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ABSTRACT. Let X C P(H®(L)) be a smooth projective variety embedded by the complete
linear system associated to a very ample line bundle £ on X. We call Ry = GBZGZHO(X, Lz)
the section module of L. Tt has been known that the syzygies of Ry as R = Sym(H°(L))-
module play important roles in understanding geometric properties of X (2], [3], [5], [9],
[10]) even if X is not projectively normal.

Generalizing the case of N2 ,([2], [10]), we prove some uniform theorems on higher
normality and syzygies of a given linearly normal variety X and general inner projections
when R satisfies property N3, (Theorems and Proposition . In particular,
our uniform bounds are sharp as hyperelliptic curves and elementary transforms of elliptic
ruled surfaces show.
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1. INTRODUCTION

Let R = k[zo,...,x,] be a polynomial ring over an algebraically closed field k. Consider
a minimal free resolution of a finitely generated graded R-module M = € >0 M as follows;

(11) '--—>Li+1—>Li—>Li_1—>"-—>L1—>L0—>M—>O

where L; = @j R(—i—j)®P.i. Then, one can define that M satisfies property Napif3;; =0
for 0 < i < pand all j > d in the minimal free resolution . In particular, a reduced
projective scheme X in P" satisfies property Ny, ([5]) if the homogeneous coordinate ring
R/Ix of X satisfies property Ng,. This definition coincides with the classical notion N,
when d = 2 and X is projectively normal. Recall that M is d-regular if 3; ; = 0 for all ¢ > 0
and j > d. Therefore, the regularity reg(M) of M is defined as the minimum of such d.

On the other hand, for an irreducible projective variety X C P" = P(H"(L)) associated
to a very ample line bundle £ on X and a smooth point ¢ € X, consider an inner pro-
jection my : X —-» P?~!. This rational map g can be extended to the blow-up morphism
o : Bly(X) — X with the following diagram;
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X = Bl,(X) P x pr!

| T
o p2
XCP' oo Xy = mg(X) C P
Let Trisec(X) be the union of all tri-secant lines £ or ¢ C X. It is well known that if
q € X \ Trisec(X), then 7, given by the linear system |0*L — E| is an embedding (see [6],
pp.268 — 269).
However, it is very delicate to say X ¢ Trisec(X) if codimension of X is small and

there are strong obstructions to X ¢ Trisec(X), see [1]. In the authors’ previous paper
([2], Theorem 1.1), it was shown that if a smooth variety X satisfies property N, then an
embedding 7, : Bly(X) — X, = m,(X \ {q}) C P! for ¢ € X \ Trisec(X) satisfies at least
property Np_1.

In this paper, first of all, we generalize Theorem 1.1 in [2] to the case of morphism
Ty Bly(X) — X, = m(X \ {¢}) C P""! for ¢ € L C X, L is a linear subspace. Even
though 7, is not an embedding, we have the following main theorem.

Theorem 1.1. Let X C P(H%(L)) = P™ be a smooth variety with property N, for p > 1.
For any q € X (possibly q is contained in a linear space L C X ), (X \ {q}) in P!
satisfies at least property Np_i.

Main idea in proving Theorem [I.1]is to use Corollary 2.2l and induction arguement from
the related commutative diagram in the Main Lemma As examples, we can consider
property NN, for elliptic surface scrolls and their inner projections which are elementary
transforms as the center ¢ moves inside X.

Secondly, let X C P(HY(L)) is a projectively normal variety satisfying property Nj .
Recently, property N3, has been focussed on for higher secant varieties for varieties with
the condition No, ([14], [I5]). In this case, it is possible to control the higher normality,
degree of defining equations and syzygies of inner projections.

Theorem 1.2. Let X C P(H(L)) be projectively normal and satisfy property N3, p > 2.
Let B12 be the number of cubic generators of Ix. Then, for ¢ € X such that there is no
proper trisecant line through q, one has the following for an inner projection Xg;

(a) h'(9x,(2)) < B

(b) X is m-normal for all m > h'(Jx,(2)) + 2;

(¢) Xgq is cut out by equations of degree at most h'(Jx,(2)) + 3 and further X satisfies

property Npi(gy (2))+3,p-17
(d) reg(X,y) < max{reg(X),h'(Jx,(2)) + 3}.

Main idea in proving Theorem is to use Eagon-Northcott complex arising from the
property Ns,,p > 2 (see Proposition and vector bundle techniques used in [8], [10].
Proposition is also very important in itself because it generalizes Theorem 1.2 in [10].
Note that our uniform bounds are sharp as many examples show.

In Section 2, notations and well-known preliminary results are introduced and in Section
3, we give proofs of main Theorems|[I.]] and Proposition 3.1} Further interesting optimal
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examples, i.e. hyperelliptic curves with degree 2g + 1 and elliptic surface scrolls are also
provided.

2. NOTATIONS AND PRELIMINARIES

For our convenience, we adopt the following notations:
e R=k[zo,...,z,) = Sym(V) where V C H(X,L).
Rg = @pezHY(X, LY : the graded R-module of twisted sections of L.
Bij = dimy Torf(Rg, k)iyj - )
X = Bly(X) : a blowing up of X at a point ¢ with a morphism o : X — X.

e E : the exceptional divisor of X.

W = HYX,0*"L(-E)) = H'(X,L(—q)).

Sy = Sym(W) : the homogeneous coordinate ring of P(W) = P*~1L.

R = @z HO (X, (6*L—E)Y) : the graded Sy-module of twisted sections of o*L—E.

/

B; ;= dimy, ToriSW (R, k)iyj -

2.1. Criterion for property N;, . Let M be the tautological rank-n subbundle on P" =
P(V') which fits into the exact sequence 0 — M — V ® Opn — Opn(1) — 0. We have also

an induced exact sequence for a coherent sheaf F on P™;
0 ANTIMRF(G — 1) 25 ATV @ F( — 1) 25 AM @ F(j) — 0.

Then, for the saturated R-module F' = P, o H Y9(F(n)), one has the following useful theo-

rem.

Theorem 2.1. Let F be a coherent sheaf on ™ with the section module F = @, H°(F(n)).
If j > 1, then there is an exact sequence

0 — Torf{(F, k)iy; — H'(NTM @ F(j — 1)) =5 AV @ HY(F(j - 1))
where the map 7; ; is induced by the inclusion M C V & Opn.

Proof. see [4], Theorem 5.7. O

Therefore, F' = P,,> HOY(F(n)) satisfies property Ny, iff for 0 < i < p and j > d, the

homomorphism
H' (P, ATIM @ F(j — 1)) 25 ATV @ HY(P™, F(j — 1))
is injective, equivalently the homomorphism
NV @ HOP™, F(j — 1)) 224 HO(P", A'M ® F(5))
is surjective.

On the other hand, for a projective variety X C P(W), W C HY(L), we have an exact
sequence 0 — My — W ® Ox — Ox(1) ~ L — 0. Then, TorfW(RL,k)Hj fits similarly
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into the exact sequence

0 — Tor?™ (Re, k)ir; — H' (X, AT "My @ £771) — AW @ HY (X, L971)
— H' (X, N"My @ L7) — - -

and we have the following corollary:

Corollary 2.2. For a projective variety X C P(W),W C H°(X,L), let Sy be a projective
coordinate ring of P(W). Then the section module Ry, := @p>0H°(L®") satisfies property
Nayp as a graded Sy -module if and only if the homomorphism AW @ HO(X, LI71) —
HO (X, N'Myy ® L) is surjective for 0 < i < p and j > d, equivalently the homomorphism

HI(X, /\H_IMW ®Lj_1) N /\i+1W ®H1(X, Lj_l)

18 injective for 0 < i <p and j > d.

3. PROOFS OF MAIN RESULTS AND EXAMPLES

To begin with, let us recall the following known results.
Let X C P(V) be a projective variety with Ry satisfying property Ny, for p > 1 as a
graded R-module where V C HO(L).

o If t = h'(Ix(1)) = codim(V, H°(L)), then X is m-normal for all m > ¢+ 1 and cut
out by equations of degree at most ¢+ 2. In addition, Ix satisfies property Nyj2 1
and reg(X) < max{reg(Ox) + 1,t + 2} ([10], Theorem 1.2).

o If X is projectively normal, then an inner projection X, from a smooth point ¢ €
X \ Trisec(X) is also projectively normal and further satisfies N,_;. Furthermore,
reg(X,) = reg(X) ([2], Theorem 1.1).

We proceed with the following proposition which generalizes the first fact.

Proposition 3.1. Let X € P(H°(L)) = P" be a reduced linearly normal variety. Suppose
that the section module Ry, = @z, HO(X, LY) satisfies property N3, forp > 1. Then,

(a) X is m-normal for all m > h'(Ix(2)) + 2 ;

(b) X is cut out by equations of degree at most h'(Jx(2)) + 3 and further, Ix satisfies

property N1 (g (2)43p §
(c) reg(X) < max{reg(Ox) + 1,h'(Ix(2)) + 3}.

Proof. If X C P(H°(L)) is quadratically normal, i.e., h'(Jx(2)) = 0, it is projectively
normal since Ry satisfies property N3 ,. In this case, the conclusion is trivial. Now, we
assume that X C P(H°(L)) is not quadratically normal, i.e. h'(Jx(2)) # 0. Let R =
k[zo,71...,7,] be the coordinate ring of P* = P(H°(L)). Since X is not projectively

normal, we have the following basic sequence;
0 — R/Ix — Re = &pezH(X, L") — H,(Ix) — 0

where H} (Jx) = @y H (P, Ix(¢)) is the Hartshorne-Rao module.
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Since X is linearly normal but not quadratically normal, we have (y1(Rg) = 0 and
Bo2(Re) = h*(Jx(2)). The property N3, of Ry for p > 1 gives the following minimal free
resolution of Rg as a graded R-module:

0 — Ki = ker(p1) — R(—=3)"2 @ R(-2)%11 £4 R R(—2)%02 2% Ry — 0.

Letting Ky = ker(ypo) and by sheafification, we have the following two commutative dia-
grams (cf. [8],[10]);

0 0
! !
0 — Ix — Opn — Ox — 0
| | |
(3.1) 0 — Ko — Opn @ Opn(=2)%02 — Ox — 0
! l
Opn(-2)%2 = Opn(-2)hs
! !
0 0

and in the first syzygies of R, we have the following diagram:

0
|
0 Ix
l |
0 — K1 — Opn(—=2)%1 @ 0Opa(-3)12 — Ko - 0
(3:2) l | l
0 = N — Opn(=2)%160pn(-3)2 — Opn(-2)P2 — 0
| |
Ix 0
|
0

Claim 3.2. From the commutative diagrams (3.1)) and ,
(a) HY(Ko) = Ko = ker(po) and HY(Ko(m)) ~ H?(K1(m)) = 0 for all m € Z,
(b) HY(X;) = K1, HY(X1(m)) = 0 for all m € Z,
(c) reg(N) < h'(Ix(2)) +3.
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Proof. By taking global sections, we have the following sequence:
0 — HY(Xo) — R@® R(—2)%2 2% Ry — HY(Ko) — 0.

Therefore, we get H?(Ko) = Ko and H}(Xo) = 0. On the other hand, from the following
diagram

0 — H)X) — R(=2"MeR-=3)" — H(XK) — HI(K) —0
T | |
0 - K — R(-2P1gRr-3%: £ K -0,

we have HY(X1) = K; and H} (K1) = B,z H'(K1(m)) = 0. In addition, from the se-
quence 0 — K7 — Opn(—2)P11 @ Opn(—3)712 — Ko — 0, we obtain H}(Xo) = H2(X;) = 0.
The Castelnuovo-Mumford regularity of N in the second row of (3.2)).

0 — N — Opn(—2)P11 @ Opn (—3)712 — Opn(—2)%2 — 0

can be controlled from the following diagram :

0 0
! !
Op+ (~2)P = Opn (~2)1
! !
(33 0= N = Opa(=2)%1 @ Opn(=3)012 L Opu(=2)02 — 0
! ! |
0= N - Op(-3)h — O (-2 — 0
! !
0 0

It is very important to note that in a second row, the restriction of p1 to Opn(—2)711 is
a zero map because it is induced by the minimal free resolution of Rg.

On the other hand, by using Eagon-Northcott complex associated to the exact sequence
in the third row of (3.3)(cf. [8], [10],[11]), we get reg(N1) < fo,2 4+ 3 and finally we have

reg(N) < fp2 +3 = hl(Jx(2)) + 3.
O

We now return to the proof of Proposition |3.1] From the exact sequence 0 — K; —
N — Jx — 0, and by Claim (a) and (b), we conclude that X is m-normal for all
m > ht(Ix(2)) + 2.

For the syzygies of Iy, consider the exact sequence by taking global sections

0— K = H%X,) = H'N) = Ix — 0= HXX,).
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Since K1 = H?(X1) is the first syzygy module of Ry, we have
(3.4) Torf(K1,k)ir; =0 for all 0<i<p-—2, j>3.
Now, consider the long exact sequence:
Torf (K1, k)itj — Tor[ (H)(N), k)iyj — Tor{'(Ix, k)iy; —
% Torf | (K, k)iyj — Torf  (HON), k)ipj — Torly (Iy k)isj.

Since we have and reg HY(N) = reg(N) < h'(Jx(2)) + 3, we get Tor?(Ix, k)iy; =
Torf  (R/Ix,k)ir; =0for 0 <i <p—1andj> h'(Ix(2)) + 3. Thus, we conclude that
X is generated by equations of degree at most h!(Jx(2)) + 3 and further satisfies property
Np1(3x (2))+3.p- .

The following Lemma is a refined version of theorem 4.6 in [2]. It gives a new inequality
(Main Lemma (b)). It is expected, but somewhat surprising that the syzygies of Ry
control those of Ry where L' = o*L — E.

Main Lemma 3.3. Suppose that X is a smooth linearly normal variety in P(H°(L)) and
Rp = ®pezHO(X, L) satisfies property Nap, p> 1. Then, we have the following;
(a) R = @pezHY(X, (0*L — E)Y) is a finitely generated graded Sym(H°(c*L — E))
module and satisfies property Ng,_1, i.e. =0for0<i<p—1andj>d;

/

(b) ﬁ@dfl < ﬁi-ﬁ-l,d—l for0 <i<p-—1.

/
2%

Proof. Note that in the case of d = 2, (a) was already proved in [2]. Without a loss of
generality, we prove the case of d = 3. As in the proof of theorem 4.6 in [2], we have the
following complicated but very useful inductive diagrams; let o : X = Bl,(X) — X be the
blow-up morphism with W = H°(¢c*£L(—F)). Then, we have the following diagrams:

0 0 0
! ! !

0— My — W0z — o*L(-E)— 0
! ! !

(3.5) 0— oMy — V®0z — oL —0
! ! !

0— 04(-E) - 03y — 0O —0
! ! !
0 0 0

Taking wedge products and tensoring by o*£7~! in the diagram (3.5]), we have the following
diagram on cohomology groups in order to prove the case of p = 1 (even when p > 2, we
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have the same proof):

(3.6)
AW @ HO(o* L3711 — HYMy ® 0*LI(-E)) — HY (A Mpy @ o* L7 - AZW @ HY(o*L771)

A2V @ HO(o* LI ) HOY(o*My ® 0*L9)  — HYA20*My @ 0*LI71) T A2V @ Hl(0*Li7 1)
H1,5 V1,5 lgl’j

015

W e H (oL & HOcoker 1)  — H'(Mwy ®@c*LI"H—E)2 W HY (o* LI

0 H My © o LI (—E) S5 W e HY(0"L9)

Wi,j J{Pl,]’

HY (o*My @ 0*L4) 2 V@ H(o*L9)

where coker a1 ,; in the second column is defined as follows:
0 — Mw ® J*Lj(—E) o oMy @ 0" LI — coker ay; — 0.

The property N3 of Ry implies that 71 ; is always injective for all j > 3 because 3 ; = 0
for 7 > 3. Note also that u; ; is surjective and py ; is injective for all j > 1. By the inductive
argument from the above diagram (cf. theorem 4.6 [2]), we can show that, for j > 3,

01,41 is injective == 41 ; is injective.

Indeed, H!(My ® 0*L7(—FE)) = H' (0.My (—E) ® L7) = 0 for j > 0 because L is very
ample. So, 4141 is a zero map for j > 0. Since our inductive method works for all j > 3,

we obtain
01,; is injective for all j > 3.

Now look at the following commutative diagram

71,5

H'(Mw ® ("L — B H)—>W @ H'((c"L — E)'71)

(3.7) | |

H My © o L L(—E) 24 W e H (o* L),

For j > 2, the left column map is always injective by lemma 4.4 in [2] and the right column
map is an isomorphism by corollary 2.4 in [2]. Therefore, 71 ; is injective for j > 3 and
equivalently, 3o = 0 for all j > 3. Therefore R' = ©uezH(X, (0*L — E)!) satisfies
property N3 as a graded Sy-module.
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Note that vy 2 in the diagram (3.6 is surjective because 013 is injective (so, wy 2 is also
injective). From the following commutative diagram for j = 2

0 —Coker @1 2— HY(A20*My ® o*L) ANV @ HY (c*L)

| Jo- |

(38) 0 — Coker v1 90— H!(Mpy ® U*L(—E))ﬁ W& HY(o*L)
0

we get Coker 19 ~ Torf”(RL, k)s and by the isomorphism diagram 1’ for j = 2, we also
have

Coker 12 >~ ker 019 >~ ker 7y =~ TorOSW (R, k).
Therefore, (3, = dim TorgW(R’, k)2 < dim Torf(Rg, k)3 = (12. This completes the Main
Lemma for ¢ = 0. For ¢ > 1, the same inductive argument can be applied as in ([2]). So we

are done. OJ

Note that if X is a projectively normal embedding in P(H°(L)) with property N3, then
B1,2 is the number of cubic generators of Ix and ﬂ6,2 = hl(ﬂxq(2)) < Bi2.

Let us go back to the basic situation again. Let X C P(H°(L)) = P" is a smooth
projective variety, and L be a linear subspace such that ¢ € L C X. Then, 0*L(—FE) is not
very ample but base-point free so that 7, : X = Bly(X) — X, = m(X \{¢}) CP(W) =
P"~! is a morphism which is not an embedding. However, one can still get some syzygetic
information about the section module Ry, = ®pezH(Xy, Ox, (¢)) if X is a normal variety.
In this situation, we proceed to prove Theorem

e Proof of Theorem [1.1]

Since X C P" satisfies property N, there is no line [ C P" such that dim(I N X) = 0
and length (I N X) > 3. Then the inverse image 7T~q_1(y) is geometrically connected for all
y € X4. By Stein factorization, we get m.(0¢) = Ox,. Note also that property N, 1 of X,
is equivalent to the vanishing TorfW(Rq, k)iyj=0for 0<i<p—1andj>2.

On the other hand, from the restricted Euler sequence

0— My —W®®O0x, — 0x,(1) — 0,
we have the following commutative diagram by projection formula and 7,(0¢) = Ox,:
NI @ HO(0x, (5 — 1)) HO(NMw @ 0x,(f)  — Tor]¥ (R, k)ie; — 0.
| |
AW @ HY(o*L(—E)Y 1) % HYAMy @ 0*L(—E)7)

By the Main Lemma (a), the morphism E; is surjective for 1 < p—1 and j > 2
because R’ = @geZHO(X, (0*L — E)*) satisfies property N3 p—1. Thus, the morphism ; ;
is also surjective, and equivalently (see Corollary X, satisfies property N,_1. ([l
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e Proof of Theorem [1.2]

Let R = k[zg, 71 . .., %y) be the coordinate ring of P* = P(H?(L)) and Sy = k[x1, 22, . . ., Tp)
be a coordinate ring of P"~! = P(W) as in the Notations. By the same reason as in Theorem
we know that 74, (0 ;) = Ox, and thus

R = ez H(X,0"L(=E)") = @1z H(0x, (1)) := Ry.

Since Ry, satisfies property N3, the section module R’ also satisfies property N3, 1 for
p > 2 by Main Lemma (a), and we have the minimal free resolution of R’ = R, as a
graded Syy-module:

0 — Ky = ker(p1) — Sw(—3)%12 Z5 Sy @ Sy (—2)%%2 25 R = Ry — 0.

First note that if X, is projectively normal, then 5672 = 0 and our theorem is clearly
true by Main Lemma (a). Suppose that X, is not projectively normal. Then, X, is not
quadratically normal with inequality 0 # h'(J x,(2)) = ﬁi[J,Q < B1,2 by Main Lemma (b).
Therefore, by applying Proposition immediately, we are done. O

The following Corollary is also a generalization of Theorem 1.2 in [I0] and Theorem 2 in
[3] to the case of N3 .

Corollary 3.4. Let X C P(V) = P*,V C H°L) be a projective variety which is not
necessary linearly normal. If the section module Ry = @z HO(X, L) satisfies property
N3, for p > 2, then for ¢ € X such that there is no proper trisecant line through g,
R, := EBeeZHO(OXq (0)) satisfies property N3 1.

Proof. As in the proof of Theorem 1.2}, we have 7, (0 ¢) = Ox, by Stein factorization and
thus HO(X,0*L(—E)Y) = H°(0x,(¢)). So by Main Lemma (a), we are done. O

Example 3.5 (hyperelliptic curves). Let X C P9*! be a hyperelliptic curve of genus
g > 3 and degree 2g + 1 which is embedded by a complete linear system |(g — 2)ga + p1 +
P2 + p3 + pa + g where gi is an unique hyperelliptic involution. Then X is projectively
normal but fails to satisfy property N;. However, the homogeneous ideal I is 3-regular(i.e.
N3 ,) and in particular generated by quadrics and g-number of cubic hypersurfaces. If
HO%(p1+pa+ps+ps—gs) = 0, then the projection X, from g is a linearly normal embedding
with 4-secant line because Span (p1, p2, p3, p4, ¢) = P2. In addition, It can be computed that
h'(Jx,(2)) = 1 and h'(Jx,(¢)) = 0 for all £ > 3. Thus, this is an optimal example which
makes our uniform bound sharp in the main Theorem [1.2] (see [I3] for details). O

Example 3.6 (surface scrolls over an elliptic curve). Let C be a smooth elliptic curve
and let & be a normalized rank 2 vector bundle on C with e = A% & and e = — deg(e). Let
X = P¢(€) be an associated ruled surface with projection morphism 7 : X — C. We fix
a section Cy such that Ox(Cp) = Op,(g)(1). Then, C§ = —e. Denote bf by the pullback
of b € Pic C. Consider an elliptic scroll X C P"™ embedded by a complete linear system
|Co + bf]|. First note that by Theorem 1.4 in [12]

(3.9) X C P" satisfies property N, if and only if degb > e+ 3 + p.
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Now, suppose (X, Co+bf) satisfies property N,. An inner projection X, is an elementary

transform Pc(€’) of X = P(€) over C because X has no proper trisecant line through g.

By theorem X, satisfies at least property N,_1. However, the syzygies of X, depend
on the point ¢ € X as follows ([7], §4):

e Assume that ¢ is contained in a minimal section D which is not necessary equal
to Cy. One can easily check that the strict transformation of a minimal section on
P(€) passing through ¢ is again a minimal section D’ on X, = P¢(€’) such that
Ox,(D') = Op,en(1) and (D')? = —e — 1. Therefore, we have — deg(\* &) =e+1
and X, C P! is embedded by a complete linear system |D’+b’ f| where degb’ = b
because deg X, = deg X —1. Therefore X, satisfies property /N,,_1 but fails to satisfy
N, by .

e Assume that ¢ is not contained in any minimal section in X. In this case, the strict
transformation Cy’ of a minimal section Cy on P¢(€) is again a minimal section
on P(&') and (Cy')? = —e + 1. Therefore —deg(A\*€') = e —1 and X, C P! is
embedded by |C, + b’ f| where degb’ = b — 1. Therefore X, satisfies property N,,.

Assume that — deg(A? &) = —1. Then P (&) is covered by minimal sections. If not, there

exists a point ¢ € X which is not contained in any minimal section. Then, the projection
X, is an elliptic scroll Po(&') over C' such that —deg(A*€&’) < —1. But there is no such a
vector bundle on an elliptic curve by Nagata’s theorem.
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