽ lK′

where K ′ ranges over all subfields of K/k. Notice that in our case, the groups ẼlK′

coming from unramified fields K ′ do not have any contributions since K/k has a
prime power conductor. Let K+ denote the maximal real subfield of K. Théorème
2 and Corollaire of loc.cit. imply the following result.

If K/k is a ramified extension, then (ElK)[K:Q]2 ⊂ CK . Moreover, if all primes
which ramify in K+/Q also ramify in K/k, then E lK ⊂ µKCK+ .
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For the quotient group, there is also an isomorphism

(CK/ElK)⊗ Zp
∼= Zp[K/Q]/IKZp[K/Q],

where IK is the Stickelberger ideal. This is Theorem 4.3 of [11] when K is the
pth cyclotomic field, Theorem 5.1 of [8] when K is an intermediate field of the
cyclotomic Zp-extension of an imaginary quadratic field, and Corollaire of [5] for
any case satisfying the above containment conditions.

In the following, we will assume that K/Q is of prime power conductor ln and
K∞ = ∪Kn is the cyclotomic Zp-extension. The results above show

(Cn/Eln)⊗ Zp
∼= Zp[Kn/Q]/InZp[Kn/Q]

and the following inclusions

Eln ⊗ Zp ⊂ Cn ⊗ Zp ⊂ En ⊗ Zp.

For any finite set A, let #(A) denote the cardinality of A. The class number formula
of Gillard shows that

#(Cln ⊗ Zp) = #((En/Eln)⊗ Zp)

since any primes of Kn not dividing p have ramification degree prime to p and the
p-part of G(Kn/K) is cyclic(cf. [6]). Moreover, there is a well known isomorphism
for the minus ideal class group of an intermediate field

Cl−n ⊗ Zp
∼= Zp[Kn/Q]/InZp[Kn/Q]

when p - [K : k] and Cl−K ⊗ Zp is a cyclic module(cf. [3]). Notice that if K is
the pth cyclotomic field and Vandiver’s conjecture holds then such isomorphism is
also well known. Hence, under certain conditions, we have enough isomorphisms
between the minus part of the class group and the quotient group of the group of
units modulo the group of elliptic units. With the assumption that Cl−K ⊗ Zp is a
cyclic module, we are led to the equality of two characteristic ideals of the inverse
limits of these two objects over the basic Zp-extension. We will see later that they
actually have the same characteristic ideals without the assumption that Cl−K⊗Zp is
a cyclic module from the main conjectures of Iwasawa. Since the p-Sylow subgroup
of G(Kn/Q) is cyclic Sinnott’s class number formula(cf. [16] and [17]) leads to

#(Cl+n ⊗ Zp) = #((En/Cn)⊗ Zp).

Notice that the group structures of these two objects need not be isomorphic in
general. This formula leads to

#(Cl−n ⊗ Zp) = #((Cn/E ln)⊗ Zp).

In the cohomological argument to follow, we fix l = p. Let fm be the conductor
of Km. Let G = G(Q(µfm)/Q) and H be any subgroup of G. For the Galois
module structures between the cohomology groups of these two objects, we know
the following Z[G/H] isomorphism

Hi(H, Em/Cm) ∼= Hi(H, Cl+m).

In [2], this is proved using etale cohomology(cf. [4]). As a result, with the assump-
tion that Cl−K ⊗ Zp is a cyclic module, we see that

Hi(Gm,n, Cl−m) ∼= Hi(Gm,n, Cm/Elm) and Hi(Gm,n,Cl+m) ∼= Hi(Gm,n, Em/Cm).
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From the decomposition of the ideal class group Clm⊗Zp
∼= (Clm⊗Zp)−⊕ (Clm⊗

Zp)+, we have

Hi(Gm,n, Clm) ∼= Hi(Gm,n,Cl−m)⊕Hi(Gm,n, Cl+m)

∼= Hi(Gm,n, Cm/Elm)⊕Hi(Gm,n, Em/Cm).

In general, it seems very unlikely that Hi(Gm,n, Clm) ∼= Hi(Gm,n, Em/E lm) un-
less one of the plus or minus parts vanishes. We denote by E∞ = lim←− En ⊗
Zp and El∞ = lim←− E ln ⊗ Zp the inverse limits of En ⊗ Zp and Eln ⊗ Zp with re-
spect to the norm maps respectively. We often identify En⊗Zp with a subgroup of
the principal units Un = 1+pn of the local field Kn,pn , the completion of Kn at pn,
and similarly we use the same identification for various subgroups. This is possible
due to Leopoldt’s conjecture. Finally, let Cl∞ = lim←− Cln ⊗ Zp be the inverse limit
of the p-parts of the ideal class groups of Kn, and similarly, let C∞ = lim←− Cn ⊗ Zp

the inverse limits of Cn ⊗ Zp. Write Γn = G(K∞/Kn). By taking inverse limits to
the isomorphism above, we have

Hi(Γn,Cl∞) ∼= Hi(Γn, C∞/E l∞)⊕Hi(Γn, E∞/C∞).

In the study of the characteristic ideals, we let l and p be odd primes so that K/Q
is of prime power conductor ln and K∞ = ∪Kn is the cyclotomic Zp-extension where
p does not split completely in K/Q. Notice that under this condition, Gillard’s
result shows that the p-part of the group of elliptic units is contained in the p-part of
the group of circular units of Kn for all n. For p - [K : k], let χ : G(K/k) → (Qalg

p )×

be a p-adic valued Dirichlet character of G(K/k), where Qalg
p is a fixed algebraic

closure of Qp. Let Ξ be the set of p-adic valued Dirichlet characters of G(K/k).
Two characters χ and χ′ of Ξ are said to be Qp-conjugate if σχ = χ′ for some σ in
G(Qalg

p /Qp). This defines an equivalence relation on Ξ. Let Zp[χ] = Zp[image(χ)]
be the Zp[G(K/k)]-module where G(K/k) acts via σx = χ(σ)x for σ ∈ G(K/k)
and x ∈ Zp[χ]. For each χ, we let e(χ) = 1/[K : k]

∑
σ∈G(K/k) Tr(χ(σ)−1)σ denote

the corresponding idempotent with the trace map “Tr” from Zp[χ] to Zp. Then
since p - [K : k], e(χ) ∈ Zp[G(K/k]. For each Z[G(K/k)]-module M of finite type,
we let M(χ) = e(χ)(M ⊗ Zp) denote the χ-eigenspace of the p-adic completion
lim←−n

M/Mpn

= M ⊗ Zp of M . Then we have

M ⊗ Zp
∼=

⊕
χ

M(χ)

where χ runs over all representatives of Qp-conjugate classes of Ξ. For the charac-
teristic ideals char(Cl−∞) and char(C∞/E l∞), we have the following theorem. Let
hk denote the class number of k.

Theorem 2.1. Suppose that p does not split completely in K/k. If p - hk, or the
Hilbert class field of k is contained in K, then

char(Cl−∞) = char(C∞/E l∞).

Proof. By the assumption on p, Gillard’s result shows that for each n, E ln ⊗ Zp

is contained in Cn⊗Zp. Since the inverse limit is left exact, there exists an inclusion
El∞ ↪→ C∞ and a natural exact sequence,

0 −→ C∞/E l∞ −→ E∞/E l∞ −→ E∞/C∞ −→ 0.
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Hence, the characteristic ideal char(E∞/E l∞) of E∞/E l∞ splits as follows.

(1) char(E∞/E l∞) = char(C∞/E l∞) char(E∞/C∞).

For the prime p which satisfies the assumption, Rubin’s result(cf. Theorem 4.2
of [13] and [14]) shows one of the main conjectures

char(Clχ∞) = char((E∞/E l∞)χ)

for any odd character χ of G(K/k) since χ(p) 6= 1 and using the class number
formula of Gillard. In [13], Rubin proves the above main conjecture under the
assumption that K contains the Hilbert class field of k. The assumption can also
be replaced by the condition that p is prime to the class number of k(cf. [14]). This
leads to

char(Cl∞) = char((E∞/E l∞).

Let K+
n denote the maximal real subfield of Kn. Let Hn and H+

n denote the p-
maximal unramified abelian extensions of Kn and K+

n , respectively. Let H∞ and
H+
∞ be the maximal unramified abelian extensions of K∞ and K+

∞, respectively.
We need to prove the following lemma.

Lemma 2.2. char(Cl+∞) = char(E∞/C∞).

Proof. Let E+
n and C+

n denote respectively the global units and the circular units
of K+

n . Since the p-parts H0(G(Kn/K+
n ), En) ⊗ Zp and H0(G(Kn/K+

n ), Cn) ⊗ Zp

of the Tate cohomologies are trivial, we have

N+(En)⊗ Zp = E+
n ⊗ Zp and N+(Cn)⊗ Zp = C+

n ⊗ Zp.

Let E+
∞ and C+

∞ denote respectively the inverse limits of E+
n ⊗Zp and C+

n ⊗Zp with
respect to the norm maps. This gives the following commutative diagram,

0 −−−−→ µp(K∞) −−−−→ C∞ N+−−−−→ C+
∞ −−−−→ 0

y
y

y

0 −−−−→ µp(K∞) −−−−→ E∞
N+−−−−→ E+

∞ −−−−→ 0

Applying the snake lemma to the diagram above, we have

E∞/C∞ ∼= E+
∞/C+

∞.

From this and the Iwasawa main conjecture of totally real abelian fields(cf. [14]),
we obtain char(Cl+∞) = char(E∞/C∞), as was claimed in the lemma. 2

The decomposition
char(Cl∞) = char(Cl−∞)char(Cl+∞)

induced from Cl∞ = Cl−∞ ⊕ Cl+∞ and Lemma 2.2 conclude the proof of Theorem
2.1. 2

Let Hn and H+
n be the Hilbert class fields of Kn and K+

n respectively. Let
H∞ =

⋃
n Hn and H+

∞ =
⋃

n H+
n .

Corollary 2.3. char(C∞/El∞) = char(G(H∞/K∞H+
∞)).
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Proof. Since Kn/K is totally ramified at a prime lying over p and for all n, we
have, by passing through the natural projections, that

G(H∞/K∞) = lim←− G(Hn/Kn) and G(H+
∞/K+

∞) = lim←− G(H+
n /K+

n )

G(H∞/K∞H+
∞) = lim←− G(K∞H+

∞Hn/K∞H+
∞) = lim←− G(Hn/KnH+

n ).

We have the following diagram of the fields.

H∞K∞H+
∞

¡

¡
K∞ H+

∞
@

@
K+
∞

This induces a short exact sequence,

0 −→ G(H∞/K∞H+
∞) −→ G(H∞/K∞) −→ G(H+

∞/K+
∞) −→ 0

which yields

char(G(H∞/K∞)) = char(G(H∞/K∞H+
∞)) char(G(H+

∞/K+
∞)).

Let Cl+∞ denote the inverse limit of the p-primary parts of the ideal class groups of
K+

n with respect to the norm maps. It follows from the class field theory that

(2) char(Cl∞) = char(G(H∞/K∞H+
∞)) char(Cl+∞).

Hence we conclude the proof of Corollary 2.3 from Theorem 2.1. 2

Remark 1. Let K be the pth cyclotomic field

K = Q(µp).

Let χ be a fixed p-adic valued Dirichlet character of G(K/Q). Taking the χ-
eigenspaces from (2), we have

char(Clχ∞) = char(G(H∞/K∞H+
∞)χ) char(Cl+χ

∞ ).

Let K = Q(
√−D), and let ε be the quadratic character mod D associated K, and

let ω be the Teichmuller character. The decomposition above is consistent with the
factorization

Lp(s, χK) = Lp(s, χεω) Lp(1− s, χ−1)

of Kubota-Leopoldt p-adic L-series via the main conjecture, where χ denotes a con-
tinuous p-adic character of G(K(µp∞)/Q) which is trivial on complex conjugation,
and χK denotes its restriction to G(K(µp∞)/K)(cf. [7]). Note that the relative
class number h−K of K is essentially a product of the generalized Bernoulli number
B1,χ over all characters. The factorization of Kubota-Leopoldt p-adic L-series is
also related to the factorization of χ-eigenspaces of (1). Indeed, if we plug in s = 0
from the factorization of Kubota-Leopoldt p-adic L-series above, we have

Lp(0, χK) = Lp(0, χεω) Lp(1, χ−1).

Using the same notations of ibid, the LHS is a multiple of the p-adic logarithm

Lp(0, χK) = −1/3prg(χ−1)
∑

χ(a) logp F+(a)p
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of elliptic units, and the first factor of the RHS is a multiple of B1,χ, and the second
factor is a multiple of the p-adic logarithm

Lp(1, χ) = −g(χ)
∑

χ−1(a) logp C+(a)p

of circular units(cf. page 91 of ibid).

Remark 2. We briefly mention the Euler systems between different base fields.
As mentioned in the introduction, let K/Q be an abelian extension containing an
imaginary quadratic field k. Let Ok denote the ring of integers of k. If u ∈ E lK ,
then for every M and r ≥ 0, there is a truncated Euler system α ∈ Er

K/k,M of
level r such that α(Ok) = u. This follows immediately from Proposition 1.2 of [13]
since the Euler systems are contained in the truncated Euler systems. On the other
hand, EK contains the group of circular units CK of Sinnott with (EK : CK) < ∞
since K/Q is abelian. In contrast to the elliptic units, the circular units are defined
in an algebraic way. The circular units come from the Euler systems of K over
Q and the elliptic units from that of K over k. The difference between the base
fields of the Euler systems results in different notion of the Euler systems because
of the difference in their ray class fields. The argument of Euler systems connects
the structure of the ideal class group to that of the higher special units(cf. [10]
and [15]). We briefly mention their relations in the following. The p-parts ClK⊗Zp

and ClK+⊗Zp of the class groups ClK of K and ClK+ of K+ are related, via the ar-
gument of Euler systems, to the direct sums of the quotients of the two consecutive
higher special units of each fields as follows.

ClK ⊗ Zp ∼ gr(S(p)
K/k) =

⊕

n≥1

Sn−1
K/k/Sn

K/k

ClK+ ⊗ Zp ∼ gr(S(p)
K+/Q) =

⊕

n≥1

Sn−1
K+/Q/Sn

K+/Q.

The circular units CK+ are the higher special units coming from the Euler systems
E i

K+/Q over Q, and the elliptic units E lK are the higher special units coming from
the Euler systems E i

K/k over k.

E i
K/k =⇒ Si

K/k ⊗ Zp
i→∞=⇒ ElK ⊗ Zp

E i
K+/Q =⇒ Si

K+/Q ⊗ Zp
i→∞=⇒ CK+ ⊗ Zp.

The Euler systems are defined as certain Galois equivariant maps satisfying both the
norm conditions and the congruence conditions over the ray class fields of the ground
field. Unfortunately, since the ray class fields of different base fields are not norm
comparable, the natural norm map does not work satisfactorily between the Euler
systems E i

K/k and E i
K/Q even though the norm map works well between the class

groups and between various subgroups of the global units. Gillard’s proof(cf. [5]) of
the containment E lK ⊗ Zp ⊆ CK ⊗ Zp between the p-parts of the elliptic units and
the circular units is analytic and does not seem to be comparable with algebraic
norm maps.
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