MODULARITY OF GALOIS TRACES OF CLASS INVARIANTS

DAEYEOL JEON, SOON-YI KANG AND CHANG HEON KIM

ABSTRACT. Zagier showed that the Galois traces of the values of j-invariant at CM points are
Fourier coeflicients of a weakly holomorphic modular form of weight 3/2 and Bruinier-Funke
expanded his result to the sums of the values of arbitrary modular functions at Heegner points.
In this paper, we identify the Galois traces of real-valued class invariants with modular traces of
the values of certain modular functions at Heegner points so that they are Fourier coefficients
of weight 3/2 weakly holomorphic modular forms.

1. INTRODUCTION AND THE STATEMENT OF RESULTS

Let 7 be a value in the complex upper half plane H and g = ¢?™". Then the classical modular
j-invariant on SL9(Z) is defined by

3
(14240552, o ma”) 1 )
j(r) = =q ~ + 744 + 196884q + 21493760q¢" + - - -
7 IO
and its value at an imaginary quadratic generates an abelian extension of an imaginary quadratic
number field. For positive integer D satisfying D = 0, 3 (mod 4), we let

1.1
(L) “HV=Difp =3 (mod 4).

v=D it D=0 (mod 4),
D = 2
2

Then j(7p) generates the ring class field Hp over the imaginary quadratic field K = Q(7p)
with degree [Hp : K] = h(—D), the class number of the order Op = Z[rp] of K. The Galois
conjugates of j(7p) under the action of Gal(Hp/K) are singular moduli j(1q), where

_ —b+=D

1.2 :
(1.2) TQ 2

is a CM point that is a unique root of Q(z,1) = 0 in H, where
Q(x,y) = [a,b,¢] = az® + bry + cy?

is a positive definite integral primitive binary quadratic form with discriminant —D = b — 4ac
and the sum of these conjugates is an ordinary integer.

In order to give a nice analytic property to the sum of singular moduli j(7g), we allow
imprimitive quadratic forms and count them with multiplicities 1/|I'(1)qg|, where I'(1)g is the
stabilizer of @ by I'(1) := PSLy(Z). Let Qp denote the set of positive definite integral binary
quadratic forms of discriminant —D with the usual action of the modular group I'(1). Following
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D. Zagier, we define the modified trace of the Hauptmodul J(7) = j(7) — 744 for index D as

J(7q)
(1.3) t;(D) = .
g Qegm) IT(1)q]

In general, this modified trace is not a Galois trace but a sum of traces that we may write ([17,
Section 2]) as

(1.4) (D)= 3 =3 Jao),
[a0]

OD0p

where the first sum runs over all imaginary quadratic orders O that contain the order Op of
discriminant — D, we is the number of units in O, and the second sum runs over representatives

of the proper O-ideal class. The corresponding generalized class polynomial is then given by
[28],

(1.5) Hp(X):= J[ (X —j(rg)V/I"Wel
QeQp/I(1)

and its g-expansion at j(7) is ([28, Eq. (11)])
(1.6) Hp(j(r)) = a "1~ t5(D)a + O(?)),

where H(D) is the Hurwitz-Kronecker class number. If —D < —4 is a fundamental discriminant,
then t (D) and Hp(X) are indeed the Galois trace and Hilbert class polynomial, respectively.
For example,

(1.7) Has(X) = X3 4 3491750 X2 — 5151296875.X + 12771880859375 € Z[X]

and t7(23) = —3491750, the Galois trace of J(723).

One of the significant properties of the modified trace is that they are Fourier coefficients
of a certain weakly holomorphic modular form of weight 3/2 on I'g(4) [28]. This discovery of
Zagier inspired a great number of works on traces of singular values (see [20, Section 13.1] for
references). In particular, J. H. Bruinier and J. Funke [5] showed that the modular traces of
the values of an arbitrary modular function at Heegner points are Fourier coefficients of the
holomorphic part of a harmonic weak Maass form of weight 3/2 and Bruinier, P. Jenkins, and
K. Ono [6] and W. Duke [10] derived exact formulas of traces of J,,,(2) := mJ(z)|T},, where T, is
the weight zero m-th Hecke operator, which lead to exact formulas for Hilbert class polynomials.

It is known that the value of every modular function for any congruence subgroup at an
imaginary quadratic lies in a finite abelian extension of an imaginary quadratic field, the so
called ray class field. While the Zagier-Bruinier-Funke modular trace of the value of a modular
function at a Heegner point is naturally its Galois trace, it is not trivial to see whether the
Galois trace of a given algebraic integer is a modular trace and hence a Fourier coefficient of a
certain automorphic form. However, if we restrict our attention to a modular function whose
value at a CM point generates a ring class field of an imaginary quadratic field, we can make
use of Shimura’s reciprocity law to relate the Galois trace with the modular trace. Following H.
Weber [26], we call the value of a modular function f(7p) a class invariant if we have

K(f(mp)) = K(j(7p))-
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The Shimura reciprocity law [24] provides a method of systematically determining whether f(7p)
is a class invariant as well as a description of the Galois conjugates of f(7p) under the action
of Gal(Hp/K) in terms of the action of the form class group. This tool is well-illustrated in
several works by R. M. Broker, A. Gee, and P. Stevenhagen in [4], [11], [12], [13], [25].

In this paper, we identify the Galois traces of several class invariants whose minimal polyno-
mials have integer coefficients with modular traces of the values of certain modular functions at
Heegner points so that they are Fourier coefficients of weight 3/2 weakly holomorphic modular
forms. We begin with the holomorphic cube root v, : H — C of the j-function and a modular
function fo : H — C of level 48. The function values (372(723) and (4sf2(723) are both class
invariants and these values have minimal polynomials

HSD?(X) = X3 4+ 155X2 4 650X + 23375 € Z[X]

and
P (X) = X% - X — 1 e Z[X].

Compared with the Hilbert class polynomial in (1.7), the minimal polynomials of class invariants
above produce much smaller coefficients.

The holomorphic cube root o of j is a modular function of level 3. It is well known that
if D >4 and 31 D and if B = 0 for D even and B = 1 otherwise, then (Pv(7p) is a class
invariant. Using the Shimura reciprocity, we deduce the following theorem.

Theorem 1.1. Suppose —D is an imaginary quadratic discriminant such that 31 D. We let
™D = ﬁ as defined in (1.1) and let 7g = w be the CM point associated with a
primitive quadratic form Q = [a,b, c| of discriminant —D. The action of the form class group
on (Byo(1p) is given by the formula

$(rg), if3ta,
(1.8) ((Prya(rp))le—bd = (3 "a(1q), if3|a and 31c,
Y2(10), if3]a and 3| c.

Of the three cases in (1.8), we are particularly interested in the last, where both a and c are
multiples of 3, and discriminant —D is congruent to a square modulo 36. In general, for —D
that is congruent to a square modulo 4N? and 8 modulo 2N?, we let

(1.9) Op.(ny5 = {[Na,b,Nc] € Qp | b= (mod 2N?)}

on which T§(N) = {(24) € I'(1) | b = ¢ = 0 (mod N)} acts. Then the associated Heegner

—b++v-D
2aN

p? 1 —D for any prime divisor p of N, then there is a canonical bijection between Qp/I'(1) and

Qp,n),3/TH(N), as to be shown later in Lemma 5.1. Let GTy(D) denote the modified Galois

trace of a class invariant f(7p). By means of Theorem 1.1, the modified Galois trace of (£vo(7p)

for discriminant —D which is congruent to a square modulo 36 but not divisible by 3 is given
by

(1.10) GTp,,(D) = > 72(7Q)-
QeQp,(3),8/TH(3)

points are of the form 7o = and 7p is not a Heegner point unless N = 1. If
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The sum of the traces given on the right-hand side of equation (1.10) is a constant multiple
of the Bruinier-Funke modular trace of vo at a Heegner point. To state the relation more
precisely, we introduce some notations. For a weakly holomorphic modular function f on a level
N congruence subgroup I', we consider a lattice L such that the group I' acts with finitely many
orbits on Ly, := {X € L+ h|q(X) =m}, where h is in the dual lattice of L, m € Qs, and
q(X) := det(X). We denote the modular trace function of f for positive index m with respect
to L by MT]I:(h, m). If we use the lattice

(1.11) L= {X = <2]l<,a 2£Vbc>

with ¢(X) = det(X) and the associated bilinear form (X,Y") := —tr(XY) in the construction of
the Bruinier-Funke modular trace and apply some properties of the function 2, we obtain the
following theorem.

a,b,cEZ}

Theorem 1.2. For imaginary quadratic discriminant —D which is congruent to a square modulo
36 and not divisible by 3,

1
(1.12) GTp.,,(D) = EMT% (0, D).

Moreover, the generating series of GTCfvz(D)7

Y 6Ty, (D)
D>0
—D=0 (mod 36)
is a weakly holomorphic modular form of weight 3/2 on T'y(36).
Example 1. Let —D = —23 =72 (mod 36) and 8 = 7. Then Qa3/I'(1) is given by
Q23/F(1) = {[17 17 6]7 [27 17 3]7 [27 _la 3]}

and thus the Galois trace of j(7e3) is j(T1,1,6) + J(Ti2,1,3) + J(7[2,—1,3))- By Theorem 1.1, we find
that the Galois trace of (372(723) is equal to

Gy2(Ti1,6) + Gr2(T,13) + G 272 (T2,-1,3)-
However, by the discussion above and the fact
Q23,(3),7/F8(3) = {[67 257 27]? [9’ 253 18]’ [37 77 6]}3
we may also write the Galois trace of (372(723) as
Yo (Ti6,25,27)) + V2(T(9,25,18)) + 12(7[3,7,6])
so that the corresponding minimal polynomial has Heegner divisors:
(1.13) 0= [ (X -n(n)
QEQa3,(3),7/TH(3)

Likewise as above, we discover similar results for the Weber functions f and fo of level 48.
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Theorem 1.3. For imaginary quadratic discriminant —D which is congruent to a square modulo
9216 but not divisible by 2 or 3,

|-’
GT¢sp (D) = gMTf (0, D).
Moreover, there is a finite principal part A(T) =3, ~oa(n)q"™ for which

A(T) + Z GT¢usp (D)QD
D>0
—D=0 (mod 9216)
is a weakly holomorphic modular form of weight 3/2 on I'y(9216).

There are generalized Weber functions go, g1, g2 and gs of level 72. For these functions, we
choose the lattice

(1.14) Ly = {X - <J\;b _]CVb> ’a, bce Z}

with ¢(X) = det(X) and (X,Y) = —tr(XY) that yields

Theorem 1.4. If the imaginary quadratic discriminant —D is congruent to a square modulo
20736 and —D =1 (mod 12), then (gS+¢$)(7p) is a real-valued class invariant. And for a fized
value B (mod 10368) such that 3°> = —D (mod 20736), we have

MTE2(8,D/20736), if B=7 d 12),
GT 4, (D) = i (B,D/ ) z.fﬁi (mod 12)
gty MT 2 (6, D/20736), if 3=5 (mod 12).

Moreover, there is a finite principal part B(t) =", - b(n)q™ for which

B(r) + > GTys (D) g™
D>0
—D=0 (mod 20736)

is a weakly holomorphic modular form of weight 3/2 on T'(20736).

The organization of this paper is as follows. In Section 2, we summarize Bruinier-Funke’s
construction of a modular trace and illustrate with examples of two lattices that it is a sum of
Zagier type modified traces that depends on the choice of a lattice. In Section 3, we introduce
several class invariants whose minimal polynomials have integral coefficients, then in Section
4, we compute the Galois conjugates of the class invariants presented in Section 3. With the
material presented up to this point, we provide proofs for our results on a cube root of j-function
and the Weber functions of level 48 in Section 5 and in Section 6, we do the same for a new
class invariant of level 72 whose minimal polynomial also has integral coefficients. Finally, we
give a conjectural statement on relation between Galois traces and modular traces in Section 7.

2. MODULAR TRACE OF A WEAKLY HOLOMORPHIC MODULAR FUNCTION

In this section, we state Bruinier and Funke’s generalization of Zagier’s traces of singular
moduli to the traces of the values at CM points of modular functions on groups of arbitrary
genus. The main tool of their proof for modularity of their traces of singular moduli is the
Kudla-Milson theta lift [5]. But we do not discuss anything on theta-lift but briefly recall the
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definition of their modular traces for positive index and prove a couple of lemmas that will be
used later.

We consider the quadratic space (V, q) over Q of signature (1,2) given by the trace zero 2 x 2
matrices with the quadratic form ¢(X) = det(X) and the associated bilinear form (X,Y) =
—tr(XY'). We assume the discriminant of (V, ¢) is 1. The group SL2(Q) acts on V' by conjugation
g-X:=gXglforXeVandge SL2(Q). By assigning each point z = x + iy € H the positive

line spanned by
1 /-1 z z
X(z) =2 (T2 T2 )

we identify the complex upper half-plane H with the space of lines in V' (R) on which the quadratic
form ¢ is positive definite. Note that ¢(X(z)) =1 and g X(z) = X(gz) for g € SL2(R). Then
the CM points can be defined as Dx = span(X) for X € V(Q) of positive norm so that the
corresponding point in H satisfies a quadratic equation over Q.

Let L C V(Q) be an even lattice of full rank and write L# for the dual lattice of L. If I denotes
a congruence subgroup of Spin(L) which preserves L and acts trivially on the discriminant group
L#/L.

We now define the modular trace function of a weakly holomorphic modular form of weight
0 with respect to I. Since the stabilizer Sx of X in SL3(R) is isomorphic to SO(2) which is
compact, I'y = Sx NT is finite. For m € Qs and h € L#, the group I acts on

Lym={X€L+h|qX)=m}
with finitely many orbits. We define the Heegner divisor of discriminant m on the modular curve
I'\H by
1
Z(h,m) = Z =—Dx
XEF\Lh,m |FX‘
and define the modular trace of f for positive index m by

(2.1) MTE(hm) = S ——f(Dx).
XEM\Lpm ICx|

The modular trace of f for zero index is given by a regularized integral [5, Definition 4.3]
and the modular trace of f for negative index is defined in terms of an infinite geodesic in H [5,
Definition 4.3]. Their explicit computations in terms of Fourier coefficients of f are given in [5,
Remark 4.9] and [5, Proposition 4.7], respectively.

The modular trace satisfies the following important analytic property.

Theorem 2.1. [5, Theorem 4.5] Let f be a weakly holomorphic modular function on a congru-
ence subgroup I' and assume that the constant coefficients of f at all cusps vanish. Then

(2.2) > MTE(h,n)g"

n>=—oo
is a weakly holomorphic modular form of weight 3/2 for I'(4N), where 4N s the level of the
lattice L.

Remark 1. If h = 0, then the modular trace is modular on a bigger congruence subgroup
To(4N) [5).
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Suppose we use the lattice L; in (1.11) and assume that the discriminant —D is congruent to
a square modulo 4N?2. For a function f that is modular on T'§(N), we define

1
(2:3) 6D = Y mef ()
ooy TN
QEQp,(n),3/To(N)

Then MTjjil(O, D) is the sum of t;ﬁ)(D) given in the lemma below.

Lemma 2.2. Suppose —D is an imaginary quadratic discriminant such that —D = O (mod 4N?).
If f is a weakly holomorphic modular function on TJ(N) and the lattice Ly is given as (1.11),
then the Bruinier-Funke modular trace is given by

MTA (0, D) =2 Y £7(D).
BEL/2N?Z

Proof. This lemma follows from the parallel argument to that in [5, Section 6]. The lattice L;

given in (1.11) has level 4N?2 and is stabilized by I' = I'J(N). Each vector X = —21}\70, 2£\;C el
. o . . Na b/2 1
with ¢(X) = D > 0 corresponds to the definite integral binary quadratic form @ = b/2 Ne =3

with discriminant —D = b% —4N?2ac = —q(X). Here the T'J(N)-action on Ly corresponds to the
natural right action on quadratic forms and the cycle Dx coincides with the CM point 7¢ (resp.
T_q) corresponding to @ (resp. —@Q) if @ is positive (resp. negative) definite. Consequently, if
we set Qp vy = {[Na,b,Nc] € Qp} that is stabilized by I'§(N), then the Heegner divisor is

2
given by Z(0,D) = Z — "9 and hence we have

IR
QGQD,(N)/Fg(N)| 0(Nel
f(7q)
2.4 MTE1(0, D) = 2 S 2
24 70D 2 Ml
QEQp, (ny/TH(N)
Now, the lemma follows immediately. O g

Example 2. Recall that vo(7) = ¢~/ + O(q). Applying [5, Remark 4.9] with transformation
properties of vo in (3.1), we find that MT,,(0,0) = 0. Also, on account of [5, Proposition 4.7],
we have

MT.,(0,—m?) = =2m > (ao(n) + ao(n)),

nG%Z<0

where ag(n) is the n-th Fourier coefficient of vo at cusp £. Hence the only nonzero trace with
negative index is MT~,(0,—1) = 4, and we see that the generating series of modular traces of 2
s given by

(2.5) > MT.,(0,n)¢" =4¢~" + O(q),
neZ, n>>—oo

which is a weakly holomorphic modular form as asserted in Theorem 2.1.

(

0

1
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Lemma 2.3. Suppose —D is an imaginary quadratic discriminant such that —D = O (mod 4N?).
If f is a weakly holomorphic modular function on TQ(N) and the lattice Lo is given as (1.14),
then the Bruinier-Funke modular trace is given by

MT%(h, D/AN?) = ¢ (D) + £ (D).

Proof The dual lattice Lf of the lattice Lo in (1.14) is given by
# J(Nb ¢

={(% )

Since Lﬁ:/LQ =~ 7,/2N?Z is cyclic, each coset in L#/Lg is of the form

Nb+ h/2N c
{( —~a  —Nb- h/2N> "”’ bee Z}

for h € {0,1,--- ,2N% — 1}. It is easy to check that ' = T)(N) acts on Ly and acts trivially on
LY /Ly, If
2 2.

1
CL,CGZ,bGWZ}.

w _ (Nb+h/2N c
- —a —Nb— h/2N

is a vector of positive norm D/4N?, then the matrix
B Na N2%b+h/2\ (0 -1
Q_<N2b+h/2 Nec =Nl oo)*
defines a definite integral binary quadratic form of discriminant —D = (2N2b + h)? — 4N?ac =
—4N?q(X). Again, the I')(N)-action on Ls + h corresponds to the natural right action on

quadratic forms and the cycle Dy coincides with the CM point 7¢g (resp. 7_g) corresponding
to @ (resp. —Q) if Q is positive (resp. negative) definite. We then see

Z(h,D/N?) = 3 07762 n 3 OTiQ
0 ’FO(N)Q‘ 0 ’FO(N>Q|
Q€Qp (n),n/To(IV) Q€Qp (N, —n/To(IN)
and this establishes the lemma. O

>EL2—|—h

3. CLASS INVARIANTS WITH MINIMAL POLYNOMIALS IN Z[X]

Let Fx denote the modular function field of level N defined over Q((y), where (y is a
primitive N-th root of unity. The second main theorem of complex multiplication tells us that
the value of a modular function f € F at 7p lies in the ray class field of conductor N for the
order Op = Z|rp] of an imaginary quadratic number field K and the ray class field is generated
by the values g(7p) for the functions g € Fy with no poles at 7p. In particular, j(7p) generates
the ring class field Hp, the ray class field of conductor 1. One of many advantages of having a
ring class field over a ray class field is that there is an isomorphism

Gal(Hp/K) ~ C(D)

between Galois group of Hp over K and the form class group of discriminant —D due to class
field theory.

If a level N modular function f also generates the ring class field Hp at 7p, we follow Weber to
call the value f(7p) a class invariant. A real-valued class invariant f(7p) is especially convenient



MODULARITY OF GALOIS TRACES OF CLASS INVARIANTS 9

because its minimal polynomial has integral coefficients. The holomorphic cube root s of j on
H is an example of the function that yields such a class invariant. It has an integral Fourier
expansion and it takes on real values at purely imaginary numbers in H. The function s is
modular of level 3 and the generating matrices S, T' € T'(1) given by S = (? _01) and T = ({ 1)
act via

(3.1) Y208 =~ and "}/QOT:<3_1"}/2.
The following result can be found in quite a lot of places in the literature (for example, [4], [§],

[11], [22], [26]).

Proposition 3.1. Suppose —D is an imaginary quadratic discriminant and Tp = _B% V=D g
in (1.1). If 31 D, then (Pyo(tp) is a class invariant and its minimal polynomial has integer
coefficients.

Remark 2. The holomorphic square root 3 of j — 1728 is a modular function of level 2 and
the action of matrices of S and T is given by

(3.2) v308 =—7v3, 30T = —~3.
But its minimal polynomial has imaginary coefficients [23, Theorem 3].

While the coefficients of H_71(X) are enormously large (its constant term is as large as 7 x 103°),
the minimal polynomial of (37v2(771) is

HE?(X) = X7+ 6745X0 — 32746725 + 51857115X* + 2319299751 X°
(3.3) +41264582513 X2 — 307873876442X + 903568991567.

As seen in the introduction, however, a Weber function does a better job in producing smaller
coefficients for its minimal polynomial. Define the Weber functions

(5 oy 1(3) y_ yaher)
(34) f(T) - <48 ,'7(7_) ) fl( )_ 77(7_)7 f2( )_ \/i 17(7_) )

oo
where the Dedekind-eta function 7(r) = ¢*/%* H(l — ¢") is holomorphic and non-zero on H.
n=1

These level 48 modular functions, specifically, f, 1, v/2f2, have integral Fourier coefficients and
the action of matrices S and T is given by

(3.5) (f,f1,52) S = (f.fo. f1)  and  (f,f1,f2) o T = (Cig 1, Gig F» Cisfa)-
They also satisfy
(3.6) flife =v2 and (X +§)(X — )X — ) = X* — 72X + 16.

The following has been known for many years as well (see [3], [4], [11], [12], [13], [22], [26] for
example).

Proposition 3.2. Suppose —D is an imaginary quadratic discriminant such that —D = 1

(mod 8) and Tp = _1% V=D " If 3+ D, then (isfa(p) is a class invariant and its minimal
polynomial has integer coefficients.
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The minimal polynomial of (4sf2(771) is
HR (X)) = XT+ X6 - X° — X - X3+ X2 42X — 1.
One can generalize Weber functions by taking the holomorphic 24-th root of the Siegel function

_ nle(AT)
S NER

where A(7) = n**(7) is the modular form of weight 12 with no poles or zeros on Hand A = (| *)
for k € Z and a positive integer n. If n = 2, we have Weber functions and if n = 3, we consider

(%) . —177(
n(r) 01(7) = (o4 n(r)

(=) ~ n(37)
go(7) = . g3(7) = V3 o)

The Siegel function has a long history [9], [18] and the study on its 24-th root of unity for
arbitrary n can be found in [12], [15], [16]. The functions in (3.7) are modular of level 72 and
the action of S and T" again permutes them up to multiplication by some roots of unity:

=)

3

(3.7) go(7) =

(3.8) (g0, 91,02.03) S = (g3, (92, (3401, 80), (90,91,92,83) © T = (91, (5, 02, 80, (3403)
The relations gogigegs = V3 and
(X +g0)(X — @) (X —g9)(X —g§) = X'+ 18X% + 13X — 27

are analogous to Weber’s identities in (3.6).

The values of these functions at an imaginary quadratic were first evaluated by S. Ramanujan
[21] and further studied in [2], [7]. Gee and Stevenhagen [12], [13] found congruence conditions
that imaginary quadratic discriminant —D should satisfy for which g;(7p) (i = 0,1,2,3) is a
class invariant. In particular, they [13] showed that (3g3(7) when 7 = 77, is a class invariant
with the minimal polynomial

H%gﬁ (X)=X"4+(2+421)X° — (30 +37)X* + (51 — 37) X — (8 — 107) X% — (47 + 27) & Z[X].

We, however, will show that (g§ + g%)(7p) is a real-valued class invariant for —D =1 (mod 12)
so that its minimal polynomial has integer coefficients. The minimal polynomial of (g§+g$)(771)
is

6 6
HOT(X) = XT—171X0+4535X° — 73947 X+ 606693 X > —4397075 X 2+ 17581554 X —25839143.

We may reduce the size of coefficients of the minimal polynomial by considering ((3g3+¢3g?)(771).-
But for discriminants —D satisfying —D = 1 (mod 12) in general, (g§ + g%)(7p) is the optimal
choice.

Computing Hilbert class polynomials is very important in number theory and its application
to cryptography [1], [8]. Despite a long history of the problem (see [6, p. 378] for the list of a
few of references), one began to treat class invariants in a systemic and algorithmic way only
after Shimura’s reciprocity law became available. We discuss the reciprocity theorem in the next
section.
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4. SHIMURA RECIPROCITY LAW AND (GALOIS CONJUGATES OF CLASS INVARIANTS

Let K" denote the maximal abelian extension of K. For f € Fy, if f(rp) lies in Hp, then
all automorphisms in Gal(K?®°/Hp) act trivially on f(7p). Then Shimura reciprocity law states
that the image of f(7p) under the inverse image of the Artin map of Gal(K?"/Hp) can be
obtained as the value at 7p of a modular function that is conjugate to f over Q(j).

We follow the exposition in [7] that we can easily employ to prove our results. Let Q% C 9p
be the subset of primitive quadratic forms and C(D) = Q% /T'(1) denote the form class group
of discriminant —D. One obtains a complete set of representatives in C(D) by choosing the
reduced forms [a, b, ¢| such that

(4.1) b <a<c¢ and b>0if either |b| =a or a =c.

The class of [a, —b, ¢] is the inverse of [a, b, c] in C(D).

Given f € Fy with f(tp) € Hp, Shimura reciprocity enables one to determine the Galois
action of the class of [a,—b,c] in C(D) with respect to the Artin map as follows ([13], [11,
Theorem 20], [7, Lemma 3.1]):

(4.2) flrp)lebd = fM(zg),

where fM denotes the image of f under the action of M and M = Migpe) € GL2(Z/NZ) is the
matrix given by

a b=
0 1 (mod p™), if pfa,
—b—u —c
(4.3) M = % 0 (mod p™), if p|aand pftc,
—b—u a —bt+u c
< 2 2_1 > (mod p™), if p|aandp]ec,

where p runs over all prime factors of N and p™||N. Here u = 0 when D is even and u = 1
when D is odd.
The action of M depends only on M, for all primes p|N where M, € GLy(Z/mZ) is the re-

duction modulo m of M. Every M,, with determinant x decomposes as M,,, = <(1) 2) <i Z)
m m

for some <CCL Z) € SLo(Z/mZ). Since SLa(Z/mZ) is generated by Sy, and T,,, it suffices to

find the action of 10 , Spre and T on f for all p|N. For L0 , the action on Fiy
0 z) ., 0 «x o
is given by lifting the automorphism of Q((x) determined by

C Tp > erp and C’rq — C Tq
p D q q

for all prime factors ¢|N such that ¢ # p. In order that the actions of the matrices at different
primes commute with each other, we lift Sy and Tpr» to matrices in SLo(Z/NZ) such that
they reduce to the identity matrix in SLy(Z/q"?Z) for all q # p.

Now, we are ready to prove Theorem 1.1. Recall from Proposition 3.1 that (Fvs(7p) is a
class invariant if the discriminant —D is not divisible by 3.
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Proof of Theorem 1.1. Using (4.3), we may write the matrix M € GLy(Z/3Z) that satisfies
(Fy2(rp) 0 = (Fy2)M ()

as, if D is even,

(1) 2 ST-aST-2ST-ab+1) | it 34 q;
(4.4) My=1 (o ) rtnesTeste, it3]aand 31
(1) 2 ToHST ST L, if 3| aand 3|ec
and, if D is odd, \
(1) 2 ST—eST~eST~b if 3¢a;
(4.5) Mz = (1] (C) TO-NesTesTe,  if 3| a and 31 ¢;
; V) Ti-bsThSTIY, i3 aand 3] e
By applying (3.1) in (4.4) and (4.5), we can easily see that (1.8) holds for both cases. O

For appropriate discriminants —D, v3(7p) and (4sf2(7p) are also class invariants by Remark
2 and Proposition 3.2, respectively. Earlier, using the same method with the proof of Theorem
1.1, Gee [11] computed Galois conjugates of them so that she could prove conjectural formulas
made by Morain [19] and Zagier and Yui [27], respectively.

Theorem 4.1. [11, Proposition 21| Suppose —D is an odd imaginary quadratic discriminant.
We let Tp = 71% V=L ond let TQ = 7b+27a V=L e the associated CM point to a primitive quadratic
form Q = [a, b, c| of discriminant —D. The action of the form class group on v3(7p) is given by
the formula
la,—b,c] _ 541 4 aetadtc
(13(7D)) =(-1)~> 73(7Q)-

Theorem 4.2. [11, Proposition 22] Suppose —D = 1 (mod 8) is an imaginary quadratic dis-
criminant such that 31 D. We let Tp = 71% V=L und let TQ = 7(’2761 V=D pe the associated CM
point to a primitive quadratic form Q = |a,b,c| of discriminant —D. The action of the form
class group on (4sf2(Tp) is given by the formula

G a(r). i2ta,
(Gsfa(rp))led = d:éaic*ac )fl (1), if2|a and 21c,

()75 G D (rg), 2] a and 2| c.

Lastly, we consider the cubic analogues go, g1, g2, g3 € Fro of the Weber functions, which
are given in (3.7). H. H. Chan, Gee, and V. Tan [7, Theorem 3.2] showed that gi*(p) is a
class invariant when —D = 0 (mod 12) and Gee [12, p.73, Theorem 1] completely determined
the values of 7p at which g;(7p) (i = 0,1,2) is a class invariant for the case when —D is a
fundamental discriminant of K. For example, if —D =1 (mod 4) and square-free, she showed
that the value at 7p of each function in the table below generates the Hilbert class field over K:
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—D =1 (mod 9)

—D =4 (mod 9)

—D =7 (mod 9)

C395, G307

92, &

g3, (307

In fact, for any discriminant —D such that —D =1 (mod 4), one can easily verify that the value
at 7p of each function in the table above generates the ring class field, as the conductor of Op
is prime to 2 and 3. Therefore, we can conclude that g5(7p) and g§(7p) are class invariants if

—D =1 (mod 12).

Now we compute the action of a primitive quadratic form Q = [a, b, c] on g§(7p) and gé(7p)
using (4.2) and (4.3). In either case of m = 8 or 9, the matrix has the following decomposition

due to [11, Lemma 6]:

0
a

0
c

0
a+b+ec

I=b, -1
Tn? SIS, SmTf,,
m

1-b—2a
) T,r(n 2
m

)(a+bto)

. . b-3
ST S T S, T2
m

if 31 a,
if 3la and 31 ¢,

ST+ g, Tt g 31 and 3|

Also, by means of transformation formulas for g; (i = 0, 1,2,3) in (3.8), we derive the following

actions:

g of ¢ af
10
( 0 $>8 o 9o 8 g
Ss —9§ —gz —gg —gg
Ty —90 91 —92 —63
10
<0 $)97 Blw—1) | o of 9§ o
10
<0 x)g, B(w=2) | a5 5 o o
So —gg gg gg —g§
Ty -9 92 —06 83
Accordingly, the action of Mg on g¢ (for i = 0,1) is given by
(gf)Ms = (—1) "5 Faetaegf

and the action of My on g? depends on the values of a, b, ¢ modulo 3. For example, consider
the case when 3|a and 3|c. Then b should be congruent to 1 or 2 modulo 3 and we obtain

6
907
6
—9g3,

(g0)™ = {

We finally establish the following theorem.

Theorem 4.3. Suppose —D =1 (mod 12) is

_1% V=D ond let TQ = —17-*-27(1 V=D

b=1
b=2

(mod 3),
(mod 3).

an tmaginary quadratic discriminant. Let 7p =

be the associated CM point to a primitive quadratic form @ =
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[a, b, c] of discriminant —D. The actions of the form class group on g$(7p) and g8(7p) are given
by the formulas below:

(1) The cases 3 1 a.

(—1) " factate g6y ifb=1(mod3),
g§(rp)le—be (—1):%1+‘1‘3+“+C o$(rq), ifa(db—1)=—1(mod3),
(—1) 2 tectategb(r5), ifa(b—1) =1(mod3),
(_1)ﬁ+ac+a+c 98(rq), ifb=—1(mod3),
g(rp)lebd = {(—1)"F tectateg(70)  if a4+ b= —1(mod3),
(—1)%"'“"'“"'0 85(mg), ifa—b=1(mod3).
(2) The cases 3|la and 31 c.
(—1)"z tactategbir)  if (b+ 1)e = —1 (mod 3),
g5 (rp)l b (—1)"3 Factateg8(r0)  if (b+ 1)c =1 (mod 3),
(—1)"7 tactete gy if b= —1 (mod 3),
(=1)F Feetategf(ng), ifb+c=1(mod3),
gﬁ(TD)[a,fb,C} — (_1)%1—&-ac+a+c gg(TQ), ifb —ec=1 (mod 3)’
b+1
(—1) "5 tactate g6y ifb=1(mod3).

(3) The cases 3|a and 3|c.

LE28 acrtra—rc - —
g6(7_D)[a,—b,c] ( )b21+ ot QS(TQ), if b=1(mod3),
0 (_1)%+ac+a+cgg(TQ)’ ibe 1 (m0d3),
bl acrtra—rc . —
gﬁ(TD)[a,—b,c] _ (_1)b21+ tat gg(TQ), lfb =1 (mod 3),
' (*1)%+GC+Q+CES(TQ), if b= —1(mod 3).
It follows from the Galois action given in Theorem 4.3 (3) that if 3|a and 3¢, then

af(rp)\* 4! = gf(rp)e
In particular, g§(7p) is the complex conjugation of g(rp) and
(4.6) 86(7p) + 81(7p) = 2Re(g5(7p))-

We save proving that (gd+g%)(7p) is a class invariant using Theorem 4.3 and (4.6) until Section
6.

5. MODULARITY OF GALOIS TRACES OF THE WEBER CLASS INVARIANTS

We start this section with a proof of Qp/T'(1) = Qp (n),5/TH(N).

Lemma 5.1. Assume that D is not divisible as a discriminant by the square of any prime
dividing N. Then there is a canonical bijection between Qp /T'(1) and Qp (ny 5/TH(N) if Qp (N5
18 mot empty.



MODULARITY OF GALOIS TRACES OF CLASS INVARIANTS 15

Proof. For —D which is congruent to a square modulo 4N and 8 modulo 2N, we define
(5.1) Opnpg={[Nab,c]ecQp|b=p (mod2N)}

on which To(N) = {(2%) € I'(1) | ¢ = 0 (mod N)} acts. It is known from [14] that there is
a canonical bijection between Qp ng/T'0(N) and Qp/I'(1) for D that is not divisible by any
prime divisors of N. Hence, for the discriminant satisfying the condition in the hypothesis,
Qpn25/To(N?) = Qp/T(1). Also, the map from Qp (n)3/TH(N) to Qp n2.5/To(N?) that

sends ) to Q o (\/ON . /\O/N> is bijective, and therefore the lemma follows. O O

Lemma 5.1 enables one to define modular traces of class invariants that we presented in Section
3. In order to discuss the modularity of Galois traces of the class invariants using Theorem 2.1,
we prove the constant coefficients at all cusps of all functions that produce our class invariants
are zero.

Lemma 5.2. The constant coefficients of va, v3, f, f1, f2, 80, 91, 92, and g3 at all cusps vanish.

Proof. Let f € {v2,7s,f,f1, f2, 90, 91, 92, g3 }. From the definition of f given in Section 3, we find
that f has a zero constant coefficient at infinity. For other cusp s, we take v € I'(1) such that
v-00 =s. As I'(1) is generated by S and T, it follows from (3.1), (3.2), (3.5) and (3.8) that the
Fourier expansion of f o~y at infinity has also the zero coefficient. g g

Proof of Theorem 1.2 Now, we begin to prove the modularity of the generating series of the
Galois traces of (Fy2(7p) in Theorem 1.2. Firstly, since o is [')(3)-invariant by (3.1), it follows
from Lemma 2.2 that, for discriminant — D that is congruent to a square modulo 36, the modular
trace of s is given by
MTZ(0,D)=2 > tD(D),
B€Z/18Z

where tgcﬁ ) (D) is defined in (2.3). But if we assume the discriminant —D is not divisible by the

square of any prime dividing N, then there are exactly 2/V) choices of (3, where t(N) is the
number of distinct prime divisors of N. Considering (1.10), we note that the value tg’g)(D) is
independent of the choice of 3. Thus for the discriminant —D which is not divisible by 3, we
see that
MTZL1(0,D) =4 > Y2(1g)-
QEQp (3),8/TH(3)
This together with (1.10) gives Equation (1.12) in Theorem 1.2.

For a discriminant that is a multiple of 3, the modified Galois trace of Cég ~v2(7p) is not defined,
while the modular trace of 72 vanishes as shown in the following lemma.

Lemma 5.3. For imaginary quadratic discriminant —D which is congruent to a square modulo
36 and divisible by 3, MT.1(0,D) =0

Proof. Denote Qp v = {[Na,b,c] € Qp} that is stabilized by I'g(NN). If D is a multiple of 3,
then the canonical map

¢3: Qp (3/T0(3) — Qp3/To(3)
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may not be bijective. We recall that T'o(N) = iv:_ol T*TY(N). For each quadratic form Q' =
[a’, b, ] in the range of ¢3, we may assume 3|a’ and 3|¢/. And for any i, Q' o T" € Qp,3) and
$3(Q' o T%) = Q'. Since Tgoy = 7 1 for arbitrary v € I'(1), we obtain from (2.4) that

2
MTE(O0,D) =2 > > 5wl frg)=2 Y Y &rnlrg)=0
Q'e€lmes 0<4<3 Q'€lmes (=0

where the penultimate equality above follows from (3.1). O O

Finally, it follows from (1.12), Lemma 5.3, (2.5), Lemma 5.2, and Theorem 2.1 that the gen-
erating series of GT¢p., (D) is a weakly holomorphic modular form of weight 3/2 on I'g(36).

ORemark 8. Similarly, we can show that if D is an even discriminant, then MT. 4331 (0,D) =0.

Proof of Theorem 1.8 From now, we prove Theorem 1.3 following the steps of the proof of
Theorem 1.2.

Lemma 5.4. {, {2, and 3 are T')(48)-invariant.

Proof. We know that f, f1, and fo are I'(48)-invariant from (3.5). But
ro(48) = | oal'(48),

ac(Z/48)"

where o, € SLy(Z) such that o, = (gagl) (mod 48). Using [11, Lemma 6], we can write
0q =ST~% 'ST~ST~ ' which implies flo, = Czéail_a)f =fand ?|,, = (zé_aiu_a)f% = §2 for
i = 1,2. Therefore, f, f%, and f% are F8(48)—invariant. O O

It follows from Lemma 2.2 and Lemma 5.4 that, for discriminant —D that is congruent to a
square modulo 9216, the modular trace of { is given by

(5.2) MTH(0,D)=2 Y (D).
BEZ/4608Z

Moreover, if the discriminant satisfies —D =1 (mod 8) as well, then by Theorem 4.2, (4sf2(7p)
is a class invariant and its Galois trace is equal to the modular trace in (5.2) up to a constant
multiple. More precisely, as there are 4 choices of [ since ¢(48) = 2, we have

(5.3) 8GT(s1, (D) = MT{(0, D).

We now show that the modular trace become zero whenever —D that is congruent to a square
modulo 9216 fails to satisfy —D =1 (mod 8). It occurs when D is a multiple of 2 or 3. This is
an analogous result to Lemma 5.3.

Lemma 5.5. Assume that imaginary quadratic discriminant —D is congruent to a square mod-
ulo 9216. If D is divisible by 2 or 3. Then MTle(O,D) =0.

Proof. The proof is similar to that of Lemma 5.3. Consider the canonical map

¢ : Op as)/T0(48) — Qp.as/To(48).
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Let Q' = [d,V',c] € Im¢ and g = ged(¥',48) > 1. Then for any i which is a multiple of 48/g,
Q' oT" € Qp ) and ¢(Q" o T") = @', and hence we may write

91 48¢
(5.4) MT{(0,D)=2 Y > §(T )= > > (foT «)(rq)

Q' €lmao % li Q' €lme¢ =0
0<i<48

But it follows from (3.5) that for each @, if 48/g is even, then

— 40, N =
(5.5) Z flrgr — — Z G flrq) ZCgT(TQ’) =0

=0 =0
and if 48/¢ is odd, then
(5.6)
g—1 g/2—1 48(2[) g9/2—1 48(2z+1) g/2—-1

et i) = 3 G’ )t 3 G )= 3 Gala) + Gl =0

=0
Therefore, MT{* (0, D) = 0. O O

We now have Theorem 1.3 as a consequence of (5.3), Lemma 5.5, Lemma 5.2, and Theorem
2.1. O

6. PROOF OF THEOREM 1.4

By the exactly same argument in the proof of Lemma 5.4, we find that g§ and g§ are T')(72)-
invariant. It thus follows from Lemma 2.3 that for discriminant —D that is congruent to a
square modulo 20736, the modular trace of g¢ (i = 0, 3) is given by

(6.1) MT!2(3,D/20736) = £ (D) + t\,” (D)

for a fixed value 8 € Z/10368Z. On the other hand, both g§(7p) and g$(7p) are class invariants
if —D =1 (mod 12) as discussed in Section 5. Hence for discriminant —D that is congruent to
a square modular 20736 and congruent to 1 modular 12, we see from Theorem 4.3 (3) that

t(@( D), if =7 (mod 12),

(62) GTgg(D) = tW)( D), if =5 (mod12)
and

y o t;g)(p), if 3=7 (mod 12),
(6.3) (D) = tl) (D), i f=5 (mod 12).

For 3 (mod 10368) such that 5?2 = —D (mod 20736) and 8 = 5,7 (mod 12), the generating
series of 1\/IT§(_)-2 (3,D/20736) (i = 0,3) only allows the terms ¢”/2076 for D = —1 (mod 12).

Therefore, it suffices to prove (g§+g%)(7p) is a class invariant to complete the proof of Theorem
1.4. We do this by showing that (g§ + g%)(7p) is different from all of its Galois conjugates. For
the rest of this section, we assume that the discriminant —D is congruent to a square modular
20736 and congruent to 1 modular 12 unless specified otherwise. This implies D > 23. Recall
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from (4.6) that gS(7p) + g$(7p) = 2Re(g5(7p)) and from Theorem 4.3 that for any primitive
quadratic form [a, b, c] of discriminant —D,

gd(rp)lete = £g8(rg) and g§(rp)l*P = £g%(rq)

for some i, j € {0,1,2,3}. Therefore, if we show that [Re(gl(7p))| is greater than |g9(rq)| for
all i = 0,1,2,3 and all the reduced primitive quadratic forms @ = [a, b, c] € Qp in which a > 1,
then we are done.

For the purpose, we first compute a lower bound of |Re(g§(mp))|-

Lemma 6.1. Let —D = 1(mod 12) be a discriminant of an order in an imaginary quadratic
field K with D > 23 and let Tp = —1% Y=L Then

Re(gS(rp))| > 0.8¢ %
Proof. By its definition in (3.7),
VDr e an
(6.4) 80(rp) = G ® [ 52
n
n=1

where

\/>n7l' nw - .
(65) anp =1— e_DT_TZ and b, =1— e—\/ﬁnﬂ—nm.
Letting r = e*‘/ﬁﬂ, we have

1—T%§|an|§1+7‘% and 1—r"<|by| <147r"
so that
6.6) J[-r5Ha-r H Hbi H1 H1+r§ )(1+1.177).
n=1 n=1 n=1 n=1 n=1

For the far right inequality above, we used the - <1+ ax that holds for o > 1 and suffi-

ciently small > 0. In fact, this holds if and only 1f ar < a—1.
As 14z < €” for all x, we obtain from the far right side of (6.6) that

w»

1
1.1r r3 1.1r

4n —+ —+

D YEELED SIS S B D DT - UL S

[e.9]

(6.7) 11

n=1

Qn

Cﬂ\»b-

< 1.006656214,

n

because the middle is an increasing function of r (0 < r < 1), and thus it has the maximum at
r with D = 23.

For the opposite direction, we apply the inequality 1 — x > ¢~ ** that holds for any positive
real number a > 1 and sufficiently small > 0 into the far left side of (6.6). By taking a = 1.1

and z =" + 715 — r%n, we find that

I

o

6.8) ]

n=1

> e LIS oL e s Y T T T 2, 0.9927290230,

an

n
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because the middle is now a decreasing function of r (0 < r < 1), and hence it has the minimum
at r with D = 23. Therefore, if we put

(6.9) 95(1p) = 2w = (21 +iz2) (w1 + iws),
VDr ¢ VDn 6
where z = ((r2e 36 )° = (12¢” ¢ and w = [[,,(a,/b,)°, then we have
3 VD 1 vbr
(6.0 A
2 2
and
(6.11) 0.9571594985 < |w| < 1.040607789.
Now we compute |w;| and |wz| by estimating the argument of w. For 0 < |0], |0,], |¢nl, [tn] < 7,
set o - . .
n _ T %] 00 n _ |Gn| 6,
113 H % S T
n=1 =
and , .
an = |ay|e¥™, bp = |bp|e¥".
Then from (6.5), we deduce that
sin MT% 5 n n
| tan(pn)| = . | < o = <r3(141.1r3),
1 —cos 573 1—7rs
sinnmr’ "
t = <7r"(1+41.17"
[tan(yn)| 1—cosnmr| ~1—gn =" (1+1.1r7%),

and further by x < tan z, we obtain that
e.9]
>0
n=1

o0
< Z (7‘% + 1.17“2?” 47" 4 1.17“2”)
n—=

o] =

< Z (| tan(py)| + | tan(ey,)])
n=1

r T T T‘2

< +1.1 + +1.1 .
1—r3 1—rs 1-v 1—r2

W=
Wl

Since this is increasing with respect to r, it takes its maximum at r with D = 23. Thus we
arrive at

(6.12) 1] < 0.006681903424.
It follows from (6.9), (6.11), and (6.12) that
(6.13) lwa| = |w]| in66] < [w]|66] < 0.04171944449,

and then from (6.9), (6.11), and (6.13) that

(6.14) lwi| = V/]w]? — way? > 0.9562498594.
Finally, using (6.10), (6.13), and (6.14), we establish

VDn
IRe(g8(7p))| = |z1w1 — 2zows| > 0.8072769486¢ ™6
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Next, we compute an upper bound for |g¢(m)| for i =0, 1,2, 3.

Lemma 6.2. Let —D = 1(mod 12) be a discriminant of an order in an imaginary quadratic

eld K with D > 23 and let 7o = =2Y=L be the associated CM point to a primitive quadratic
Q 2a
form Q = [a, b, c] of discriminant —D. Then we have

VD=
(6.15) 0%(7q)| < 34’5 (i =0,1,2)
and
. VD=
(6.16) 165(r0)| < 1.1e™"%a".

Proof. Since the same calculation works for all the cases in (6.15) and (6.16), we present the
computation for the upper bound for |g§(7g)| only. From the definition in (3.7),

0 6
VDr c —VDrn—bnri —vDrn—bnmri
QS(TQ)Ze 6a H(dn> , wherec,=1—c¢ 3a and d,=1-—¢ z )
mn

n=1

VDn

If we put s =¢e¢” " , then s < e*‘/g”, because a < \/% by (4.1). By the same argument used
in (6.5) through (6.7), we have

o .

n=1

1 4
1.1s+ s3l+14153

s 18 <1.2218379.

dn

Therefore, we obtain the following inequality:

vDn
168(r0)| S 3.327220276¢ "5a" .

O
n

If discriminant —D is a square modulo 20736 and congruent to 1 modulo 12, then —D =
—23,—47,—71,—95 and so on. For D > 47, it follows from Lemma 6.1 and Lemma 6.2 that

VD= VDr
16 ()] < 3.4e %" < 0.8¢7¢" < |Re(gd(mp))],

where 79 = _174‘27(1 VL with ¢ > 1 for all i = 0,1,2,3. This implies that (g8 + g§)(rp) is
different from its Galois conjugates, and hence (g + g%)(7p) generates the ring class field Hp
over K = Q(v/—D). Hence it remains to prove for the case when D = 23. Consider the three

reduced primitive quadratic forms of discriminant —23: [1,1,6], [2,1,3], [2,—1,3] For each of
—V237

non principal quadratic forms [2,1, 3] and [2, —1, 3], we may use the value e 4  for the upper
bound of s instead of e~V3™ in inequality (6.17) so that we obtain the following inequality

33x N
o7 (10)] < 1.2¢7 12 < 0.8¢ 6 < |Re(gg(m23))|

for all i = 1,2,3. Therefore, (g§ + g%)(723) is also a class invariant.
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7. CONCLUDING REMARKS

So far, we have investigated several real-valued class invariants and found their Galois traces
are equal to the Zagier-Bruinier-Funke modular traces of certain modular functions at Heegner
points. Furthermore, the generating series of their Galois traces are weakly holomorphic modular
forms of weight 3/2. This may be generalized to arbitrary real-valued class invariants as follows:

Conjecture. Suppose —D is an imaginary quadratic discriminant and we let Tp = ﬁ
as defined in (1.1). For a real-valued class invariant g(tp), there exists a modular function f
and a suitable lattice L such that for some h € L¥ /L and a positive rational number m,

GT(g(rp)) = MTf(h,m).
Moreover, the generating series of GT(g(tp)) is a weakly holomorphic modular form of weight
3/2 up to a finite principal form.
For complex-valued class invariants such as ~y3(7p) or go(7p), the conjecture above may not

hold. For example, if —D is an odd imaginary quadratic discriminant that is congruent to a
square modulo 16, then by Theorem 4.1, the Galois trace of v3(7p) is given by

GTy,(1p) = - > v3(mqQ) = > 73(7Q)-

QEQp (2),1/TH(2) QEQp (2),3/TH(2)
But the modular trace of 3 with respect to the lattices L; and Lo are both given by
MTLH(0, D) = MTE2 (1, D/16) = > v3(Tg) + > v3(7g) = 0.
QEQD,(Q)J/FS(Q) QGQD,(Q),S/FS(Q)

In fact, as the Bruinier-Funke modular trace always count a positive quadratic form ) with
its negative companion —(@ together, no lattice can work for this case. If we define a twisted
modular trace

MT,(x(8), D)= > x(B)ni(w),
QeQp (2)/TH(2)
where x(1) = —1 and x(3) = 1, then this is equal to 2GT.,(7p), but we may not determine its
modularity at this point as x is not a genus character.
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