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Abstract: We investigate the relationship between the Lagrangian Floer superpotentials
for a toric orbifold and its toric crepant resolutions. More specifically, we study an
open string version of the crepant resolution conjecture (CRC) which states that the
Lagrangian Floer superpotential of a Gorenstein toric orbifold X and that of its toric
crepant resolution Y coincide after analytic continuation of quantum parameters and a
change of variables. Relating this conjecture with the closed CRC, we find that the change
of variable formula which appears in closed CRC can be explained by relations between
open (orbifold) Gromov-Witten invariants. We also discover a geometric explanation
(in terms of virtual counting of stable orbi-discs) for the specialization of quantum
parameters to roots of unity which appears in Ruan’s original CRC (Gromov-Witten
theory of spin curves and orbifolds, contemp math, Amer. Math. Soc., Providence,
RI, pp 117-126, 2006). We prove the open CRC for the weighted projective spaces
X =P(1, ..., 1, n) using an equality between open and closed orbifold Gromov-Witten
invariants. Along the way, we also prove an open mirror theorem for these toric orbifolds.
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1. Introduction

The crepant resolution conjecture (abbreviated as CRC) [8,25,26,44] has attracted a lot
of attention in the last ten years, and much evidence has been found, especially in toric
cases [4,9,21,24,25,43]. This conjecture arises from string theory: if X" is a Gorenstein
orbifold and Y is a crepant resolution, then A" and Y correspond to two large radius limit
points (or cusps) in the so-called stringy Kdiihler moduli space M 4 which parametrizes
a family of topological string theories (A-model) whose chiral rings should be given by
the small quantum (orbifold) cohomology ring of the corresponding target space near
each cusp. Hence it is natural to expect that the quantum cohomology rings Q HJ, (X)
and Q H*(Y) are closely related.

Ruan [44] wrote down the first precise statement which asserts that Q H*(Y) is
isomorphic to Q H}, (X) after analytic continuation of the quantum parameters of ¥
and specializing the exceptional ones to roots of unity. Later, Bryan and Graber [8]
proposed a significant strengthening of this, asserting that, if A" satisfies a Hard Lefschetz
condition, then even the big quantum cohomology rings are isomorphic after analytic
continuation and specialization of quantum parameters. At around the same time, Coates,
Iritani and Tseng [25] (see also Coates—Ruan [26]) presented a rather different and more
general formulation of the conjecture using Givental’s Lagrangian cones and symplectic
formalism [23,35]. Their conjecture is expected to hold even without the Hard Lefschetz
assumption on X'. See Sect.4.2 and Conjecture 31 below for more details.

In this paper, we study how the Lagrangian Floer superpotential of a Gorenstein toric
orbifold and that of its toric crepant resolution are related under analytic continuation
of quantum parameters. We propose an open string version of the CRC in the toric case.
A compact toric manifold Y has a Landau—Ginzburg (LG) mirror [38], which can be
constructed using Lagrangian Floer theory (due to Fukaya, Oh, Ohta and Ono [31]). More
precisely, the Lagrangian Floer superpotential W5¥, which is part of the data in the LG
mirror of Y, is defined by virtual counting of stable holomorphic discs in ¥ bounded
by Lagrangian torus fibers of the moment map. In general, the coefficients of W%F,
which are generating functions of genus zero open Gromov-Witten (GW) invariants,
are only formal power series with values in the Novikov ring Ag = {3 7o Ck T |
Cr € Q, Ar € Rxp, limg_, o Ak = 00}, where T is a formal parameter. In case these
formal power series are convergent, this produces a family of holomorphic functions on
the algebraic torus (C*)"” (n = dim(Y)) over a neighborhood Uy of the cusp in M4
corresponding to Y.

Recently, the second author and Poddar [19] developed Lagrangian Floer theory for
moment map fibers in compact toric orbifolds. They classified all holomorphic orb-
ifold discs in a compact toric orbifold X bounded by these Lagrangian tori and defined
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open orbifold GW invariants by virtual counting of stable holomorphic orbi-discs.
In particular, they defined a Lagrangian Floer superpotential W using the counting of
smooth holomorphic discs, and also a bulk deformed superpotential W°. The latter is
defined by the virtual counting of stable orbifold discs where the bulk deformation b (i.e.
insertion at interior orbifold marked points) is given by fundamental classes of twisted
sectors.

In this paper, we define the Lagrangian Floer superpotential W)L(F of X, which is

different from W or WP, as a formal power series whose coefficients are generating
functions of certain open orbifold GW invariants. Assuming convergence, this gives a
family of holomorphic functions on (C*)" over a neighborhood U y of the cusp in M4
corresponding to X.

We can now state our open CRC (same as Conjecture 30):

Conjecture 1 (Open Crepant Resolution Conjecture). Let X be a toric variety with at
worse Gorenstein quotient singularities. Let X be the canonical toric orbifold with X
as its coarse moduli space (see [5, Section 7]). And let Y be a toric crepant resolution
of X. The flat coordinates on the Kdhler moduli of X and Y are denoted as q and Q
respectively. Let | be the dimension of the Kdhler moduli of X (which is equal to that of Y ).

The Lagrangian Floer superpotential W}(F (q) of X is a Laurent series over the
Novikov ring in q. Similarly the Lagrangian Floer superpotential W,I;F(Q) of Yisa
Laurent series over the Novikov ring in Q. Then there exists

(1) e > 0;

(2) a coordinate change Q(q), which is a holomorphic map (A(e) — RSO)Z — (C,
and A(¢€) is an open disc of radius € in the complex plane;

(3) a choice of analytic continuation of coefficients of the Laurent series W)],“F (Q) to the
target of the holomorphic map Q(q),

such that WII;F(Q (q)) defines a holomorphic family of Laurent series over a small neigh-
borhood of ¢ = 0, and

wi(q) = Wi (Q(q)).

Indeed the above conjecture is part of the global picture given by the stringy Kih-
ler moduli which is not mathematically defined yet. The stronger conjectural global
statement (for toric varieties) may be formulated as follows: There exists

(1) a manifold M g4, the so-called stringy Kéhler moduli;

(2) a holomorphic family of Laurent series W over M 4;

(3) a coordinate patch (Uy, g) of M, such that ¢*(WF) equals to the Lagrangian
Floer superpotential of X’;

(4) a coordinate patch (Uy, Q) of M such that Q* (WF) equals to the Lagrangian
Floer superpotential of Y.

Since we do not have a global construction of the stringy Kéhler moduli space M 4
and also the chiral rings over points far away from the cusps, analytic continuation is
required in all the crepant resolution conjectures. In practice, in order to prove the open
or closed CRC, one first constructs the B-model moduli space M p (in toric cases, this is
simply given by the toric orbifold associated to the secondary fan of the crepant resolution
Y). Mirror symmetry will identify the neighborhoods Uy and Uy with neighborhood of
certain cusps in M p. Since the B-model moduli space is global, one can then perform
analytic continuation over Mg, and (by applying mirror symmetry again) obtain the
change of variables.
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A remarkable feature of our open CRC is that it predicts equalities between generating
functions of open GW invariants for X and Y after analytic continuation and a change
of variable. See the equalities (4.1), (4.2) and the discussion after Conjecture 30 at the
end of Sect.4.1.

Our open CRC also sheds new light on the study of the closed CRC. First of all, one
may infer from our open CRC that the change of variable formula needed in the closed
CRC actually originates from the geometric data of open GW invariants of an orbifold
and its crepant resolution (by the equalities (4.1), (4.2)). Furthermore, we discover a geo-
metric explanation for the specialization of quantum parameters to roots of unity which
appeared in Ruan’s conjecture. Namely, we show that the specialization corresponds
precisely to the vanishing of coefficients of W)';F which count stable holomorphic discs
meeting the exceptional divisors in Y. See Theorem 34 for the precise statement and
Sect. 4.3 for more details.

Indeed, we expect that the open and closed crepant resolution conjectures are closely
related to each other since the Jacobian ring of the Lagrangian Floer superpotential
should be isomorphic to the small quantum cohomology ring. For toric manifolds, this
was proved by Fukaya, Oh, Ohta and Ono in their recent work [28]:!

QH*(Y) = Jac(WEF).

We plan to investigate the analogous story on the orbifold side in a subsequent work.
What we expect to be true is the following:

Conjecture 2. There is an isomorphism

QHZ (X) = JTac(WED).

orb

Combining these two isomorphisms with the open CRC, we conclude that
QH*(Y) = QHgy,(X),

via analytic continuation in quantum parameters and a change of variables. If we spe-
cialize the exceptional parameters to suitable values (not necessarily roots of unity),
this will imply the “quantum corrected” version of Ruan’s conjecture as formulated by
Coates and Ruan [26]. See Sect. 4.3 below for more details.

By the recent result [36, Theorem 1.16] of Gonzalez and Woodward, the quantum
cohomology ring of X is isomorphic to the (appropriately defined) Jacobian ring of the
potential function WHY defined in Definition 18 below. Therefore Conjecture 2 should
follow from an open mirror theorem (see Conjecture 23 below), which compares WHY
and W, Alternatively, we expect that Conjecture2 can be proven by following the
strategy of [28].

In this paper, we will prove the open CRC for the weighted projective spaces X' =
P,...,1,n):

Theorem 3 (=Theorem 42). For the weighted projective space X = P(1,...,1,n)
whose crepant resolution is given by Y = P(Kpn—1 @ Opn-1), the open CRC is true.

We prove this by first establishing a formula relating open and closed orbifold GW
invariants for Gorenstein toric Fano orbifolds (Theorem 35); this generalizes the formula
in [11,41] to the orbifold setting. Then, we use the toric orbifold mirror theorem (for

! n fact, they proved a much stronger result: the big quantum cohomology ring of Y is isomorphic to the
Jacobian ring of the bulk-deformed Lagrangian Floer superpotential.
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closed theories) recently proved by Coates, Corti, Iritani and Tseng [22] to deduce an
open toric mirror theorem for P(1, ..., 1, n) (Theorem41) and at the same time establish
the convergence of the Lagrangian Floer superpotential WkF. We expect that this open
toric mirror theorem (Conjecture 23), which is an orbifold version of the one formulated
in Chan-Lau-Leung—Tseng [12], is in general true for any compact toric Kéhler orbifold
(see Sect.3.3).

Now the open CRC follows from this open mirror theorem and analytic continuation
of the mirror maps for X and Y (the convergence of the Lagrangian Floer superpotential
WII;F is already proved in [13]). We remark that the analytic continuation process was
also done in the construction of the symplectic transformation U which appeared in
Coates—Iritani—Tseng’s formulation of the closed CRC [25]. We will discuss how the
open toric mirror theorem is related to the open CRC in general (see Sect.4.2).

Our strategy for proving Theorem 3 above is expected to work more generally in
all semi-Fano cases. More precisely, we consider a compact simplicial toric variety X
which is semi-Fano in the sense of Definition 15. In this case the canonical toric orbifold
X is also semi-Fano. If Y is a toric crepant resolution of X, then Y is also semi-Fano.
The strategy may be summarized in the following diagram:

open
mirror theorem

Wi (0) W)

open crepant
resolution conjecture

orbifold open
mirror theorem

W@ WAV (y)

On the right hand side we have the Hori—Vafa superpotentials W)HV and WI"I{V which
are combinatorial in nature, see Definitions 18 and 28. On the top part of the diagram,
the open mirror theorem for compact semi-Fano toric manifolds (Theorem 292), relates
W}I,‘F and WII,{V:

wif (o) = wilVw (o)),

where U = U (Q) is the inverse mirror map. On the bottom part of the diagram, the open
mirror theorem for compact semi-Fano toric orbifolds (Conjecture 23) relates W}(F and

WEV:
Wi (g = WY (v (),

where y = y(q) is the inverse of the mirror map g = ¢(y). One can patch WII,{V and
WEV to form a global family of functions by analyzing the toric data. Open CRC for
X and Y can then be deduced by a suitable analytic continuation of the (inverse) mirror
map of Y.

2 Theorem 29 was first proposed and proved under a convergence assumption in [12], and was later proved
unconditionally by an entirely different and much more geometric method in [13].
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by — b

bs bs
Fig. 1. The fans X y (left) and Xy (right)

Example: X = P(1, 1, 2). To illustrate our results, let us consider the n = 2 case of The-
orem3.Let N = Z2. The weighted projective plane X = P(1, 1, 2) is a Gorenstein toric
Fano orbifold whose coarse moduli space is the toric variety defined by the simplicial
fan £y in Ng = R? generated by

by =(1,0),by=(-1,2),b3=(0,—1) € N.

There is a unique isolated Z,-singularity at the point corresponding to the cone generated
by b; and b; (Fig. 1).

A crepant resolution of X is given by the Hirzebruch surface Y = I, which is defined
by the fan Xy in N generated by

The Lagrangian Floer superpotential W)];F was first computed by Auroux [3] using
degeneration method and wall-crossing formulas. Different proofs appeared later in
[11,33]. The result is the following

3 1
Wit(Q1, Q) =21+ 22+ Q1Q22 L 20+ Ql),
Z1Z2 22

(1.1)

where 71, zo are the standard coordinates on ((C*)2 and Q1, Q> are coordinates in the
neighborhood Uy of the cusp corresponding to Y in the stringy Kéhler moduli space
M. Q1 corresponds to the exceptional (—2)-curve in F, while Q5 corresponds to the
fiber class if we view F5 as a P!-bundle over P!.

On the other hand, we define the Lagrangian Floer superpotential W}(F using counting
of Maslov index two smooth holomorphic discs in X as well as (virtual) counting of
orbi-disc with possibly multiple 75 orbifold insertions. Here, 15 is the orbifold parameter
which corresponds to the twisted sector &7 /> supported at the isolated Z,-singularity.
We prove a relation between open and closed orbifold GW invariants (Theorem 35), and
from this we can compute the Lagrangian Floer superpotential W}(F:

q1 2q11/2 sin 2
WE @) =z +n+——F+—— = (1.2)
2123 22
where ¢, g» := e™ are coordinates in the neighborhood Uy C My of the cusp

corresponding to X'. Here, g corresponds to the hyperplane class in P(1, 1, 2).
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Fig. 2. An orbi-disc with three orbifold point (/eff) and a stable orbi-disc (right)

The coefficient

2 2 12
TR TR T A TR T

.. 0
2sin — =1
2

is the generating function of the (virtual) counts of stable holomorphic orbi-discs with
interior orbifold marked points mapped to the twisted sector Xj,,. The first term 7,
corresponds to the basic orbi-disc classified in [19], and the subsequent contributions
with multiple t2-insertions all come from the same minimal homotopy class of the basic
orbi-disc. Namely the latter is from the virtual perturbation of the orbi-disc attached with
constant orbi-sphere bubble as shown in the right-hand-side of Fig. 2; actual holomorphic
orbi-discs with more than one t; insertions do not have this minimal homotopy class.
A glance at the formulas (1.1) and (1.2) immediately shows that the substitution

Q1 =€ gy =g/l (1.3)
will give the open CRC in this example:

WiE(Q1(q1, q2), 02(q1, q2)) = WY (g1, q2)-

We emphasize that there is an analytic continuation hidden here: a priori the Lagrangian
Floer superpotential W)%F (Q1, Q2) isdefined only when the quantum parameters Q1, Q2
are small, say |Q1], |Q2] < 1, so we need to analytically continue WII;F(Ql, 07) to
places where |Q1| = 1.

Notice that the change of variables (1.3) is affine linear. Hence it preserves the canoni-
cal flat structures near the cusps. In fact, it was shown in [25] that the Frobenius manifolds
defined by the genus 0 Gromov-Witten theory for the orbifold P(1, 1, 2) and its resolu-
tion F» are isomorphic after analytic continuation of quantum parameters. This is true
in general for any toric orbifold with the Hard Lefschetz property.

Now the specialization

. 172
Ql =_1’ Q2=1‘1]/ )

which corresponds to setting the orbi-parameter v, = 0, gives the isomorphism

QH*(F») = QH*(P(1, 1,2))
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asserted by Ruan’s CRC (see [25, Theorem 1.1]). From the point of view of Lagrangian
Floer theory, this specialization corresponds to turning off orbifold parameters 7o = 0,
or equivalently, the vanishing of the term %:Q‘) in W)%F which counts stable discs

in Y which meet the exceptional (—2)-curve in ¥ = [F,. This gives a new geometric
interpretation of the specialization.

Remark 4. (1) We point out that for 3-dimensional toric Calabi-Yau geometry, one can
consider open Gromov-Witten invariants with respect to Lagrangian submanifolds
of Aganagic-Vafa type [1]. The open crepant resolution conjecture in this setting has
also been studied; see Cavalieri—-Ross [10] for the case [C2 /Z»] x C and the recent
vast generalization in Brini—Cavalieri—Ross [7]. We remark that the open orbifold
GW invariants in [7,10] (and related works) are defined using localization formulas
instead of directly by constructing moduli spaces of orbi-discs.

(2) It is expected that open Gromov-Witten theories of an orbifold and its crepant resolu-
tion are related even beyond the toric case. In the toric case, the open Gromov-Witten
theory is encoded in the superpotential. In more general cases, one must work with
more general objects such as the Fukaya category. It is natural to speculate that a
relation between open Gromov-Witten theories of an orbifold and its crepant res-
olution would take the form of an equivalence between (suitable variants of) their
Fukaya categories, after analytic continuation.

The rest of this paper is arranged as follows. In Sect.2, we briefly go through the
theory of Maslov index for orbifolds (following the recent work of Cho—Shin [20]) and
open orbifold GW theory for toric orbifolds (following Cho—Poddar [19]). These are
prerequisites for defining the Lagrangian Floer superpotentials and hence LG models
mirror to toric orbifolds, which we introduce in Sect.3, where we also state the open
toric mirror theorem. In Sect. 4, we formulate the open CRC, discuss its relations with
the closed CRC and explain a new geometric meaning of the specialization of quantum
parameters in Ruan’s conjecture. Section5 contains the proof of the equality between
open and closed orbifold GW invariants (Theorem 35). In Sect. 6, by applying the open-
closed equality, we establish the open mirror theorem and deduce the open CRC for the
weighted projective space X = P(1, ..., 1,n).

2. Preliminaries

In this section, we review the Chern-Weil Maslov index for orbifolds introduced by Cho—
Shin [20] and also the classification of holomorphic orbifold discs and the definition of
open orbifold Gromov-Witten (GW) invariants for toric orbifolds following Cho—Poddar
[19].

2.1. Maslov index. Given a real 2n-dimensional symplectic vector bundle £ over a
Riemann surface ¥ and a Lagrangian subbundle £ over the boundary 9%, one can
associate a Maslov index to the bundle pair (£, £), which is defined as the rotation
number of £ in a symplectic trivialization £ = ¥ x R

To extend the notion of Maslov index to the orbifold setting, the second author and
Shin [20] introduced its Chern-Weil definition as follows. Let J be a compatible complex
structure of £. A unitary connection V of £ is called £-orthogonal if £ is preserved by the
parallel transport via V along the boundary 9 ; see [20, Definition 2.3] for the precise
definition).
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Definition 5 ([20], Definition 2.8). The Chern-Weil Maslov index of the bundle pair
(€, L) is defined by

pew (€. L) = — / tr(Fy)
T Jxy

where Fy € Q2 (X, End(E)) is the curvature induced by an L-orthogonal connection V.

It was proved in [20, Section 3] that the Chern-Weil definition agrees with the usual
one.

Now let X be a bordered orbifold Riemann surface with interior orbifold marked
points z7, ..., z] € X such that the orbifold structure at each marked point z is given
by a branched covering map z +— 7 for some positive integer m;. For an orbifold
vector bundle £ over X and a Lagrangian subbundle £ — 9%, the Chern-Weil Maslov
index ucw (€, L) of the pair (£, £) is defined by taking an £-orthogonal connection V,
which is invariant under the local group action, and evaluating the integral in Definition
5 in an orbifold sense (see [20, Definition 6.4]). It was shown in [20, Proposition 6.5]
that the Maslov index pucw (€, £) is independent of both the choice of the orthogonal
unitary connection V and the choice of a compatible complex structure.

In [19], the second author and Poddar have introduced yet another orbifold Maslov
index, the so-called desingularized Maslov index ,ude , defined by the desingularization
process introduced by Chen—Ruan [15]. Instead of recalling its definition (for which
we refer the reader to [19, Section 3]), let us recall the following result relating the
Chern-Weil and the desingularized Maslov indices:

Proposition 6 ([20], Proposition 6.10). We have

I
pew (€, L) = p®(E, L) +2 D «(E: ), 2.1

i=1

where ((E; z[) is the degree shifting number associated to the Zy,;-action on & at the
i-th marked point 7! € X.

2.2. Toric orbifolds. A compact toric manifold is constructed from a complete fan of
smooth rational polyhedral cones (see the books [2,34]). Analogously, a compact toric
orbifold can be constructed from a combinatorial object called a stacky fan, which
consists of a complete fan X of simplicial rational polyhedral cones together with the
choice of a multiplicity (or equivalently, a choice of lattice vector) for each 1-dimensional
cone in X.

Consider the lattice N = Z" and its dual lattice M = Homy(N, Z). For any
Z-module R, wedenote Np = NQz R, Mp = M®z R andby (-, -) : Mg x Ngp — Rthe
natural pairing. Let ¥ be a fan of simplicial rational polyhedral cones. We denote by X *)
the set of all k-dimensional cones in . The minimal lattice generators of 1-dimensional
cones (I are labelled as G(2) := {vy, ..., v,}, where v; = (Vj1,...,Vjn) € N.
For each j, fix a lattice vector b; = c;jv; € N where c; is a positive integer. We
call {by, ..., b,} the stacky vectors, and denote b = (by, ..., by,). The data (X, b) is
called a stacky fan, and this defines a toric orbifold as follows (for more details, see
Borisov—Chen—Smith [5]3).

3 Note that the construction in [5] is more general since toric Deligne-Mumford stacks considered there
can have non-trivial generic stabilizers. We do not need this generality.
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Recall that a subset P = {v;,, ..., vl-],} C G(X) is called a primitive collection if
{vi, ..., vip} does not span a p-dimensional cone in X, while any k-element subset
of P for 0 < k < p, spans a k-dimensional cone in X. For a primitive collection
P={vy,..., vl-p} in G(X), we denote

AP)={Gz1,...,zm) € C" | zj;, = --- = z;, = 0}.

P

Consider Z(X) = UpA(P), the closed algebraic subset in C”*, where P runs over every
primitive collections in G(X). We define U(X) = C"\Z(X).

Consider the map B : Z™ — N which sends the basis vectors ¢; to b; for i =
1, ..., m. Note that 8 may not be surjective. We obtain the following exact sequences
by tensoring with R and C*:

0->t—R" L Ny 0. 2.2)
0— Ke — €5 New — 0. 2.3)

Here the map B¢+ is given by

b Din
BorOhts o d) = [[T27" - TTA7
j j

For a complete stacky fan (X, b), the algebraic torus K¢ acts effectively on U (X) with
finite isotropy groups. Then, the global quotient

Xs =UX)/Kc (2.4)

is called the compact toric orbifold associated to (X, b).
Consider a d-dimensional cone o in ¥ generated by b, = (b;,, ..., b;,). Define

d
BOXbG = iv eN|v= Zl‘kbik, t € [0, l)ﬂ@] .

k=1

Note that Boxp,, is in a one-to-one correspondence with the finite group G, = N/Np_,
where Nj_ is the submodule of N generated by lattice vectors {b;,, ..., b;,}. Itis easy
to see that if T < o, then we have Boxp,_ C Boxy_. Define

Boxj = Boxp, — U Boxp_,

T éa
and

Box = U Boxp, = |_| Boxj, .

oex® gEX

We set Box” = Box\{0}. Then Box’ is in a one-to-one correspondence with the twisted
sectors, i.e. non-trivial connected components of the inertia orbifold of Xy. We refer
the readers to [5] for more explanations (see also [39, Section 3.1] for an excellent
review on the essential ingredients of toric orbifolds). For v € Box, we denote by &),
the corresponding twisted sector of X'. Note that Xy = X.
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Twisted sectors were used by Chen—Ruan [16] to define a cohomology theory for
orbifolds. For the toric orbifold X, the Chen—Ruan orbifold cohomology H}\ (X; Q) is
given by

HE(X Q) = P HIV Q).

veBox

where ¢(v) is the degree shifting number of the twisted sector &), and the cohomology
groups on the right hand side are singular cohomology groups. In [16], Chen and Ruan
introduced a product structure which gives H, (X'; Q) a Frobenius algebra structure
under the orbifold Poincaré pairing.

By a theorem of Delzant, a symplectic toric manifold is completely determined,
up to equivariant symplectomorphisms, by its moment polytope. Lerman and Tolman
[42] generalized this to the orbifold case, showing that a symplectic toric orbifold is
completely determined by a simple rational convex polytope together with a positive
integer attached to each of its facets.

More precisely, let P be a simple rational convex polytope in Mp = R” with m
facets Fi, ..., F;;. Denote by v; € N (j = 1, ..., m) the inward normal vector to F;
which is the mlmmal lattice vector. If we label each facet F; by a positive integer c;
and set b; = c;v;, then the data (P, b) is called a labeled polytope where we denote

b= (by,...,by). By choosing suitable A; € R, the polytope P can be written as
m
P=(\{ueMgl|(ubj) =i, 2.5)
j=1

For each stacky vector b, we define the linear functional £; : Mg — R by
Ci(u) =(u,bj) —Aj, (2.6)

Then, we have

P = ﬂ{u € Mg | £;(u) = 0}.
j=1

Let X (P) be the normal fan of P. Then the stacky fan (X (P), b) defines a compact toric
orbifold X’s;(p) as explained above.
We can now state the theorem of Lerman and Tolman as follows.

Theorem 7 ([42], Theorem 1.5).

(1) Let (X, w) be a compact symplectic toric orbifold with moment map w : X — Mp.
Then the moment map image P := w(X) is a simple rational convex polytope in
MRy, and for each facet F; of P, there exists a positive integer c (the label of F;)
such that the structure group of every p € w~! (int(F})) is Z/c;Z.

(2) Two compact symplectic toric orbifolds are equivariantly symplectomorphic (with
respect to a fixed torus acting on both orbifolds) if and only if their associated labeled
polytopes are isomorphic.

(3) Every labeled polytope arises from a compact symplectic toric orbifold (X, w).

2.3. Holomorphic (orbi-)discs. Let (X, w) be a compact Kéhler toric orbifold of com-
plex dimension n, equipped with the standard complex structure Jy. Denote by (P, b)
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the associated labeled polytope, where b = (b1, ..., b,;) and b; = cjv;. The polytope
P is defined as in (2.5). We let D; be the toric prime divisor associated to b;.

Let L C X be a Lagrangian torus fiber* of the moment map 7 : X — P, and
fix a relative homotopy class B € m (X, L) = Hy(X, L;Z). We are interested in
holomorphic (orbifold) discs in X bounded by L and representing the class 8.

Let (D, zT, o, Zz+) be an orbifold disc with interior orbifold marked points
Z{.....z/. Here D is analytically the disc D? C C, together with orbifold data at
each marked point z?’ fori = 1,...,[. Foreach i, the orbifold data at zl?“ is given by a
disc neighborhood of z} which is uniformized by a branched covering map br : z — 2™
for some positive integer m;. If m; = 1, we regard z; as a smooth interior marked point.

An orbifold holomorphic disc in X with boundary in L is a continuous map

w: (D,0D) — (X, L)

such that for any zo € D, there is a disc neighborhood of zp with a branched covering
map br : z — 2z, and there is a local chart (Vy(zg), Gu(z)» Tw(zy)) of X at w(zp) and
a local holomorphic lifting w,, of w satisfying

wobr= TTw(zg) © wzo.

We additionally assume that the map w is good (in the sense of Chen—Ruan [15]) and
representable. In particular, for each marked point z;', we have an associated injective
homomorphism

hi . Zmi e Gw(z:’) (27)

between local groups which makes zﬂz’f equivariant. Denote by v; € Box the image of
the generator 1 of Z,,, under h; and let X,, be the twisted sector of X’ corresponding to
v;. Such a map is said to be of type x := (&), ..., &y).

We recall the following classification theorem due to the second author and Poddar:

Theorem 8 ([19], Theorem 6.2). Let X' be a symplectic toric orbifold corresponding to
(X(P), b) and L a Lagrangian torus fiber. Consider a fixed orbit L C C"\Z(X) of the
real m-torus T™ which projects to L. Suppose w : (D, D) — (X, L) is a holomorphic
map with orbifold singularities at interior marked points z3, ..., zj € D. Then

(1) For each orbifold marked point z;', we have a twisted sector v; = Z.';’Zl tij bi/. € Box,
obtained as in (2.7).

(2) For an analytic coordinate z on D* = |D|, the map w can be lifted to a holomorphic
map

W : (D% 3D — (C™\Z(%))/Kc, L/Kc N'T™),

so that the homogeneous coordinate functions (modulo K c-action) w = (Wy, . .., Wy)
are given by

~ & i—a ! z—2zf &
I I JsSs 1—[ i
w; aj - 1— o s2 ( : ) @8

s=1 i \1—zz
fordj eZso(j=1,...,m)andaj, € int(Dz),aj e C*.

4 Throughout this paper Lagrangian torus fibers are chosen to be general, i.e. fibers of the moment map
over general points in the interior of the moment polytope.
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(3) The map w whose lift is given as (2.8) satisfies

m l
pew(w) = " 2d;+ D 2(v),
j=1 i=1

where v,, is the degree shifting number associated to the twisted sector X,,.

In the above theorem, if we set/ = 0 and d; = O for all j except for one jo where
dj, = 1, then the corresponding holomorphic disc is smooth and intersects the associated
toric divisor D, C X with multiplicity one; its homotopy class is denoted as fj,. On
the other hand, given v € Box/, if we set/ = 1 and d i = 0 for all j, then we obtain a
holomorphic orbi-disc, whose homotopy class is denoted as 8,,.

We have the following lemma from Cho—Poddar [19]:

Lemma 9 ([19], Lemma 9.1). For X and L as above, the relative homotopy group
w2 (X, L) is generated by the classes Bj for j =1, ..., m together with B, for v € Box'.

We call these generators of 75 (X, L) the basic disc classes. They are the analogue of
Maslov index two classes in toric manifolds. Recall that the Maslov index two holomor-
phic discs in toric manifolds are minimal, in the sense that every non-trivial holomorphic
disc bounded by a Lagrangian torus fiber has Maslov index at least two. Also, such discs
play a prominent role in the Lagrangian Floer theory of Lagrangian torus fibers in toric
manifolds, namely, the Floer cohomology of Lagrangian torus fibers are determined
by them. Basic disc classes were used in [19] to define the leading order bulk orbi-
potential, and it can be used to determine Floer homology of torus fibers with suitable
bulk deformations.

‘We recall the classification of basic discs from [19]:

Corollary 10 ([19], Corollaries 6.3 and 6.4).

(1) The smooth holomorphic discs of Maslov index two (modulo T"-action and automor-
phisms of the domain) are in a one-to-one correspondence with the stacky vectors
{by,...,bn}

(2) The holomorphic orbi-discs with one interior orbifold marked point and desingu-
larized Maslov index zero (modulo T"-action and automorphisms of the domain)
are in a one-to-one correspondence with the twisted sectors v € Box’ of the toric
orbifold X.

For each v € Box/, we introduce the linear functional £, : Mg — R, defined as
6y (u) = (u,v) — Ay, (2.9)

which is analogous to (2.6) for stacky vectors. Here, A, is the unique constant which
makes £, (7 (X)) = 0.
Alternatively, (2.9) can be defined as follows. For v = Z;’-“:l tjb;, we can define

m
L, = thﬁj.
j=1

In this case, we have A, = Z'}':l tjAj. Thus, for any u € P,L,(u) > 0 fora €
{1,...,m}UBox’. Geometrically, £, (u) is the symplectic area (up to a multiple of 27)
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of the basic disc class 8, bounded by the Lagrangian torus fiber L(u) over u € int(P),
where int(P) denotes the interior of the polytope P (see [19, Lemma 7.1]).

2.4. Moduli  spaces of holomorphic (orbi-)discs. Consider the moduli space

}(‘fi'f,(L, B, x) of good representable stable maps from bordered orbifold Riemann
surfaces of genus zero with k + 1 boundary marked points z¢, z1 ..., Zx and [ interior
(orbifold) marked points z}, . .., z; in the homotopy class  of type x = (X,,, ..., &,)).
Here, the superscript “main” indicates that we have chosen a connected component
on which the boundary marked points respect the cyclic order of S!' = 9D?. Let

M;(nfinl‘reg (L, B, x) be its subset consisting of all maps from an (orbi-)disc (i.e. without

(orbi-)sphere and (orbi-)disc bubbles). It was shown in [19] that Z‘fl‘“l (L, B,x)hasa
Kuranishi structure of real virtual dimension
I
n+M‘l"(,B,x)+k+ 142l -3 =n+ucw(B)+k+1+2[ -3 —2ZL(U,'). (2.10)
i=1
The following proposition was proved in [19].
Proposition 11 ([19], Proposition 9.4).

(1) Suppose that n% (B, x) < 0. Then, M?ﬁﬁljreg(b B. x) is empty.
(2) For B satisfying ul€(B,x) = 0and B # B, for any v € Box, the moduli space
M;(rflu’l]’reg(L, B, x) is empty.

(3) For any B, M;cnf]inl’reg(L, B, x) is Fredholm regular. Moreover, the evaluation map

evy : M;:f;r’lireg(L, B,x) — L (at the boundary marked point zq) is a submersion.

(4) If./\/l‘fﬁin(L, B) is non-empty and if 3 ¢ Np, then there exist v € Box, k; € N
(j=1,...,m)and a; € Hy(X; Z) such that

B=B+ D kiBj+ D a,
j=1 i

where each «; is realized by a holomorphic (orbi-)sphere.
(5) For v € Box/, we have

ML, By) = MPTM(L, Bo).
The moduli space M‘lmii“(L, Bv) is Fredholm regular and the evaluation map evy is
an orientation preserving diffeomorphism.

2.5. Open orbifold Gromov-Witten invariants. We are now ready to introduce open
orbifold GW invariants following Cho—Poddar [19, Section 12].

First of all, fix / twisted sectors &), ..., X, of the toric orbifold X'. Consider the
moduli space Mf’;‘i“ (L, B, x) of good representable stable maps from bordered orbifold
Riemann surfaces of genus zero with 1 boundary marked points and [ interior orbifold
marked points of typex = (&), ..., X,,) representing the class 8. By [19, Lemma 12.5],
for each given E > 0, there exists a system of multisections sg 1 ;,x on M‘lrf?i“(L, B, x)

for B Nw < E which are transversal to 0 and invariant under the 7" -action.
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Hence, if the virtual dimension of the moduli space is less than n, then the perturbed
moduli spaces /\/lmam (L, B, x)®811.x is empty. From the dimension formula (2.10), the

virtual dimension of the moduli space /\/lmam(L B, x) is equal to n if and only if

1
pew(B) =2+ D (2(v) —2). @.11)

j=1

Now let § € m (X, L) be a class with Maslov index satisfying (2.11). Then the
virtual fundamental chain

[MI,I(L, ﬁ’x)]vil‘ = [ mam(L ﬂ x)sﬁllx]

becomes a cycle because it has no real codimension one boundaries (because of T"
equivariant perturbation). Hence we can define the following open orbifold GW invari-
ant:

Definition 12. Let B € m(X, L) be a class with Maslov index ucw(B) = 2 +
Zizl(ZL(vi) — 2). Then we define nf‘flyﬂ([pt]L; 1,,,...,1,) € Q by the push-forward

) 5 (ptlz: Ly ..o 1) = evon (M1 (L, B, )] € Hy(L: Q) = Q.

where evyg : ./\/l’ln?in (L, B, x) — L is evaluation at the boundary marked point, [pt]y €
H"(L; Q) is the point class of the Lagrangian torus fiber L, and 1,; € HO(Xvi; Q) c

Ozrlév’)(X Q) denotes the fundamental class of the twisted sector X,,.

By [19, Lemma 12.7], the numbers nfl‘ﬂ([pt]L; 1,,,...,1,,) are independent of the
choice of the system of multisections used to perturb the moduli spaces, so they are
indeed invariants.

Suppose that ¢(v;) = 1 for all i, then ucw(B) = 2 satisfies the condition (2.11)
for any number of interior orbifold marked points. Thus we can possibly have infinitely
many nonzero invariants associated to a given relative homotopy class in this situation.
These invariants, as we will see in examples, are quite non-trivial, and it is in sharp
contrast with the manifold case. In the case of manifolds, the virtual counting of discs
with repeated insertions of interior marked points, which are required to pass through
divisors (analogous to ¢(v;) = 1), are determined by an open analogue of the divisor
equation (see [17,32]). Note that, however, the divisor equation does not hold for interior
orbifold marked points.

Remark 13. Here we only consider bulk deformations from the fundamental classes of
twisted sectors (which is why we use the notation nfl’ﬁ([pt]L; 1,,,...,1,)). This is

because for the purpose of this paper we only need bulk deformations from Hig (X).
Consider a cycle A; in X),, and 7; the Poincaré dual of A; in &X),. As a cohomology

class in &),, 7; is of degree 2d;, = dimR(le) — dimg(A);), ie. ; € Hi (X)) C

Hgflb’ +2L(V’)(X ). So the condition 7; € H, b(X ) forces t; to have cohomological degree

0 in &,,, i.e. we must have d; = 0 or dlmR(X ) = dimp(A;). This explains why we
only consider bulk deformations from fundamental classes of twisted sectors and the
invariants nffl’ 8 ([ptlz; 1y, ..., 1,;). We hope to discuss the general case elsewhere.
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Corollary 14. For v € Box/, we have

i, (Iptlz: 1) = 1.

For j € {l1,..., m}, we have

nito,s, (ptlL) = 1.

Proof. 1t is not hard to see that the count is one up to sign from the classification
theorem. But the sign has been carefully computed in [18] in the toric manifold case,
and the orientations in this orbifold case is completely analogous. O

Example: orbifold sphere with two orbifold points. To illustrate the importance of dimen-
sion counting, let us consider an orbifold sphere with two orbifold points with Z, Z,
singularities.

Let X = P},’q for p,q € Z~¢ and a circle fiber L C IP’;W. There are two orbifold
points x = [{0}/Zp] and x" = [{oo}/Z,]. The twisted sectors are given by:

Xop =X,
X1/ps .., X(p—1)/p supported at x, and
Xi/gs -+ Xg—1)/q supported at x”.

The total orbifold cohomology ring

2 2p—2 2 2qg—2
Hi®h )= Hyy @ Hol & @ Hyl " @ HY & @ Hiy P @ HE,

orb orb

is generated by
1y, Li/p, .., 1p—1y/ps 1/1/,], -.-,1/([1_1)/4, [pt].

Here, 1, and [pt] have degree shifting numbers equal to zero, while 1;,, and l’j /q have
degree shifting numbers i /p and j/q respectively.

Any disc class § is generated by the basic disc classes. In this case they consist of
basic smooth disc classes o and B, and basic orbi-disc classes f8;/, which pass through
Xijpfori=1,...,p—1, andﬁ}/q which pass through X/, for j =1,...,9 — 1. By
and B, have Maslov index two, while ;/, and ,3} /4 have Maslov index 2i/p and 2 /q
respectively.

Let 7; be one of the classes 11/p, ..., 1(p—1)/p, 1’1/q, el lzq_l)/q fori =1,...,1L

By dimension counting, ng([pt].; 1, ..., 77) # 0 only when

[
pew(B) =2— D (2 —2u,).

i=1

Notice that the right hand side is always smaller than or equal to two.

The above equality is satisfied either when B is a basic smooth disc class By or ,36, in
which case cw(B) = 2 and ! = 0, or when § is one of the basic orbi-disc class 8/, or
,8}/{], in which case [ = 1, ucw(B) =2i/por2j/q and ty = 1;/, or 1;./q respectively.
For all these basic classes, the open orbifold GW invariants are equal to one. All other
disc classes cannot satisfy the above equality, since the left hand side must increase for
other (non-trivial) disc classes, while the right hand side must decrease when the number
of interior orbifold marked points increases.
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3. LG Models as Mirrors for Toric Orbifolds

The Landau—Ginzburg (LG) models mirror to compact toric manifolds have been written
down by Hori and Vafa [38].% Their recipe is combinatorial in nature. In [18], the second
author and Oh gave a geometric construction of the LG mirrors for compact toric Fano
manifolds using Lagrangian Floer theory of the moment map fiber tori and counting of
holomorphic discs bounded by them. This was later generalized to any compact toric
manifolds by the work of Fukaya, Oh, Ohta and Ono [28,31,32]. In fact the two construc-
tions are related by mirror maps [12]; this is the statement of the open mirror theorem.

In this section, we shall introduce the LG models which are mirror to compact toric
orbifolds and formulate an orbifold version of the open toric mirror theorem.

3.1. Extended Kdhler moduli. Let (X, w) be acompact toric Kihler orbifold of complex
dimension n associated to a labeled polytope (P, b), where b = (by, ..., b,,) and
b; = cjv; denote the stacky vectors. Let (X(P), b) be the corresponding stacky fan.

Definition 15. A complex orbifold X is called (semi-)Fano if for every non-trivial ratio-
nal (orbi-)curve C C X, CICW(C) >0(>0)

From now on, we assume that the following conditions are satisfied (cf. Iritani [39,
Remark 3.4]):

Assumption 16.(7) X is semi-Fano, and
(2) the set {by, ..., by} U{v € Box' | 1(v) < 1} generates the lattice N over Z.

In this case, we enumerate the set {v € Box’ | ¢(v) < 1} as
{veBox' | t(v) <1} ={bus1, ..., bw},

where each b; (j =m + 1,...,m’)is of the form

m
bj =v; Zlekbi €N, tjr €0, HNAQ.

k=1
The stacky fan together with these extra vectors b,41, ..., b,y constitute an extended
stacky fan (in the sense of Jiang [40]).
Consider the map ¢ : Z" — N sending the basis vectorse; tob; for j =1,...,m'.

By (2) of our assumption, this map is surjective. Hence we have the exact sequence

0>L57" 5 NSo 3.1)

where L := Ker(8¢). Let ¥’ := m’ — n denote the rank of IL and let r := m — n denote
the rank of H>(X'; Q) so that ¥’ = r + (m’ — m). We choose an integral basis

m
!
d, = E dgjej €Z™, a=1,...,r
=1

of Lsuchthatd,j =0whenl <a <randm+1<j <m',and {dy, ..., d,} provides
a positive basis of Hy(X'; Q).

Let {p1,..., py} be the basis of LY dual to {di,...,d}. Then the images of
Ply.-., pr in H2(X:;R) is a nef basis {p1,..., pr} of H2(X:;R) and those of
Dr+1s - - -, ppr are zero. Define elements D; € LY(j=1,...,m)by

5 The prediction that the mirrors for toric manifolds (or more generally non-Calabi- Yau manifolds) are given
by LG models was made even earlier (perhaps implicitly) in the work of Batyrev, Givental and Kontsevich.
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r/
Dj = Zdajpu
a=1

so that the map ¢ in (3.1) is given by ¢ = (D1, ..., D,,). Over the rational numbers, we
have (cf. [39, Section 3.1.2])

Hy(X; Q) = Ker(Dps1, .., D) : LOQ — Q")

Hx;0 =120/ @ ob;.

j=m+1

We can also identify LY ® Q with the subspace

m/
H X e @ HX) C Hop(X)
j=m+l1

where D; is corresponding to 1, for j =m +1, ..., m'. )

We denote by Dj the image of D; in H2(X; R). Note that forj=1,...,m,Djis
the Poincaré dual of the corresponding toric divisor D; C &, i.e.

,
Dj = dujpa =PD(D;) € H*(X: R);

a=1

while D; =0 € H*(X;R) for j=m+1,...,m.
Now let Ky C H2(X;R) = H"1(X; R) be the Kiihler cone of X.

Definition 17. The extended Kihler cone of X is defined by

m/

EX =Ky ® @ R.oD; cLY®R.

Jj=m+l

3.2. Landau—Ginzburg mirrors. The mirror of a toric orbifold X is given by a Landau—
Ginzburg (LG) model (/'\Vf , W) consisting of a noncompact Kihler manifold X together
with a holomorphic function W : X — C. The manifold X is simply given by the
bounded domain X := int(P) x Mr/M in the algebraic torus Mc+ = (C*)". The
holomorphic function W, usually called the superpotential of the LG model, can be
constructed in two ways, one is combinatorial and the other is geometric. The open toric
mirror theorem says that these two constructions are related by a mirror map.

First of all, Let ey, ..., e, be the standard basis of N = Z". Then each e; defines a
coordinate function

zx = expmi (-, ex)) : Mg+ — C.

Let /\/l“;( := LV ® C* be the B-model moduli space for X. The basis dy, ..., d, of L
defines C*-valued coordinates yy, ..., y,» on Mf .

Definition 18. The extended Hori—Vafa superpotential of X is the function W}év P
C defined by
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m/
= chzb./,
j=1

. 1 . .
where 7V denotes the monomial 7§ ... z},’n ifv=>27_, vker € N and the coefficients
C; are subject to the following constraints

m’ J
ya:HCj“’, a=1,...,r.

This defines a family of functions {W}év (y)} parametrized by y = (y1, ..., y) € Mg’/
On the other hand, by identifying .Y ® C with the subspace

HX) e P HOX) c H(X),

j=m+l1

we will regard Mf = LY ® C* also as the A-model moduli space for X. We equip
Mff with another set of C*-valued coordinates ¢, .. ., g, corresponding to the same
basis dy,...,dy € L.Since LY ® C = HX(X) @ EB;";mH HO(ij), we can write an
element t € LY ® C as T = 102 + Tryy Where

,
w02 = D Tapa € H (X),

a=1
r/ m/
0
tw= D Tlp,,, € P H'X).
a=r+1 Jj=m+l
This defines the coordinates g, = exp(z,) fora =1, ...,randt, fora=r+1,...,r’

on M f . Note that the coordinates in the orbifold directions are not exponentiated coor-
dinates.

We can now define a LG superpotential using Lagrangian Floer theory in terms of
the open orbifold GW invariants nffl)ﬁ([pt]L; 1,,,...,1,). For u € int(P), let L :=
L(u) C X be the corresponding Lagrangian torus fiber of the moment map.

Definition 19. The Lagrangian Floer superpotential of X is the function WY : X — C
defined by

WLF = Z Z nl | ﬁ([pt]L’ Ttws =« «» Ttw)Zﬁ

Bemr(X,L) [>0

- > 3 Z T“"" R S (PL: Ly, L) Z.

Bemy(X,L) 1>0 ay,

where Zg is the monomial given by

Zg(u,0) = exp (—/ w+2mwi (0B, 9)) ,
B

the third summation is overallay, . ..,a; € {r+1,...,r'}. The superscript “LF” refers
to “Lagrangian Floer”.
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Here, if p = 3" kB + 30,1 kify, +d where d € H§™(X), then
’ k
0p = Z']flzlkjbj + > epox kvv € N, sothat Zg = ¢ [[}_, Z;, where ¢¢ =
qu]"” -'-q,(p”‘” and Z; = C;z% for j = 1,...,m’, are monomials such that the
coefficients C; are subject to the following constraints:

(1) Fora =1,...,r,the element d, € IL is a class in Hy(X’; Q) and the constraint is
given by

i d, =~ d,
I | aj | | aj

J J
j=1 j=1

(2) Fora =r+1,...,r',theelementd, € IL corresponds to the relation z;";l dajb; =

0. For ] =m+1,...,m/ write b; = > )" tjrbx. Then the previous relation can
be rewritten as

m m'
Z daj + Z dakl‘kj bj =0.
j=1

k=m+1

This corresponds to a class d, € Hy(X;Q), and the constraint is given by

m/
d, _ daj
gt =]]c5".
j=1

We emphasize that the coefficients C;’s only depend on the exponentiated coordinates
q1,-..,qr, but not the orbifold parameters 7,41, ..., 7,7. Also note that we need to
choose the branches of fractional powers of g, fora = 1, ..., r due to the orbifold
structure near the cusp in Mff . Altogether this defines a family of functions {W)LL,F (@)}

parametrized by ¢ = (g1, ---» G@r» Trtls -+, Tp7) € /\/lff.

Throughout this paper, we assume that the infinite sum on the right hand side of
the above definition converges. Strictly speaking, the above just defines a Ag-valued
function where Ay is the Novikov ring. Assuming convergence, then both W)}gv and

W)L(F are holomorphic functions on X and can be analytically continued to the whole
M.
For each B € my (X, L), the coefficient of Zg is the generating function

1 v
Z Z l_‘nl,l,ﬁ([pt]L’ 1Vm+a|—r’ cro 1vm+a1—r)ral T Tal
b

>0 ay,....a

of open orbifold GW invariants. When ! = 0, n1,0,g([pt]z) counts the virtual number of
stable smooth holomorphic discs representing 8; when I = 1, ny 1 g([ptlL; 1,) counts
the virtual number of stable holomorphic orbi-discs with one interior orbifold marked
point mapping to the twisted sector &), representing S.

Following [19], we define the leading order superpotential W}(F o tobe

m'

m
Wiy = 2 o, (P Zp, + D 0ty g, (DL 1) Trj-mZp,

j=1 Jj=m+l
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By Corollary 14, W}(FO can be written as

m
Wk],:OZZZﬁ/ Z Tr+j— mZﬁU ZC]Z I+ Z Ci jTr+j—m2 J

j=1 j=m+1 j=m+1

where the coefficients C; (j = 1, ..., m') are subject to the following constraints

m

- A

qd‘lzllciw, a:],...,r/.
j=1

Note that the terms in the extended Hori—Vafa superpotential WEV are in a one-to-one
correspondence with those in W/!;(FO In view of this, we may regard both W)IEV and WLF
as counting only the basic holomorphlc (orbi-)discs. The remaining higher order terms in
W}(F are instanton corrections coming from virtual counting of non-basic holomorphic
orbi-discs. The open mirror theorem below asserts that these are precisely the correction
terms that we get when we plug in the mirror map into W/,I'YW.

3.3. An open mirror theorem. Let us first recall the mirror theorem for toric orbifolds
following Iritani [39]. Consider the subsets
K={deLQ|{jel{l,....m"} | (Dj,d) € Z} € A},
Kett ={d e L@Q | {j €{l,...,m"} | (D, d) € Lo} € A},
where A is the set of so-called “anticones”. Basically, K is the set of effective classes;
we refer the reader to [39, Section 3.1] for the precise definitions. For any real number

r € R,wedenoteby [r], [7] and {r} the ceiling, floor and fractional part of r respectively.
Then for d € K, we define

m/

v(d) == Z((Dj,dﬂbj € N.
j=1
Notice that we can write
v(d) = > ({(—(Dj.d)} +(D;.d)bj = D> {—(D;j.d)}b;.
j=1 j=1

so v(d) € Box and hence it corresponds to a twisted sector X4y of X.

Definition 20. The I-function of a toric orbifold X is an H}, (X)-valued power series
on Mf; defined by

Ixy(y,2) = e2a=1 Palogya/z

Z de‘~(D-d<0er (D, .d) O)mZ(D""((Di»d) —k)2)
veky 1Ljun;a=0 ke o, aprz(Dj+ (D, d) = k)z)

L |,

where y! = yipbd) e yr(f)’/"” and 1,4y € H*(Xy)) C HOZL(”(d))(X) is the fundamen-
tal class of the twisted sector X, (q).
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Under Assumption 16, the /-function is a convergent power series in yi, ..., y,» by [39,
Lemma 4.2]. Moreover, it can be expanded as
Iy(y,2) =1+ O )+0( =2,
Z

where 7(y) is a (multi-valued) function with values in H;g()( ). We call g = expt(y)
the mirror map. It defines a local isomorphism near y = 0 ([39, Section 4.1]).
On the other hand, we have the following

Definition 21. The (small) J-function of a toric orbifold X is an H}, (X)-valued power
series on ./\/lff defined by

d X
JX(q7Z)=eT0'2/Z 1+Z Z %<1’TIW5""TIW5 Za_b—aw> ¢)Ol 5

o @Dn#00 0,/+2,d
deHST(Xx)
where logg = t© = 102 + Trw € Horb(.)c') with T, = 22:1 palogqe €
HZ(X) and TtW = Za =r+l ralbmﬂl r € @ j=m+1 H (Xb ) qd = e(T(),z,d)
q( L {¢a} {¢*} are dual basis of H}, (X) and - - )0 142.4 denote closed

orbifold GW invariants.

Now the mirror theorem for the toric orbifold X states that the J-function can be
obtained from the 7-function via the mirror map. This has been recently proved by
Coates, Corti, Iritani and the fourth author [22, Theorem 36]; see also the formulation
in [39, Section 4.1].

Theorem 22 (Closed Mirror Theorem). Let X be a compact toric Kdihler orbifold sat-
isfying Assumption 16. Then we have

Jx(q.2) = 1x(y(q), 2),
where y = y(q) is the inverse of the mirror map q = q(y).

In terms of the extended Hori—Vafa and Lagrangian Floer superpotentials, we suggest
the following open string version of the toric mirror theorem:

Conjecture 23 (Open Mirror Theorem). Let X' be a compact toric Kihler orbifold sat-
isfying Assumption 16, and let WEV(y) and W/.Igp(q) be the extended Hori—Vafa and
Lagrangian Floer superpotentials respectively. Then, up to a change of coordinates on
M+, we have

W@ = Wi (@),
where y = y(q) is the inverse of the mirror map q = q(y).

This is the orbifold version of the open toric mirror theorem conjectured by Chan—
Lau-Leung-Tseng [12]. Since WEV and the mirror map are combinatorially defined and
can be written down explicitly, the open toric mirror theorem can be used to compute
the open orbifold GW invariants nﬁ,ﬁ([pt]L; 1,,,...,1,). In Sect.6, we will prove
Conjecture 23 for the weighted projective spaces X = P(1, ..., 1, n) using a formula
(Theorem 35) which equates open and closed orbifold GW invariants for Gorenstein
toric Fano orbifolds.
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4. An Open Crepant Resolution Conjecture

In this section, we shall formulate an open string version of the crepant resolution
conjecture for toric orbifolds, which says that the Lagrangian Floer superpotentials for
a Gorenstein toric orbifold X and a toric crepant resolution Y coincide after analytic
continuation of the Lagrangian Floer superpotential for ¥ and a suitable change of
variables.

4.1. Formulation of the conjecture.

Definition 24. An orbifold X is called Gorenstein if its canonical divisor K y is Cartier.

Lemma 25. [f X' is Gorenstein toric orbifold, then w(B) > 2 for any basic disc class
B em(X,L).

Proof. When g is a basic disc class represented by a smooth holomorphic disc, its
Maslov index pcw(8) = 2 as in the case of smooth toric manifolds (see [18] or [19]).

Consider a basic disc class B, for some v € Box', which is represented by a holo-
morphic orbi-disc. It was proved in [19] that ,ude (Bv, &) = 0. Hence, from Formula
(2.1), we have

pew(By) = 1 (B X)) + 20(0) = 2(v) = 2
since being Gorenstein implies that ¢(v) is a positive integer. O

Now let X = X be a projective Gorenstein toric variety of complex dimension n
defined by a complete fan X of simplicial rational polyhedral cones. Then X has at worse
quotient singularities, and there is a canonical Gorenstein toric orbifold X = X’y with
coarse moduli space being X and orbifold structures occurring in complex codimension
at least two. We assume that X’ satisfies Assumption 16. Note that the canonical toric
orbifold X is the one described by the canonical stacky fan in Borisov—Chen—Smith
[5, Section 7].

Remark 26. Let us explain the choice of this canonical X'. Given X, there can be (infi-
nitely) many orbifolds with coarse moduli space X. However, if X" is the canonical
toric orbifold associated to X and p : X — X is the coarse moduli space map, then
Kx = p*Kx since p is an isomorphism in complex codimension one. We can under-
stand this as saying that the canonical orbifold X is a crepant resolution of X since X is
a smooth orbifold, and p is birational and crepant.

On the other hand, all other toric orbifolds with coarse moduli space X are obtained
from this canonical X by root constructions along toric divisors (see [27]). A root
construction along a toric divisor introduces orbifoldness along the divisor and changes
the canonical divisor by a multiple of that divisor. For example, if X” is a toric orbifold
obtained from the canonical X by a r-th root construction along the toric divisor D. Then
X is also the coarse moduli space of X’ and the coarse moduli space map p’ : X' — X
is birational, but p’ is not crepant since Ky = p™*(Kx + (r — 1)/rD). So we cannot
consider X’ as a crepant resolution of X and consequently X” is not suited for CRC.

Let 7 : Y — X be a toric crepant resolution. Notice that since X is semi-Fano,
sois Y, i.e. c;(o) > O for any effective curve class « € H>(Y; Z). Let £y be the fan
in Nr defining Y. Then the set of primitive generators of the rays in Xy is given by
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2;1) = {by,...,by}. Let {ay, ..., o} be a positive basis for H>(Y; Z) such that the
classes {m.a, ..., mea,} gives precisely the positive basis {dy, ..., d,} for Hy(X; Z),

where 77, : Hi(Y; Q) — H,.(X; Q) is the natural push-forward map which is surjective.
By identifying H>(Y; Z) with IL, we can indeed choose

m/
Uy = dg = E daje/'
j=1

fora=1,...,r". Let Mﬁ = H?(Y;C*) = LY ® C* be the A-model moduli space
for Y. Then the basis di, . . ., d,» defines C*-valued coordinates Q1, ..., Q,” on /\/lf;.
‘We now fix a choice of a Lagrangian torus fiber L C X. Since  is T"-equivariant, the
pre-image of L C X is a Lagrangian torus fiber in Y, which, by abuse of notations, will
again be denoted by L. Recall that the relative homotopy group 72 (Y, L) = Hy(Y, L; Z)
is generated by the basic disc classes By, . .., B, each of which is of Maslov index two
and represented by a holomorphic disc w : (D?, 3D?) — (¥, L). For each j, the basic
disc class B; intersects with multiplicity one the toric divisor H; C Y which corresponds
to the primitive generator b; of a 1-dimensional cone of the fan Xy. We can identify "
and N with m» (Y, L) and 1 (L) respectively so that the exact sequence (3.1) becomes

0— Hy2Y;Z) — mp(Y,L) — w1 (L) — 0.

Now we recall the definition of open GW invariants of Y. Let 8 € m(Y, L) be a
relative homotopy class with Maslov index p(8) = 2. Since Y is semi-Fano, any such
is of the form B +a where §; is abasic disc classand a € Hfff(Y ; Z) is an effective class

represented by holomorphic spheres such that ¢ (e) = 0. Let MP"(L, B) the moduli
space of stable maps from genus zero bordered Riemann surfaces with one boundary
marked point representing the class 8. Then the results of Fukaya—Oh—Ohta—Ono [31]
tell us that MP*"(L, ) admits a Kuranishi structure of real virtual dimension n and

has a virtual fundamental cycle [M (L, ,3)]Vir. Define the open GW invariant
nh =n} o 5(IptlL) = evox (M (L, B)I'") € Hy(L: Q) = Q.

where evy : /\/lrf‘ai“ (L, B) — L isevaluation on the boundary marked point and [pt]; €
H(L; Q) is the point class of the Lagrangian torus fiber.

Definition 27. The Lagrangian Floer superpotential of Y is the function W)];F : Mcx —
C defined by

/

m
LF Y ¥
Wy = Z ”5213:2 Z np Q" | Zj:
Beny(V,L) j=1 aeHST (V)
w(p)=2 c1(@)=0

where Zg is the monomial given by

Zg(u,0) = exp (—/ w+2mi (08, 9)) ,
B
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and Z j are monomials C zbi such that the coefficients Cj are subject to constraints
m’ J
— aj _ /
Qa—HCj , a= 1,...,1‘.
j=l

So this defines a family of functions W)],“F(Q) parametrized by Q = (Q1,..., Q) €
MY,

Again we assume that the infinite sum in the above definition converges and W)];F
defines an analytic function on Mc=.

On the other hand, let Mg := .Y ® C* be the B-model moduli space for Y. The
same tl)/asis di, ...,d» of L defines another set of C*-valued coordinates Uy, ..., U
on M.

Definition 28. The Hori—Vafa superpotential of Y is the function W;IV : Mcx — C
defined by

"
WiV =>" ¢,
j=1
where the coefficients Cj are subject to the following constraints
"
U, = HC?“, a=1,...,r.
j=l1

This defines a family of functions {WII/LIV (U)} parametrizedby U = (Uy, ..., Uy) € Mg.

In [12], the following open mirror theorem for semi-Fano toric manifolds was pro-
posed:

Theorem 29. Let Y be a semi-Fano toric manifold. Then, up to a change of coordinates
on Mc+, we have

Wyt () = Y (U (Q)),
where U = U (Q) is the inverse mirror map.

The mirror map log Q@ = log Q(U) for Y is an H 2(Y)-valued function given by the
1/z-coefficient of the I-function for Y. It defines a local isomorphism near U = 0, and
U = U(Q) is its inverse. Under the assumption that WII;F converges, Theorem 29 was
proved in [12] for all semi-Fano toric manifolds. In a very recent work [13], Theorem
29 was proved for all semi-Fano toric manifolds without any convergence assumption.
Indeed, the convergence of the coefficients of W)%F was deduced as a consequence of
the main results in [13]. The proof in [13], which uses Seidel spaces, is much more
geometric in nature and is completely different from the analytic proof in [12].
We can now formulate the open crepant resolution conjecture (CRC) as follows:

Conjecture 30 (Open CRC). Let X and Y be as above (with the semi-Fano condition,).
Let [ be the dimension of the Kdhler moduli of X (which equals to that of Y ). Then there
exists
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(1) e > 0y

(2) a coordinate change Q(q), which is a holomorphic map (A(€) — RSO)I — (CX)I,
and A(¢€) is an open disc of radius € in the complex plane;

(3) a choice of analytic continuation of coefficients of the Laurent polynomial W{;F(Q)
to the target of the holomorphic map Q(q),

such that W)];F (Q(q)) defines a holomorphic family of Laurent polynomials over a neigh-
borhood of ¢ = 0, and
WX (@) = Wy (Q(q)).

As X is Gorenstein, ¢(v) is a positive integer for any v € Box'; in particular, we have
t(v) > 1. Recall that in the definition of the extended stacky fan (and hence W)L(F), we
restricted to those v with ((v) < 1. Hence X" is Gorenstein implies that ¢(v;) = 1 for

m < j < m’. In particular, W}(F is summing over all 8 € mp (X, L) with Chern-Weil
Maslov index ucw (B) = 2. Moreover, if we write 8 = 27:1 kip; +Z;’im+1 kjBy; +d
with k; € Zso and d € H5"(X), then pcw (B) = 237, kj +2¢TV (d). Since X' is

semi-Fano, c?w (d) > 0. Hence the condition ucw(f) = 2 implies that 8 must be of
one of the following forms:

() B=B;+dforj=1,...,mandd € HST(X) with ¢§V(d) = 0, or
(2 B=Py;+dforj=m+1,....m andd € H§"(X) with ¢{V (d) = 0.

In view of this, the Lagrangian Floer superpotential of X' can be expressed as

m

1
WLF = Z z Z l—!nffl)ﬂﬁd([pt]u Ttws « -« s Ttw)qd Z,/

J=1L aenstfx) 120
SV(d)=0

m'

1
> >, Zﬁnfl,ﬂvj+d([pt]L;Tth""ttW)qd Zj.

JEmHL | gensttx) 120
SV(d)=0

As aresult, the open CRC is equivalent to asserting the following equalities® between
generating functions of open (orbifold) GW invariants for X’ and Y:

1
D> 2 L T gt = YT 0% (D)

deHg(x) 120 acHsT (v)
V(d)=0 c1(@)=0
forj=1,...,m,and
1 x . d Y o
DI PRV RISV St e
denst(x) 120 acHS (v)
SV (d)=0 c1(a)=0

6 We emphasize that these equalities are equalities between analytic functions (as oppose to formal power
series).
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for j =m+1, ..., m, after analytic continuation of the generating functions for ¥ and
a change of variables Q = Q(q).

4.2. Relation to the closed CRC. The open CRC (Conjecture 30) is closely related to
the closed crepant resolution conjecture. This can be best seen using the formulation
due to Coates—Iritani—Tseng [25] (see also Coates—Ruan [26]). Let us first briefly recall
their formulation.

In [35], Givental proposed a symplectic formalism to understand Gromov-Witten
theory. Let Z be either X or Y. Then let

Hz = H(Z; M) @ C((z7)),

where A is a certain Novikov ring. This is an infinite dimensional symplectic vector
space under the pairing

Qz(f, 8) =Res.—o(f(—2), g(2) zdz,

where (-, -) denotes the orbifold Poincaré pairing. Givental’s Lagrangian cone for Z is
a Lagrangian submanifold-germ £z in the symplectic vector space H z defined as the
graph of the differential of the genus 0 descendent GW potential .7-'% It encodes all
the genus zero (orbifold) GW invariants of Z and many relations in GW theory can be
rephrased as geometric constraints on £z [23,35].

The closed CRC in [25] was formulated as

Conjecture 31 (Closed CRC; Conjecture 1.3 in [25]). There exists a linear symplectic
transformation U : Hy — Hy, satisfying certain conditions, such that after analytic
continuations of Ly and Ly, we have

ULy)=Ly.

We have become aware recently that Conjecture31 has now been proven in full
generality in the toric case by Coates, Iritani and Jiang [24], though we have not seen the
details of their proof yet. On the other hand, the result [37, Theorem 1.12] of Gonzalez
and Woodward implies a relation between Gromov-Witten invariants of X’ and Y. This
should be considered as proving a version of closed CRC. Itis plausible that [37, Theorem
1.12] can be used to deduce Conjecture 31, but at this point we do not know how to do
this.

In practice, to prove this conjecture, one computes the symplectic transformation U
by first analytically continuing the /-function /y of ¥ from a neighborhood of the large
complex structure limit point for ¥ (i.e. near U = 0 in Mg) to a neighborhood of the
large complex structure limit point for X (i.e.near y = Oin Mf ), and then comparing it
with the /-function Iy for X. Since the coefficients of Iy are hypergeometric functions,
one can use Mellin-Barnes integrals to perform this analytic continuation (as done by
Borisov—Horja [6]). Notice that the choice of branch cuts in the analytic continuation
process always lead to an ambiguity in the construction of U (see [25, Remark 3.10]).
This is also what happens in the construction of our change of variables O = Q(q).

The relation between the open and closed CRC originates from the following con-
struction of the change of variables Q = Q(g) from the symplectic transformation U:
We first expand U~! (Iy) near the large complex structure limit point for X In terms of
the coordinates y € M, we have

Uy =1+ 224 02,
<
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The map A (y) takes values in a neighborhood of the large radius limit point (i.e. Q = 0)
in Mx. Then we define the change of variables O = Q(g) as the composition of the
map Y (y) := exp A(y) induced by U and the inverse mirror map y = y(g) for X'. Then
we have

Theorem 32. Assume that the open mirror theorems for X and Y (Conjecture23 and
Theorem 29 respectively) hold. Also assume that the closed CRC (Conjecture 31) holds,
with U(Ix) = Iy. Then the open crepant resolution conjecture (Conjecture 30) is true:

WY (@) = Wy" (Q(@)),
via the change of variables Q = Q(q) for the quantum parameters defined above.
Proof. The composition U o YT of the mirror map Q +— U(Q) with the map T =
Y (y) defined above gives a gluing of the B-model moduli spaces ./\/l)t; with Mff . This
extends the family of LG superpotentials W}W over a larger base which includes the

neighborhood of the large complex structure limit point for X over which WEV is
defined. Moreover, by constructions,

WV (U o T) () = WEY ()

since we have U(Iy) = Iy.
On the other hand, the open mirror theorems for Y and X state that

Wit Q) = wiV(U(Q)), and
Wi (@) = WY ().
respectively. It follows that

Wi Q@) = WiV (U o D) (v (@) = WY (y(9)) = W (9),
which yields the open CRC. O

Remark 33.(1) One can also calculate the change of variables O = Q(g) by a direct
analytic continuation of the mirror map for ¥ using Mellin-Barnes integrals [6],
which, by the open mirror theorem, corresponds to analytic continuation of the
Lagrangian Floer superpotential WII;F.

(2) Ashave been observed in [25], the change of variables y > (U oY')(y) from /\/lff to
Mg which appears in the proof does not necessarily preserve the flat structures near
the large complex structure limits in the B-model moduli spaces. This was the case
for the example X = P(1,1,1,3), Y = P(Kp2 @ Op2) as has been demonstrated

in [25]. Indeed this is also the case for P(1, ..., 1, n) whenever n > 3.
(3) Suppose that the toric Kéhler orbifold (X, w) satisfies the Hard Lefschetz condition,
i.e.

@ Uor + HEK(X) — HIEH (),

orb orb
where Uq, denotes the Chen—Ruan orbifold cup product, is an isomorphism for all
k > 0. An example is given by the weighted projective plane X = P(1, 1, 2). Then
[25, Theorem 5.10] implies that the symplectic transformation U can be written as

U=U0+U11_1+~'~+UNZ_N

for some N € Zx¢ and some linear maps U; : H:rb(/'\,’; C) - H*(Y; C). In this
case, the change of variables needed in the open CRC is simply given by Q = Up(q).
See [26, Section 9].
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4.3. Specialization of quantum parameters and disc counting. Ruan’s original crepant
resolution conjecture [44] states that the small quantum cohomology ring of the crepant
resolution Y is isomorphic to the small quantum cohomology ring of X" after analytic
continuation of quantum parameters of Y and specialization of the exceptional ones
to certain roots of unity. Using the open CRC, we are able to give a new geometric
interpretation of this specialization.

To begin with, we recall that, as a corollary of the results in Fukaya—Oh—Ohta—Ono
[28], we have a ring isomorphism

QH*(Y, Q) = Jac(WH(0)),

where the right hand side is the Jacobian ring
Jac(WyF) i= Clzi, .. 2E /@ Wi, L 8, W)

of the Lagrangian Floer superpotential W%F. On the other hand, we expect that there is
also a ring isomorphism between the small quantum orbifold cohomology of X’ and the
Jacobian ring of the Lagrangian Floer superpotential of X’

QHZ (X, q) = Jac(WE ().

These two results together with the open CRC (Conjecture 30) then implies that, after
analytic continuation and the change of variables O = Q(q) for the quantum parameters,
we have a ring isomorphism

QH™(Y, Q) = QHy, (X, q)

between the small quantum cohomology ring of Y and the small orbifold quantum
cohomology ring of X.

Now the small quantum cohomology ring of the orbifold & is given by setting all
the orbi-parameters i to zero. Correspondingly, the change of variables Q = Q(q)
becomes

(c+foda) =1
e Ga, a=1,...,r,
Qu = i ¢ / 4.3)

eletfida) a=r+1,...,r,
where ¢ € H?(Y; C) is the class defined by
Uldy) =1y —cz '+ 0@

and f € H*(Y; C) is an exceptional class. Note that this is similar but not always the
same as Ruan’s CRC because e‘“*/-%) is not necessarily a root of unity. Hence this leads
to a “quantum corrected” version of Ruan’s CRC. See [26] (in particular Section 8) for
an excellent explanation of what is happening.

From the point of view of Lagrangian Floer theory and disc counting, setting tw = 0
corresponds to switching off all contributions from orbi-discs in the Lagrangian Floer
superpotential W/,](,F . In particular, all terms in the infinite sum

1
Z Z l_’n‘flyﬁu]"'d([pt]l‘; TtWa cey TtW)qd

deHzeff(X) >0
SV(d)=0
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will vanish because a holomorphic orbi-disc must have at least one interior orbifold
marked point, so that the invariant nfl’ B+ 4([PtlL; Tew, - - ., Tiw) s nonzero only when

[ > 0. By the open CRC, the corresponding terms in WEF, which correspond precisely
to those discs meeting the exceptional divisors in Y, also vanish. Hence we conclude
that:

Theorem 34. Suppose that the open CRC (Conjecture30) holds. If we write the

. . . LF
Lagrangian Floer superpotential of the crepant resolution Y as W}I,‘F =Wy OXEEP

W)I,‘ F’mt, where

/
m

LF,excep Y
Wy = 20 2 M@ |2

j=m+] aeﬂgﬁ()’)
c1(a)=0

is the sum of terms coming from discs meeting the exceptional divisors in Y, then each

LF,excep
WY

term of vanishes after the change of variables and specialization (4.3).

5. A Comparison Theorem

In this section, we derive an equality between open and closed invariants in the orbifold
setting. We will first consider the case of Gorenstein toric Fano orbifolds (Theorem 35).
The corresponding result (Theorem 38) for more general cases (i.e., semi-Fano and not
necessarily Gorenstein) will be discussed at the end of this section.

Theorem 35. Let X be a Gorenstein toric Fano orbifold (possibly non-compact) and
L a Lagrangian torus fiber. Suppose that there is a stable holomorphic orbifold disc
in Mrlrfj““(L, B,x) for B € m(X, L), and further assume that pcw(f) = 2. Here
x = (Xy,...., X)) forvi € {v € Box" | «(v) = 1}. Then there exist an explicit
toric orbifold X and an explicit homology class B € Ha(X; Z) such that the following
equality between open orbifold GW invariants of X and closed orbifold GW invariants
of X holds:

n7yp(pe: Loy o L) = (g Lo oo L)ty 5

where [ptly € H"(L; Q) (resp. [ptly € H?*(X;Q)) denotes the point class of L
(resp. X ).

The proof of Theorem 35 is an adaptation of the proof of Theorem 1.1 in [11] and the
proof of Proposition 4.4 in [41] to the orbifold setting. One major difference is that in
the setting of [11,41], no interior insertions are allowed. In contrast, the open orbifold
GW invariants considered in this paper are allowed to have interior orbi-insertions 1,,.
Notice that the Divisor Axiom is not valid for orbi-insertions even for degree two.

In the orbifold case, bubbling components of the disc are constantly mapped to
an orbifold point in X (by stability the bubbling components have to contain orbifold
marked points such that the domain is stable), while in [11,41], bubbling components are
mapped to rational curves with Chern number zero. The assumption that rational curves
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do not deform away was required. On the other hand, orbi-strata have the advantage that
it is invariant under torus action and hence automatically cannot deform away.

Also notice that the toric modification X can be stacky even when & is non-stacky,
because the newly added vector b, may not be primitive. This situation does not occur
in the manifold case since a basic disc class always corresponds to a primitive vector in
the manifold setting.

To construct (X, B) explicitly, we need the following proposition:

Proposition 36. Assume the notations and conditions in Theorem35. Then every sta-
ble holomorphic orbi-disc u € MY7"(L, B, x) representing the class p € m(X, L)
satisfies the following:

(1) The domain of u is connected and it consists of one disc component D and possibly
a connected rational curve C consisting of (orbi-)sphere components.

(2) ug := ul|p represents B and B must be a basic disc class.

(3) Whenl =0, 1, Dom(u) = D. Whenl > 2, C is non-empty.

(4) Suppose thatl > 2. When f is a basic disc class represented by a smooth holomorphic
disc, D and C intersect at an ordinary nodal point. When B is a basic disc class
represented by a holomorphic orbi-disc, D and C intersect at an orbifold nodal
point. Denote the image of the (orbifold) nodal point under u by p € X.

(5)ulc=pe k.

Proof. By the definition of a stable holomorphic orbi-disc, the domain of # must consist
of (orbi-)disc components Dy, ..., D; and (orbi-)sphere components Cy, ..., Ct. One
has

pew () = pow (ulp) + -+ -+ pew (ulp,) +2¢5V (ule,) + -+ +2¢7 (ule,).

Since every class represented by holomorphic (orbi-)discs are generated by basic
disc classes and each basic class has pucw > 2 because X is Gorenstein, we have
pwew ([u]p, 1) = 2 for all i. On the other hand, by the assumption that & is Fano, we have

CICW (u]¢;) > 0 and equality holds if and only if u is constant on C; for each i. Therefore
the condition pcw (1) = 2 forces us to have j = 1 and u is constant on each C;. This
proves (1).

Denote D = Dj so that 8 = [u|p]. Now the class of uq := u|p is generated by basic
disc classes. But since ucw ([1g]) = 2, [ug] has to be one of the basic disc classes. This
proves (2).

Suppose that I = 0 or 1. Then by the stability of the map u, the domain Dom (u)
cannot have constant (orbi-)sphere components, and hence Dom(z) = D. When [ > 2,
since D has at most one interior orbi-marked point (by the classification, i.e. Theorem 8,
for holomorphic orbi-discs), Dom(u) must consist of some (orbi-)sphere components.
This proves (3).

Assuming that / > 2. Then there are two cases: u|p is a smooth holomorphic disc,
or u|p is a holomorphic orbi-disc. Since [u|p] = B is basic, in both cases u|p intersect
X\ A at exactly one interior point z (here X° := X'\ U;’;l D; = (C*)" is the open
dense toric stratum of X'). Let p = u(z) € X be the point of intersection. Notice that all
orbifold points of & lie in X'\ X'°. Since an orbifold marked point must be mapped to an
orbifold point of X" and u is constant on C;, we have u|¢c, = p. This forces C := | J; C;
to be a connected rational curve and D intersects C at z € D. When u|p is a smooth
holomorphic disc, the intersection has to be an ordinary nodal point. When u|p is an
holomorphic orbi-disc, z is an orbifold point, and so the intersection has to be an orbifold
nodal point. This proves (4) and (5). O
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We are now ready to construct (X', B), assuming the setting of Theorem 35.

Definition 37. Assume the notations and conditions in Theorem 35. By Proposition 36,

B must be one of the basic disc classes. Let by = 0 € N and consider by, == —by.
Let C = (bj,...,bj)r., be the minimal cone of ¥ which contains bs. If
I = 1 (which means b, is contained in a ray of ¥), one replaces b;, by b, and
obtains a new stacky fan . If | > 1, consider the subdivision of C by subcones
(bso, iy, . . ., I;;, e, b,-,)]RZO for j = 1,...,1. This subdivision induces a subdivi-
sion of any cone C = (biy,....bi, biy, ..., bkp>Rzo containing C, where the subcones
are given by (beo, by, . .. I;,j coanbi by, bk )R>0 Thus one obtains a new stacky

fan ¥ which is a refinement of X, and whose set of stacky vectors is a union of that of
Y and {boo). Then let X be the toric orbifold associated to the stacky fan %.

Denote by foo € T3 (X L) the basic disc class corresponding to beo. Since 9(B +
Boo) = bo+(=bo) =0, B := B+Poo belongs to Hy(X'; Z). This finishes the construction

of (X, B).

We shall now proceed to the proof of Theorem 35. Orbifold smoothness is used here
instead of ordinary smoothness for manifolds.

Proof of Theorem 35. The strategy is to prove that the open moduli and the closed moduli
have the same Kuranishi structures.

First of all, let us set up some notations. Let x = (&,,, ..., &),) be the type of B.
Recall that this records the twisted sectors that the interior orbifold marked points of a
map representing 8 pass through Denote the twisted sector of X which corresponds to

X, by &,,. Then set x = (X, X,,, ... v,) (recall that X = Xj is the trivial twisted
sector).
Denote by M] l(,B Xx) : mam(L B, x) the moduli space of stable maps from

genus 0 bordered orbifold Rlemann surfaces with one boundary marked pomt and /
interior orbifold marked points of type x representing the class 8, and by ./\/l 1(,3 x)
the moduli space of stable maps from genus zero nodal orbifold curves with one smooth
marked point and / orbifold marked points of type X representing the class /.

Fix a point p € L and define

M. x: ) = M 50 %0 (9]

where we use the evaluation map evy : /\/l1 (B, x) — L at the boundary marked point
and the inclusion map ¢ : {p} < L in the fiber product. Similarly, we define

ML (B, %5 p) i= MSLL (B, ®)ewy X7 (P}

where we use the evaluation map evq : M 41 (B, ¥) — X at the smooth marked point

and the inclusion map 7 : {p} < X in the fiber product.

1 l(,B x) is equipped with an oriented Kuranishi structure with tangent bundle. By
Lemma A1.39 of [29,30] on fiber products, this induces an oriented Kuranishi structure
with tangent bundle on Ml l(ﬂ x; p). Similarly M1+1(:B X) and ./\/ll+1(,3 X; p) are
both equipped with an oriented Kuranishi structure with tangent bundle.

Let us begin by computing the virtual dimensions. The (real) virtual dimension of

/\/l(fpl (B, x; p) is given by
pew(B) +1+21 =3 —2u(x) = pew(B) +21 — 2u(x) —
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where ((x) = Zl,l t(v;); while the (real) virtual dimension of M; +1(,3, X; p) is given
by

26V (B + 201 +1) — 6 — 2u(x) = 2cSV(B) + 21 — 2u(x) —
Now

26V (B) = new (B) + ew (Boo) = ew (B) +2,

where we have pucw(Bs) = 2 because Boo is a smooth basic disc class. Thus we see
that they have the same virtual dimension (in fact, since ucw(8) = 2 and t(x) = [, they
both have virtual dimension zero). In the following we prove that they are isomorphic
as Kuranishi spaces. The proof is divided into 3 steps:

Step 1: We have

M (B, x5 p) = MGy, (B, %; p)
as a set.

Proof. By Proposition36, the domain of every stable map u# with one boundary
marked point and [ interior orbifold marked points representing B consists of an
orbi-disc component representing 8 and some constant orbi-sphere components. By
Cho—Poddar [19], B corresponds to a twisted sector X, of X and the evaluation map
evg maln(L B, X,) — L at the boundary marked point is a diffeomorphism.
This means that there exists a unique (up to automorphisms of domain) holomorphic
orbi-disc uo representing B and passing through p € L. Thus every such stable disc
ue /\/l(fpl (B, x; p) has the same holomorphic orbi-disc component u¢. In conclusion, u
is ¢ attached with a constant rational orbi-curve at its only interior orbi-point.

Let 8 := B+ Boo € Hy (X; 7). By the maximum principle, any rational orbi-curve
representing B passing through p € X'i 1s unique (again up to automorphisms of domain);
we call this curve iig. Now let it € M€l I+1 (B, x; p). Applying the maximum principle to
u shows that any component of u passing through p must be u. Since u passes through
p, it must contain such a component. Moreover, since u and io have the same C?W, and
every non-trivial rational curve has c]CW > 0 because X is Fano, the restrictions of u
to all the other orbi-sphere components are constant maps. By connectedness they have
to be mapped to the same point. Moreover, by the stability of u, they are mapped to the
image of the unique orbi-point of . In conclusion, u is iq attached with a constant
rational orbi-curve at its only orbi-point.

Now it is not difﬁcult to see that there is a one-to-one correspondence between

(ﬁ x; p) and M 1(,B X; p): Any stable map u € /\/l] 1(:3 x; p) is given by
uo attached with a constant rational orbi-curve at the unique interior orbi-point. We
associate to it the stable map given by i attached with the same constant rational
orbi-curve at its only orbi-point, which is an element of Mj +1(,3_ ,X; p). Conversely

any i € M; +1(,B, X; p) is ug attached with a constant rational orbi-curve at its only
orbi-point, and it can be associated to an element of /\/lcl)pl (B, x; p) in the same way.

Step 2: We have the following equality between virtual cycles

.M(l)f)l(ﬂ,x; p)]wr — L*[M (ﬁ Vlr
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where ¢ : {p} < L is the inclusion map. Similarly, we have
MGy (B, %5 p)I™" = TIMEL, (B, BT,

where 7 : {p} < X is the inclusion map.

Proof. This follows directly from Lemma A1.43 of [29,30].

Steé) 3: The Kuranishi structure on ./\/l?pl (B, x; p) is the same as that on ./\/llC}rl (B, %; p),
and so

evo [M (B, x: )™ = evou M}, (B, %: p)I™
as cycles in Ho({p}; Q) = Q. It then follows that the open orbifold GW invariant

iy g(ptle: Ly, .. 1) = evou [IM{T (B, x: p)I'™"

is equal to the closed orbifold GW invariant
<[pt]j» 11)] ] 1\)1>gf‘l+1’5 = eUO*[Mﬂ_l(B, f, p)]Vir.

Proof. Let[u] € Mlcll (B, X; p) which corresponds to the element [u] € /\/l(])pl (B,x; p)
by Step 1. u consists of one disc component u( and a rational curve component. The key
observation is that since ug is regular, the obstruction merely comes from the rational
curve component. Similarly i consists of one smooth component iz and the same rational
curve component, and the obstruction again merely comes from this rational curve
component. Thus obstructions of # can be identified with obstructions of u so that they
have the same Kuranishi structures. Thus their virtual fundamental cycles are identical.

To make the above argument precise, let us briefly review the construction of Kuran-
ishi structures in this situation. One has a Kuranishi chart

(Vops Eops Tops Yops Sop)
around u which is constructed as follows [29,30]. Let
D,d : WP (Dom(u), u* (T X), L) — WP (Dom(u), u*(TX) @ A%!)
be the linearized Cauchy-Riemann operator at u.

(1) Tgp is the finite automorphism group of u.

(2) E,pisthe obstruction space which is the finite dimensional cokernel of the linearized
Cauchy-Riemann operator D,,d. For the purpose of the next step of the construction,
itisidentified (in a non-canonical way) with a subspace of WwOP(Dom ), u* (TX)®
A%y as follows. Denote by D and Cy, ..., C; the (orbi-)disc and (orbi-)sphere
components of Dom(u) respectively. Take non-empty open subsets Wy C D and
W; C C; fori = 1,...,l. Then by the unique continuation theorem, there exist
finite dimensional subspaces E; C Cg°(W;, u™(TX) ® A% such that

Im(D,d) ® Eop = WP (Dom(u), u*(TX) ® A*")
and Eop, is invariant under I'op, where

Eo:=Eo®--- @ E|.
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3) Vop is taken to be (a neighborhood of 0 of) the space of first order deformations ¢
of u which satisfies the linearized Cauchy-Riemann equation modulo elements in
E, that is,

D, =0 mod E.

Such deformations may come from deformations of the map or deformations of
complex structures of the domain. More precisely,

Top = VeRi® s ydom,
where Vorgap is a neighborhood of zero in the kernel of the linear map
[D,d]: WP (Dom(u), u*(TX), L) — W?(Dom(u), u*(TX) ® A*")/Eqp.

We remark that since Dom (u) is automatically stable in our case, there is no infini-
tesimal automorphism of the domain that in general one needs to quotient out.
VodpOm is a neighborhood of zero in the space of deformations of C = | J; C; which
is the rational curve component of Dom(u) consisting of / orbifold marked points.
They consist of two types: one is deformations of each stable component (in this
genus zero case, it means movements of special points in each component), and the
other one is smoothing of nodes between components. That is,

dom __ y,cpnt smth
Vop = Vop X Vop

where V‘fg " isa neighborhood of zero in the space of deformations of components
of C, and VOsmth is a neighborhood of zero in the space of smoothing of the (orb-
ifold) nodes (each node contribute to a one-dimensional family of smoothing). Each
element 7 € VodpOm corresponds to a stable holomorphic orbi-disc which is of the
form D U C, where D is an orbi-disc with one boundary marked point and one inte-
rior orbifold marked point, and C is a rational curve with / interior orbifold marked
point, such that D and C intersect at a nodal orbifold point. By abuse of notation the
orbi-disc is also denoted by &, which serves as the domain of the deformed map in
this context.

4) Sop : Vop — E,pisatransversal I'gp-equivariant perturbed zero-section of the trivial
bundle E,p x Vop over Vop. By [31] or [19], this can be chosen to be T"-equivariant.

(5) There exists a continuous family of smooth maps ,o((;p 1 (2,09) — (X, L) for

OIS Vop such that it solves the inhomogeneous Cauchy-Riemann equation: 3 p;p =
Sop(@). Set

Vop :={# € Vop 1 evo(py") = p)

where evy is the evaluation map at the domain boundary marked point. Then set
Sop = §0p|V0p-
(6) Vop is a map from s(jpl (0)/ T'gp onto a neighborhood of [u] € /\/l(l)pl (B, x; p).

InItem (2) of the above construction, since the disc component «( of # is unobstructed,
we may take Eo = 0 so that E,, can be taken to be of the form Eqp = 0D E1 @ --- @
E;. After this choice, we argue that (Vop, Eop, Iop, Wop, Sop) can be identified with a
Kuranishi chart (V¢, Ecl, [c1, Yel, Sc1) around the corresponding closed curve u.
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(1) From the construction of the one-to-one correspondence between u and iz, we see
that u and u have the same automorphism group, i.e.

Iy = 1—‘0p~

(2) Notice that ug has trivial obstruction. Also all the other components are the same
for u and i so that D, d = D;d on these components. It follows that

IM(D;3) ® 0® E, & --- @ Ef) = WP (Dom (), i* (TX) @ A*Y).

Thus we - may alsotake Eq =0 E| & --- D E|.

(3) We set Vg = dep X Vd"m where Vcrlnap and VC‘}O‘“ are defined in a similar way
as in the open case. The only difference is that Dom(u) has exactly one unstable
component, namely, Dom(izg) and we need to define VcrlIlap to be a quotient of the

kernel of the linear map [D;d] by the space of infinitestimal automorphisms of this
unstable component.

Since we have chosen £ = 0 E1 & --- & Ej, Vglap consists of first order
deformations which is holomorphic when restricted to the component Dom (izg).
Restrictions of such deformations to Dom (u) to give elements in V;Eap. Conversely,
since Eqp = 0@ E| @ - - - @ E, the first order deformations in Vorgap are holomorphic
when restricted to the disc component. Thus they can be extended to Dom (i) to give
elements in Vmap . This establishes an identification between Vcrlnap and Végap. Also

Vdom = Vdom which is the first-order deformation of the rational curve component
c Hence we have

Vop = ‘701 .

(4) With the above identification, Sqp, is identified with a section 5 : Vcl — Eg.

(5) Again, since we have chosen Eqp = 0@ E1@- - -@ Ey, itfollows from 5,02[’ = Sop()
that ,o;p | is holomorphic. Together with evo(,o;p ) = p, we see that p;p D = uop.
Thus p¢ extends to give a family p I for ¢ € Ve which satisfies 9 ,o¢ = Sc1(¢). Set

Va = {¢ € Va : evo(py) = p}.
where evy is the evaluation map at the domain smooth marked point. Then define
Scl = §c1|VC1~

(6) From the above construction, so_p (0)/ I'op can be identified with s (O) / 'c1. Then
Yop can be identified as a map ] which maps s (O) / ¢l onto a nelghborhood of
[u] € Ml_,.l(ﬁv X; p).
In conclusion, a Kuranishi neighborhood of [«] can be identified with a Kuranishi
neighborhood of [i]. As a result, the Kuranishi structure on /\/l(])pl (B, x; p) and that on
Mf}rl (B, x; p) are identical. This completes the proof of Theorem35. 0O

For simplicity we have made stronger assumptions in Theorem 35 than required.
Indeed the above argument applies to more general situations described as follows:

Theorem 38. Let X be a semi-Fano toric orbifold (possibly non-compact) and let L be
a Lagrangian torus fiber of X. Let B = Bo +d € o (X, L) be represented by a stable
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holomorphic (orbi-)disc with one boundary marked point and l interior orbifold marked
points and passing through | non-trivial twisted sectors X, fori =1, ..., 1, where By is
a basic disc class and d is represented by a rational orbi-curve with clcw (d) =0. When
Bo is a basic smooth disc class, let S be the toric divisor that it passes through. When By
is a basic orbi-disc class, let S be the support of the twisted sector that it passes through.

Assume that each component of an (orbifold) rational curve C C X representing d
has C]CW = 0, ifC intersects S, then C is contained in X\ Doo. Here, X is the toric orbifold
birational to X constructed in Definition 37, and Dy is the divisor corresponding to
b involved in the construction. S C X is identified as a subset of X by the birational
map between X and X. Then we have the equality between open and closed orbifold
GW invariants

n7p(pz: Loy, L) = (g Loy L)y 5

where B = Bo + Bo +d € Hy(X; 7), [ptl, € H"(L; Q) denotes the point class of L
and [pt]lp € H 2(X; Q) denotes the point class of X.

Note that the cohomological degrees of the interior orbi-insertions 1,, are not
restricted to two here.

To prove Theorem 38, we first need to show that basic disc classes are primitive in a
certain sense. Let us recall that basic disc classes consist of the following two types:

(1) A discclass B; € ma(&X, L) represented by a smooth holomorphic disc of Maslov
index two corresponding to each toric divisor D;.

(2) A discclass B, € ma(X, L) represented by a holomorphic orbi-disc of desingular-
ized Maslov index zero, with one interior orbifold marked point which maps to the
twisted sector X,.

Note that if § € w2 (X, L) is realized by a stable holomorphic (orbi-)disc, then we
can write

P
B=D kiBji+ D kb +a,
a=1

veBox’

fork, € N, ky, € Z>0, jo € {1,...,m} and « is an element in Hp(&X; Z) realized by a
positive sum of holomorphic (orbi-)spheres.

Lemma 39. The basic disc classes are primitive, in the following sense:

(i) For j € {1,..., m}, suppose that B; = Zle kaBj, + 2 vepox’ kvBv + a as above.
Then one of the following alternatives holds:
(1) At least one k,, > 1.
(2) k, =0forallv e Box',a =0,p=1,ky =1land j; = j.

(ii) For n € Box/, suppose that By = >0 kaBj, + > ycpox kvBv + o as above. Then
one of the following alternatives holds.
(1) 2., kv > 2.

(2) p=0,a =0, and k, = 1 when v = n and zero otherwise.

Proof. For toric manifolds, a similar statement has been proved in [31, Theorem 10.1].
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Let us first consider the case of 8; for j € {1, ..., m}. We will assume that k, = 0
for all v € Box’ and show thata = 0, p = 1,k; = 1 and j; = j. Since k,, = 0 for all
v € Box/, one has

14
Bi = kaBj, +e. (5.1)
a=1

By considering the symplectic areas on both sides, we have
Ej = Zkaﬂja +c,
a

where c is the symplectic area of «. Since « is represented by a positive sum of holo-
morphic (orbi-)spheres, we have ¢ > 0 and equality holds if and only if « = 0. On the
other hand, take # € P in the interior of the j-th facet F; C P so that £;(u) = 0, and
£i(u) > O0fori # j. Hence, we musthavec <0.Soc=0,a=1,k; = 1and j; = j.
This proves (i).

To prove (ii), consider B, for some n € Box’, and assume that 3" k, < 2. Again by
taking the symplectic areas, one has

14
by=D kalj,+ D koly+c
a=1

veBox’

where ¢ > 0 is the symplectic area of «. Take u € P such that £, (u) = 0. Since every
term on the right hand side is non-negative, we must have £, (u) = £, (u) = ¢ = 0 for
all @ and v. In particular, @ = 0. Also, this implies that 1, b; , v for k, # 0 belong to
the same cone of the fan X (P). But

p
n= Zkabja + Z k,v € Box.
a=1

veBox/

This forces k, = 0 for all a and k,, cannot be all zero. The only remaining possibility is
ky, = 1 only when v = 5 and zero otherwise. This finishes the proof of the lemma. O

This lemma implies that the basic holomorphic (orbi-)discs cannot degenerate into
sums of other basic discs, since the number of interior orbifold marked points cannot
increase when we consider possible degenerations of an orbifold curve (by the definition
of the topology of the domain curve).

We are now in a position to prove Theorem 38:

Proof of Theorem 38. First of all, the semi-Fano condition implies that every rational

(orbi-)curve has CICW > 0. Since a sphere which intersects with X° = (C*)" ¢ X

must have positive clcw > (0, those with clCW = 0 are contained in the toric divisors.

Moreover the basic disc class Sy is primitive by Lemma 39. Thus the domain of a stable
disc u representing By +d must be of the form D with a rational (orbi-)curve C attached,
where ug := u|p is a holomorphic (orbi-)disc representing By and u|c represents d
which has c(fw (d) = 0. The (orbi-)nodal point where u is attached with u|¢ lies in §,
and so C must pass through S. By the assumption, such rational (orbi-)curves in X are in
one-to-one correspondence with those in A’. As a result, we can apply the construction
in Definition 37 and extend the arguments in the proof of Theorem 35 to the current
situation to show that
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o ) | (3
M(B, x; p) = My, (B, %; p)
as spaces with Kuranishi structures. Hence we obtain the desired equality. O

Notice that starting with a toric manifold X, in order to apply the open-closed relation
discussed in this section, unavoidably one has to work with toric orbifolds since in general
X is an orbifold (see Definition 37). In the manifold case, Theorem 38 says the following:

Corollary 40. Let X be a semi-Fano toric manifold (possibly non-compact) and L a
Lagrangian torus fiber of X. Let f = Bo +d € ma(X, L), where By is a basic disc class
and d is represented by a rational curve with c1(d) = 0.

Assume that each component of a rational curve C C X representing d has c
and if C intersects Dy, then C is contained in X \Dwo. (Here, Dy is the toric divisor that
Bo intersects, X is the toric orbifold constructed in Definition 37 which is birational to
X, and Dy is the divisor corresponding to beo involved in the construction.) Then we
have the equality

CW _
1 =0,

nf o5t = (PR | 5

where [pt]; € H”EL; Q) denotes the point class of L and [pt]; € H?>(X; Q) denotes
the point class of X.

6. Example: X =P(1,...,1,n) and Y = P(Kpr» @ Opn)

In this section, we prove the open crepant resolution conjecture (Conjecture 30) for the
weighted projective space X = P(1, ..., 1, n) which is Gorenstein and Fano, and whose
crepant resolution is given by the semi-Fano toric manifold ¥ = P(Kpi—1 @ Opn-1).

6.1. Computation of open orbifold GW invariants. The weighted projective space X =
P(1,..., 1, n) is a toric orbifold described by the simplicial fan ¥ whose generators of
rays are given by
by =(1,0,...,0,0),b,=(0,1,...,0,0),...,b,-1 =(0,0,...,0,1,0),
b,=(1,-1,...,—-1,n),b,41 =(0,0,...,0,—1) e N =2Z".
There is a unique isolated orbifold point with Z,-singularity which corresponds to the

cone generated by by, ba, . .., b,. The twisted sectors of X" are hence given by the trivial
one Xy = X together with the non-trivial ones X}, corresponding to

P
= - b; =(0,0,...,0,k) e N
Vk/n n]; j ( )

fork = 1,...,n — 1, which are all supported at the isolated orbifold point in X. The
degree shifting number of X}/, is given by

Ue/n = t(Vgyn) = k.

The weighted projective space & is Gorenstein (as tx/, is an integer for all k) and Fano.
Let L C X be a Lagrangian torus fiber. By Cho—Poddar’s classification of holomor-
phic orbi-discs [19] (see Theorem 8), there is a basic orbi-disc class Bi/, € ma (X, L)
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with ucw (B1/x) = 2 whichis represented by a holomorphic orbi-disc with one boundary
marked point and one interior orbifold marked point passing through the twisted sector
X1 /n. Note that X/, is the only non-trivial twisted sector with degree shifting number
equal toone. Let1y, € HO(XU,,) C Hozrb(X) be the fundamental class of X7 ,,,. We are

interested in computing the open orbifold GW invariants nfv 1B1n (Iptlzs Lijns - oo s Liyn).

By applying the construction in Definition 37 with 8 = B;/,, we have X=X-=
P(1,...,1,n)since boo = —Vi/y = bpy1,and B = By, + Bur1 where B,41 € ma(X, L)
is the smooth basic disc class corresponding to b,,+1. Now Theorem 35 gives the equality

n7y s (Pzs Ligns - Liw) = (P2 Lijme ooy Ly, 5

To compute the GW invariant ([pt]x, 114, ..., 11/n)6‘fl+1 5 we will use the method

developed in [14] adapted to the orbifold setting. Roughly speaking, this goes as follows.
The invariants we need are encoded as a certain coefficient of the small J-function of
X. By applying the mirror theorem for orbifolds (i.e. Theorem 22([22], [39, Conjecture
4.3]), we can then compute the relevant coefficient and hence the invariants using the
explicit and combinatorially defined /-function.

Recall that the small J-function of X is given by

d
q ¢
J¥(q,z) = e™02/7 1+E E F(L'ftw,-.-,ftw,Z_a >§S+2,d¢°‘ ,

o (d.D#0.0) v
deHST(X)
where logg = 7 = 192+ Ttw € sz(X) with 192 = 11p1 € HZ(X) and T =

1y, € H° (Xl/n) and g¢ = e{™2:4) = q<m 4,
The HO-part of the coefficient of 1/z2 of J% (g, z) is given by

d

q X 3 1 X
2 et T g =" 20 3 P T TG
(d,)#(0,0) >0
deHST(X)
] % X
= qﬂ Z l_‘([pt]Xv ll/nv cre 11/n>0’l+1’5
>0
Where the last equality follows because ([pt]x, Ttw, - .-, Ttw)0./+1,4 7 O only when
W(d) = 2 for dimension reasons, and d = S is the only curve class satisfying
lw(d) = 2. Thus the invariants ([ptly, 11/, .. 11/,1)0 141, are contained in the

HO-part of the coefficient of 1/z> of the small J-function.

The toric mirror theorem allows one to compute the J -function from the combinatorial
data which defines X as follows. The extended stacky fan [40] of X" can be defined by
the exact sequence

0>L—>Z"? 5 N-=>0

where the homomorphism Z*?> — N is given by sending the standard basic vector ¢;

tob;fori =1,...,n+1and ey t0 by :=v1/, = (0,...,0,1). One has
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(by ... by—1 by, byy1 byyo) 1 0 =0
n 1
01

which defines the inclusion of the kernel L = 72 — 7Z"*2. Let
n
dy = Zej +neus1, dy =ep1 +epg2
j=1

be a basis of L. Then H,(X; Q) is the subspace Qd; C L. ® Q and 8 = d;/n. Let
Dy =---=D,=(,0), Dy1=(n,1) and Dyyr =(0,1) € LY

denote the row vectors in the above matrix. Then H2(X; Q) is the quotient LY ®
Q/QDy42.For j =1,...,n+1, theimage of D; in HZ(X; Q) is the Poincaré dual of
the corresponding toric divisor; while the image of D4, in H 2(x: Q) is zero.

The secondary fan is supported in ]L]E = RR?, and its rays are generated by D; =
-+« = Dy, Dyy1 and D, y;. The secondary fan parametrizes stability conditions of the
GIT quotients of C"*? by (C*)? whose action is defined by the above exact sequence. It
consists of two cones, namely (D1, Dp41)R., and (Dy11, Dpi2)R.,- When we choose
the stability condition € (D41, Dp12)R_,» the GIT quotient we obtain is the orbifold
X. When we choose the stability condition n € (D1, D,+1)r_,, the GIT quotient we
obtain is the crepant resolution ¥ = P(Kpi—1 @ Opn-1).

The cone K¢ is given by the subset

>0

—-b
Keff:[a d1+bd2€IL®Q:a,beZ>0].
n

Ford = “2d, +bdy € Keir, v(d) = {54} 37_ bj = {£4}(0, ..., 0,n) € Box. So

n

v(d) = 0 if and only if a = b (mod n). Recall that the I-function (which takes values
in H*, (X)) is defined as

orb
Ix(y, z) =P logyi/z

z yd Hj:(Dj,d><0 er[(Dj,d),O)ﬂZ(D/ +((Dj.d) —k)z) 1
vei ;=0 ke, ip;.apnz(Pj + (D), d) = k)z)

vd) | »

a—b
where y? = yim’(byém’d) =y" yé’ ifd = ”;bdl +bdy and 1,4 € HO(XU(d)) C
Hfr‘é”(d)) (X) is the fundamental class of the twisted sector X,g).

Let us compute the H-part of the coefficient of 1/z2 of Ix(y, z). Letd = ‘%hdl +
bdy € K. For the coefficient of yd to have an image in H O(X ), we need to have
1,4 € H(?rb(X) which is true if and only if @ = b (mod n), and also (D}, d) & Z ¢ for
all j # n + 2 since otherwise the numerator of that term is a multiple of the Poincaré
dual of D; which cannot lie in H%(X) (note that the image of Dy in H 2(X) is zero).
This implies that

a—b>0, a=>0.
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In this case, the exponent of z in the expression of the 7-function is given by

n+2 a—b 4 b
—ZHDj,dﬂ:—(nr . 1+a+b):—(n _ +a+b)=—2a,
j=1

which contributes to 1/z> only when @ = 1. This in turn implies » = 1. Hence the
HO-part of the coefficient of 1/z2 of Ix(y, z) is given by y» = y®.
The toric mirror theorem states that

Jx(q,2) = 1x(y(q), 2),

where y = y(g) is the inverse of the mirror map ¢ = ¢(y). In particular, the H%-parts
of their 1/z°-coefficient are equal. Thus

l
1 T
2= ql/" Z T?<[pt]x, Lijns ooy 11/">()>fz+1,5’

=0

since we have ¢gf = e(®2.di/n) — qlm’dl/") = qll/". Note that this implies that the
Lagrangian Floer superpotential Wﬁ‘f is convergent.

Let us also compute the mirror map, which is given by the Hozrb-part of the 1/z-
coefficient of the I-function. Let d = “n;bd 1 + bdy € Kegr. The coefficient of yd to

contributes to Hozrb, either when v(d) = 0 or v(d) = vi/,. But v(d) = 0 if and only if
a = b (mod n) in which case the exponent of z is —2a, so this will not be part of the
mirror map. Thus we must have v(d) = v, which is the case if and only if b —a =1
(mod n). Write b = a + kn + 1 for k € Z. Then the exponent of z is given by

2
n+ a—b

_Z{(Dj,dﬂ =—(n[ . ]+a+b) =n(—k)+a+@+kn+1)=2a+1,
j=1

which contributes to 1/z only whena = 0. Sob = kn+1 for k € Z>o. Hence the mirror
map is given by

O =Lyl _p... =L k=1
t(yl,y2)=p110gy1+(z(( TR A i D) yd")ll/n,

pa (kn + 1)!

where dy = (kn + 1)(dy — dy/n) = —(k + 1/n)d; + (kn + 1)d>. We can also write

71 = logyi,

-1
n =gy "),

where g = g(z) is the function

1 —

S (CDER =D = k= D)
g2 =) (kn + 1)! .

k=0

We remark that g is a solution to some Picard-Fuchs equation.
Using these calculations, we can now prove the open toric mirror theorem for X’:
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Theorem 41. For X = P(1, ..., 1, n), we have

Y@ =W 0@,
where y = y(q) is the inverse mirror map.

Proof. The Lagrangian Floer superpotential of X" is given by

l
T

N @) =Zuk e+ Zu 4 [ 20700, (UL Ly, Tag) | Znsa,
>0

where Z; = C;zP/ and the coefficients C; are subject to the constraints

Cy. CnCn+1 =q1, and

di/n _ 1/n

Cnt1Cni2 = ¢q q,

Letting Wj =Z; forj=1,...,n+1and

!
T

Whio = Zl—?nﬁl,ﬁ,/”([m]u11/n,-.-,11/n) Zns2,
=0

we can write W; = C ; zbi where now the coefficients C ; are subject to the constraints

Ci...C (Cn+1)n=C1-~-CnCZ+1=6]1=y1,

and

!
1 T

Cri1Chiz = ql/n E l—%nfl,,gl/,l([l)t]u Lijn,.... 1)
>0

[

. T
_ql/” Zﬁ([pt]x,ll/n,~-»11/">gfl+1,/§
>0

= y2
This shows that W5F(q) = WiV (y(¢)). O

To get explicit numbers, let f be the inverse function of g, so that y, 1 y2 = f(m).
Thus

l

fay =" TPt Lim, - i),

>0
For n = 2, the inverse function f(7) is simply 2 sin /2. Hence
1 (—1)jt22j+1

. x . -
> 7P diym, o Lyn) = 2sinTy/2 = >, @+ )Y
120 j=0
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and we get

Py 0 when [ is even;
nipptle: iz, i) =4 ()

22j

when! =2j + 1 for j € Z>p.

For n = 3, one may compute the Taylor series expansion of the inverse function f
and obtain:

0 when/ #1 mod 3;
1 when [ = 1;
% when [ = 4;
. % when [/ = 7;
nipp(ptle: iz, .. 1i3) = £607 when! = 10;
Ll whenl = 13;
7710586801 .
14348907 when [ = 16,

6.2. Open CRC. By the results of [12,13] (see also [14]), the open mirror theorem
(Theorem 29) is true for the semi-Fano toric manifold ¥ = P(Kpu-1 @ Opn-1) without
any convergence assumption. By our discussion in Sect. 4.2, the open CRC (Conjecture
30) would then follow from the existence of an analytic continuation of the mirror map
for Y, which in turn is implied by the existence of the symplectic transformation U that
appeared in the closed CRC (see Theorem 32). Using Mellin-Barnes integrals [6], one
can indeed show that the analytic continuation of the mirror map for Y exists, hence
proving Conjecture 30 for X = P(1, ..., 1,n) and ¥ = P(Kpn-1 ® Opn-1).
The mirror map for Y is given by

01 = Uy exp(nH (Uy)),
0> = Uyexp(—H (Uy)),

where H = H(z) is the function

(kn —1)! ,
H(z) = ) (=DM ——mzt.
pre (k)

Here Q = (Q1, Q>) are coordinates on the A-model moduli space MX = H(Y; C*)

of Y and U = (Uy, U,) are coordinates on the B-model moduli ./\/lg = H%(Y;C*)
of Y.

On the other hand, as shown in the previous subsection, the mirror map for &’ is given
by
q1 = )1,
—1/n
=gy ")
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where g = g(z) is the function

O (=Hhye=l_p..o =Lk =1)n
g(z)=z(( D=y =D (=5 = ( ) sl

pord (kn + 1)!
e (=D (r<k+1/n))"zkn+1
N “(kn+ D!\ T(1/n) ’

where (11 = loggqi, 12) are coordinates on the A-model moduli space MAX of X and
y = (y1, y2) are coordinates on the B-model moduli ./\/lf;{ of X.

The B-model moduli spaces /\/lg and /\/ll“}/ can be glued together using the secondary
fan for X whichis spanned by the vectors D1 = (1, 0), D41 = (n, 1) and D4 = (0, 1).

The vectors Dy, D,,4+1 are dual to the coordinates U;, U, on /\/lg. Let 1, n2 be the

coordinates on Mff dual to the vectors D42, Dy+1. Then these two coordinate systems

are related by

—1/n

1
m=U, """, m= Ul/"Uz;

or
U =n", Uy=mn.

Since the coordinates 71, 172 correspond to the generators dy — d;/n and d/n of K

respectively, they are related to the original coordinates y, y» (which correspond to

d1, dy respectively) by

—1 1
m=y "y m=y""

or
YI=15, Y2 =,
Altogether, the coordinate systems (yj, y2) on /\/lfg( and (U1, Uy) on /\/lg are related by
yi =U1U), y»=Uy;
or
U=yy,", U=

Using Mellin-Barnes integral (see [6]), one can analytically continue the function
log Q1(Uy) from places where |U;| is small to places where |Uj]| is large (and hence
In = yl_l/ "y, is small) to obtain the function A (y). The results are as follows:

When n is even, log Q is analytically continued to

e (—1 (r<k+l/n>)" in
27 (v

y2)nk+l
= (1 =1/n)*sin(lm/n) = (nk +1)! r'd(/n) 1 ’
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while log 0> = %(log y1 —log Q1). When n = 2, by choosing a suitable branch cut,
this gives

log Q1 = —i(r — g(y; *y2),

1 i “12
log Q2 = S logyi + 7 (t — gy *y2),
which yields the change of variables:
0 = e—i(ﬂ—rz)’ 0) = qll/zei(n—rz)/Z.

Since this is an affine linear change of coordinates, it preserves the flat structures in
the neighborhoods Uy and Uy near the large radius limit points corresponding to X' =
P(1,1,2) and Y = P(Kp1 @ Op1) = Fa. As shown in [25], the Frobenius manifolds
defined by the genus 0 Gromov-Witten theory for X and Y are in fact isomorphic, and
this is due to the fact that the weighted projective plane X = P(1, 1, 2) satisfies the Hard
Lefschetz condition.

When # is odd, log Q1 is analytically continued to

(=D'x D™ (TE+UWN" 1yn akw
r(1—l/n)nsin(ln/n);(nkn)!( T(/n) ) 1>

n—1

=1

while log Q> = %(log y1 —log Q1). In particular, the flat structures near the large radius
limit points for X’ and Y are not preserved. When n = 3, this is given by

_ 23/3n
3r(5)°

—-1/3
O, /y2)3k+2

-1/3 2«/37‘[ (—1)k F(k + %)
s y2)+3r(§)3z(3k+2)! re)

k=0

which agrees with the results in [25, Section 3.9].
As an immediate consequence of the existence of analytic continuation of the mirror
map for Y, we have

Theorem 42. The open crepant resolution conjecture (i.e. Conjecture 30) holds for the
weighted projective space X = P(1, ..., 1, n) and its crepant resolution Y = P(Kpn—1®
O[Pnfl )
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