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A NOTE ON SUMS OF PRODUCTS OF BERNOULLI NUMBERS

MIN-SOO KIM

ABSTRACT. In this paper we obtain new approach to closed expressions for
sums of products of Bernoulli numbers by using the relation of values at non-
positive integers of the important representation of the multiple Hurwitz zeta-
function in terms of the Hurwitz zeta-function.

1. INTRODUCTION AND PRELIMINARIES

Let n be a positive integer and z € Rt = {z € R | z > 0}.
Let (,(s,z) denote the multiple Hurwitz zeta-function defined by

oo

(1'1) (n(swx) = Z ! Re (S) >n

P :O(erlir...Jrkn)sa

and for Re (s) < mn; s # 1,2,...,n by their analytic continuations. Then, in terms

of the familiar higher-order Bernoulli polynomials B,E:") () defined by means of the
generating function

(1.2) ! nem—iB(n)(z)ﬁ n>1
' et —1 _ka K k!’ -

it is known that

k! n

(1.3) Gul =) = (=) g Bl (@)

for k=0,1,.... (cf. [2, 5, 14]). In particular we have B,in)(O) = B,(Cn), the higher-
order Bernoulli numbers. When n = 1, {(i(s,z) = ((z,s) is the well known Hur-
witz zeta-function. The multiple Hurwitz zeta-function (, (s, x) at positive integers
which is greater than or equal to n is closely related the multiple gamma func-
tions as a extension of the classical Euler gamma functions I'(x) (to be introduced
below), the so-called Barnes multiple gamma functions I',,(x) with the parameter
x is defined by I'y(x) = exp(%{n(s,xﬂszo) =I5 p—olr + 4+ k)™t
(cf. [14]). The multiple gamma function, originally introduced over 100 years ago,
has significant applications in the connection with the Riemann Hypothesis (cf.

[14, 15]).
From (1.2), we easily obtain
o B = (1- ) B -1
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(1.6) B (z) = (1) B (n — w);
(1.7) BP@ = Y K\ Bi (@) B ()
k ki,... kn ! nAny
k17~~~7kn20
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where x = z1 + - + 2,
Set

(1.8) z(z+1)---(z+n—-1) iH

where B] are the Stirling cycle numbers, defined recursively by

1, n=0

R G S v B 2 Pl

<k+n— 1) _ Spn,l(wn)(ﬁﬁk)l’

=0

Then

n—1

where py, (2 + n) is a polynomial in x defined by (see, for details, [14])

(1.9) Pz +n) = }: Jlx+nyl(>[;iJ.

By above equations, the multiple Hurwitz zeta-function defined by (1.1) may be
expressed by means of the Hurwitz zeta-function

n—1

(1.10) Cu(s,z+n) = an,l(x +n){(s—lLx+n), x>0,
1=0

which due to Mellin [8], Choi [2], Vardi [15] and Kanemitsu et al [5].
A well-known relation among the Bernoulli numbers is (for n > 2)

2k
(1.11) Z < )Bnggk 9i = —(2k + 1)Bay, k>2.

‘ 21
=1

This was found by many authors, including Euler; for references, see, e.g., [3, 6, 7,
9, 10, 11, 12, 13].

Eie [4] and Sitaramachandrarao and Davis [13] considered the sum of products
of 3 and 4 Bernoulli numbers.
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Dilcher [3] established the following interesting sums of product of Bernoulli

numbers
2r
By, -+ Bo,
Z (27.1"..’271”) 21 2n
15037 >0
r14...+rp=r
B Bzr 2k
(1.12) 2r—n' Z 2r >n
— 2 2 r
(r Z (r b(2) Bor—ok, 2r=n
-1
(—l)n_l(n—Zr—1)!(2r)!b£n), 0<r< [n2 ]v
where

<2r1,%f,2rn> ::Ziigf??%zrnﬂ

is the multinomial coefficient and b,(cn) is the sequence of rational number defined
by
b(()l) =1, bgc""‘l) b(") + b(" )

n —1
B =0 <k<0 or k>["2 D

Here [n] denotes the integer part of n.

In a recent series of two papers, Petojevié¢ [9, 10] has given several new formulas
for the sums of the products of Bernoulli numbers.

In [11], Petojevié¢ and Srivastava derived several formulas for the evaluation of
Euler’s type and Dilcher’s type sums of products of Bernoulli numbers.

In this paper, we consider the special values at non-positive integers of the impor-
tant representation of the multiple Hurwitz zeta-function in terms of the Hurwitz
zeta-function (see (1.10) above). These special values imply closed expressions for
sums of products of Bernoulli numbers of the form

,
Z <r1,...,rn>B’"1 B, .

T150003Tn >0
4. Frp=r

with

2. PROOFS OF (1.4)—(1.7)

Let us put F,(t) = (ﬁ) . Then F,,(t) is the generating function of higher-

order Bernoulli numbers B,(qn). The derivative F,(t) = LF,(t) of F,(t) is equal

to
1 et

( _ ) nE(1) = T F(t) ~ nF (1)

t et—1 ),

and tF) (t) = nF,(t) — ntF,(t) — nF,4+1(t), so we have

T I I S TR ™
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for k > 1. This formula can be written as
B = (1= 1) B — kB,

Thus, we can deduce (1.4).

To see (1.5), note that B,(Cnﬂ) = Zf:o (lz)BiB,(Ji)i. Therefore from (1.4), we
obtain Zle (’f) BiB,(c"_)i = —%B,(C”) — k:B](Ji)l. Since all Bernoulli numbers with odd
index, except Bj, equal zero, we obtain

) _ ~ (K ™ L Epm _ ~ [k i 5™
Tk —ZZ:; i)t kﬂ"*‘§ k71—; i (=1)'BiB,,;.
Thus (1.5) follows.
Note that
oo () (_t)k (_t)ne(:r—n)t tnezt s (n) tk
B —_ = = = B T, .
kzzo w02 e t—Dn  (et—1)n kZ:O e @

Equating coefficients of t* on both sides of the above identity we obtain the desired
formula (1.6).

From (1.2), we have the expression for B,(cn) (z),
B\ (x) = ("B(x1) + -+ + "B(xn))",
where in the multinomial expansion of this identity we mean that
(‘B(z;))’ (the jth power of ‘B(x;))=DB;(x;),
which is the result (1.7) (cf. [12, Theorem 8§]).

3. MAIN RESULTS
To derive our main theorem, we need the following lemmas.

Lemma 3.1. Let x € R and n > 1. Then

n—1 1
Pra(n)z' =
; (n—1)!

Z m (z —n) L.

=1

In particular, if n =1, p1o(1) = [1} =1.

Proof. Note that

for I > 0. Thus we find

(n—1)! gpn,l(n)xl = nzl L. Z 1] (—n)i + lel G) [j Z J (—n)i—le
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Here we need to rearrange the result slightly, to [j Z J ,j =1,...,n, and then
note that

(n—1)! gpn,z(”)xl - m

which is the desired equality. O

Lemma 3.2. Let n > 1. Then
n—1
S paak =0, k=1,...,n-1.
1=0

Proof. Using Lemma 3.1 we note that

n

5 n)al = ! " z—n)t
(3.1) l;pn,z() _(n—1)!ZM( yi=1,

=1

Setting x = k in (3.1) with 1 < k < n — 1. From (1.8), we have

n—1 n
1 n ;
) S — [ ] (k — )
lz:; (k—n)(n— 1)t = |1
= 0.
This completes the proof. O

Next we shall turn to Dilcher’s type sums of products of Bernoulli numbers (cf.

[3])-

Theorem 3.3.
Z ( ' >Brl .Brn
T1y.-.3Tn
T1seeey ’I’HZO
ritectra=r
[yntr+ r s B,y
- e T\ n,n—i— : 9 >
(=1) (r—n)!;p’ ll(n)r—l ren
B rlpro(r)By — 7! Spr r_l_l(r)b r=n
’ per r=U
(=D)"rl(n—r —1)!pppn_r_1(n), 0<r<n-1

Proof. Case (I): » > n. From the definition (1.1) of the multiple Hurwitz-zeta
function, we have
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In (1.3) we replace = by n with k = r —n (r > n) and using (1.6), this function
immediately gives

(32 Gln—rm) = () g ) (caprr U g

7! 7l
On the other hand, we use (1.10) so that

Cn(n—mryn) = anl C(n—r—1n).

Indeed, the well-known difference equation B;(x + 1) — B;(z) = iz*~! if i > 2 and
C(—=k,x) = —Bps1(z)/(k+1) if £ > 0 (cf. [1]) implies

. r+l n+1(n)
Cn(n = m,m) an ey g

_ r+l—n-+1 1) 7‘+l n
- Zp”l( <r+l—n+1+z )
because B;(n) = B;(1) +1iY.7—1 k=" for i > 2. Using Lemma 3.2, we see that

(3.4) anl Z e = i (Z pn,l(n)kl> k= 0.

k=1 \I1=0

(3.3)

Therefore, applying the known formula ((1 —r,1) = —B,(1)/r = =B,./r (r > n >
1) and (3.4) to the identity (3.3), we deduce that

_ T+l n+1
Cn(n—7,m) Zp"l rl—n+1

o Brl
__annl 1 l

From (1.7), (3.2) and (3.5), Case (I) is now established.
Case (II): r = n. For k > 0, we know that

(3.5)

By11(1) By, k=0
(3.6) ((—k)=——"T"—"+== Bios
k+1 — %5, k> L
Setting r = n in (3.2), we obtain
(_1)T r 1 T
(3.7) ¢ (0,7) = TB,E )(r) = ﬁBﬁ ).

Also, by (3.4) and (3.5), we have

r—1
B,_(1)
- Zpr,r—l—l(r) r—1
=0
r—2

= pro(r)B1 — ZPM - 1(7’

(3.8)

because B, = B,.(1) if r > 2. Now, combining (1.7), (3.7) and (3.8) gives Case (II).
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Case (IIT): 0 < r < n — 1. The multiple Hurwitz zeta-function ¢, (s, z) having
the only singularities at s = k (k = 1,2,...,n) which are all simple poles with the
residues

(71)n—k

_ (n)
(3.9 Reg lsm) = i — i ()

(cf. 2, 5]). Moreover, using (1.10), we note that

n—1
1}2% Cn(sa n) = :ES{E% ;pn,l<n)g(5 - la n)

(3.10)
= Pnk—1(n)
for k=1,2,...,n, since ((s,n) has only simple pole at s = 1 with residue 1. From
(3.9) and (3.10), we have
(3.11) B () = (—1)"rl(n—7—Dpppra(n), 0<r<n-—1.
From (1.7) and (3.11), we can deduce Case (III). O

Example 3.4. As a special case we state formulas for sums of products of two,
respectively three, Bernoulli numbers.

(1) Consider (a(s,2) = E;i,m:l(k‘l + ko)7*%. In (3.2) we replace n by 2. One
immediately gives

G2~ 7,2) = (-1 B

rr—1) "
_ (—1)rT(T1_ y z; (:) BiB,_..

Also we use (3.3) with n = 2 so that

G2-72)=C01-72)-(2-72)
_ B, Ba()

r r—1
B,(1)+r By_1(1)+r—1
= - +
r r—1
BT Br—l
=——+
r r—1

for s =r — 2 and r > 2. Therefore, one gets the classical identity

(3.12) 7;_ C) BiB,_i = ((=1)" + 1)rB,_1 — (=1)"(r — 1) + 2)B, (r > 4),

which is also known in its equivalent form

(3.13) E_: (2]{)‘((22:@1)l 2]{),B2¢32m72k =—-(2m+1)B2y (m > 2).
P [ !

This was found by many authors, including Euler (cf. [3, 4]). Dilchler remarked in
[3] that it may be of interest to find formulas of the above type for sums of products
of generalized Bernoulli numbers.
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(2) Consider the multiple zeta functions (3(s,3) = >°° (k1 + ko + k3) ™%
From (3.2) we have
(-1 -
3—13)= v iz, iy ) D DD
3(3—r,3) r(r—1)(r—2) hg;m 11,%2,13 4
il—‘r,iz’-ﬁ—iii_:r

for r > n = 3. Also we use (3.3) with n = 3 so that

G5(3—73) = 5(C(L—7,8) ~ 302 7. 8) + 203 ~ . 3)
1 Br(g) 3 Br—1(3) BT—2(3)
2 +§ r—1  r—2
1 B’r 3 B'rfl Br72
T2 Taro1 re2
since B,.(3) = B, +r(1+2""1). Therefore for r > 3 we have the sum of product of
3 Bernoulli numbers:

.
> ( )BilBi2 Bi,

i1,d2,i3>0 i1, 12,13
1B, 3B,_1 B,
= (=)@ —1)(r —2) (— Lt 2).

i1+i2+i3="r
2 r 2r—1 r—2
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