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ABSTRACT. We show that the Leopoldt conjecture implies the so-called Hilbert’s
theorem 90 for compact modules made from the p-units over the cyclotomic
Zp-extension key® of k. And under the generalized Gross conjecture, we show
that Hilbert’s theorem 90 for the compact modules above is equivalent to the
affirmation of the Leopoldt conjecture.

1. INTRODUCTION

Let k£ be a number field and let p be a prime number. The purpose of this paper
is to show that two basic conjectures of Gross and Leopoldt are related through
arithmetic properties of certain compact modules made from the p-units which is
the so-called Hilbert’s theorem 90 over the cyclotomic Zy-extension k¥ of k.

More precisely we prove that under the generalized Gross conjecture, the Leopoldt
conjecture is equivalent to the so-called Hilbert’s theorem 90 for a closure of the
p-units over k%¥¢/k. The arithmetic property which is called the universal norm
property of the topological closure of the p-units over k$¥¢/k will play a role in
connecting two conjectures via class field theory.

We will explain very briefly the general strategy to relate the two conjectures.
The Leopoldt conjecture concerns on the ranks of two modules U, (p) and A(U,(p))
made from the p-units U, (p) of k,, where k,, is the unique subfield of £ of de-
gree p" over k. Through the weak Leopoldt conjecture and Hilbert’s theorem 90

over k&°/k, the Leopoldt conjecture reduces to the ranks of the universal norms
———————uni

U (p)™ and A(U,(p)) . These universal norm groups finally can be related to
the Tate module T}, (k) which is related to the generalized Gross conjecture through
infinite class field theory.

In order to state the main theorem, we recall some definitions briefly. For the
cyclotomic Zj,-extension kS, write kY = J,,~o kn with k;, the unique subfield of
kSye of degree p™ over k. Let I' denote the procyclic group G(k%°/k) generated by
v and for each n > 0, let I';, = G(k&¥°/k,,) be the unique subgroup of I' with index

p". We define the Tate module T),(k) of k to be

the inverse limit of G(K, /ky,) where K, is the maximal abelian unramified p-
extension of k,, such that all primes dividing p split completely. One of the equiva-
lent forms of the generalized Gross conjecture can be described via class field theory
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as the finiteness of the Galois coinvariant
Tp(k)r = Tp(k)/ (v — )T (k)

of the Tate module T),(k) over k3°/k (cf. Theorem 1.14 of [17]). For a finite set A,
let #(A) denote the cardinality of A.

The generalized Gross conjecture for (k,p): Let k be a number field. Then
§ (Tp(k)r) < oo.

We will state some equivalent forms of the Leopoldt conjecture. Let & denote
the diagonal embedding

6: k> —>Hkvx,al—>(oz,-~- , Q).

v|p

Let Ui (p) be the p-units of k and let §(Ug(p)) be the topological p-adic closure
of §(Uk(p)) in [] . For each prime v of k dividing p, let U} = 1+ p, denote

v|p v
the principal units at v.
If we denote by r; and ry respectively the number of real and complex places

of k, then the Leopoldt conjecture is equivalent to the Z,-rank rankz, (6(U(p)) N
L, U}l) of the p-part of 6(Ux(p)) is r1 + r2 — 1 (see Conjecture 7.9 of page 102
of [21])
rankz, (6(Ux(p)) N HU,}) =7 +7ry— 1
vlp

For a Z-module M, let
M = lim M/M""
o
denote the p-adic closure of M. Let A be the induced map
Ak — HEUX,QH (a, -+, ).
v|p

Then the topological closure A(Ug(p)) of the image A(Uy(p)) of Uk (p) under A in
the group Hvlp kX is equal to the image of the induced map

Azu(p) — [Tk

vlp

where Uy (p) := Ux(p) Qz Z,.

The Leopoldt conjecture for (k,p): Let k be a number field. Then A induces
the following isomorphism

Ui (p) = A(Uk(p))-
Equivalently, the Leopoldt conjecture can be stated in terms of the Z,-rank of
A(U(p))
rankz, (A(Ux(p))) =71 +ro+7—1
where 7 = r(p) denotes the number of primes of k dividing p (cf. Theorem 10.3.6

and Remark of page 634 of [22]). Note that the p-adic closure of §(Uy(p)) in [, |, kX
is equal to A(Ug(p)).
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We will define Hilbert’s theorem 90 for compact modules over a Zj,-extension
koo of k.

Over a Zpy-extension koo = (J,,~( kn of k, let Ny, = Ny, /i, denote the norm
map from k,, to k, and let N,, = m,0 denote the norm map from k,, to the
ground field kg = k.

For any multiplicative subgroup M,, of the intermediate field k,, we define the
norm compatible subgroups MS°™P and the universal norm subgroups MY as
follows

ME™ = (lim M), M2 = () Ny, iy Moo
m>n m>n
where the inverse limits are taken with respect to the norm maps and © = 7,
denotes the natural projection from %iinm>n M, to M,, defined as 7((by,)m>n) = bn.
We will define similar notions by tensoring with Z,,.
Let A,, be a compact Z,[G(k,/k)]-module with the norm maps for all m > n,
Nyt Ay — Ap.

If we define A, := @nm A, to be the inverse limits of {A,,},>¢ with respect to
the norm maps N, ,, then A, is a A := hm o Zp [G(ky/k)]-module. Let

(Aoo)r = Ao /(7 — 1) Ao
Definition 1.1. Let ko, = UnZO ky, be a Zy-extension of k.
(i) We will say that Ay satisfy Hilbert’s theorem 90 over koo /k,
(Aoo)f‘ ~ Eniv.

(ii) We will say the generalized Gross conjecture holds for (keo,p) if the generalized
Gross conjecture holds for (ky,p) for alln > 0.

(iil) We will say the Leopoldt conjecture holds for (keo,p) if the Leopoldt conjecture
holds for (kn,p) for all n > 0.

For a Galois extension k' /k and their global p-units Uy (p) and Uy (p) of ¥’ and k
respectively, we have the induced norm map Ny, : Up(K') ®z Zy — Ur(p) @z Zy
such that Ny, acts trivially on Z,, i.e., for a € k' and o € Z,,

N (@ ® @) = Nisyg(a) ® a.

For the global p-units U, (p) = Uy, (p) of k,,, write

Un(p) = Un(p) ®z Zpa uoo = 1gl(ljn(p) 7z Zp)

n>0
with Up(p) = Uk(p), Uo(p) = Uk(p). The group Uy (p)"™" of universal norm ele-
ments is defined as
Uy (p)™ = ﬂ Noln(p) = ﬂ Ny (Un(p) ®z Zp) = m (N (Un(p)) ®z Zyp).
n>0 n>0 n>0

The projection 7 induces the following natural map

I (UOO)F — Uk(p)
such that the image of 7 is equal to the norm comparable elements Uy (p)“°™P of
Uk (p) where (U )1 is the coinvariant of Us, by I' = G(ks /k). Then by an argument
of compactness, it follows that Uy (p)°™P = Uy (p)"™™¥. We state the main theorem
of this paper.
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Theorem 1.2. (i) The Leopoldt conjecture for (k,p) implies Hilbert’s theorem 90
for A(Ug(p)) over kZ°/k.

(ii) Under the generalized Gross conjecture for (k&X°, p), Hilbert’s theorem 90 for
A(U,(p)) over k&€ /ky, for all n > 0 is equivalent to the affirmation of the Leopoldt

conjecture for (k& p).
When £ is totally real or a CM-field, we have the following corollary.

Corollary 1.3. (i) If k is a totally real field then the affirmation of the Leopoldt
conjecture for (k& p) is equivalent to the affirmation of the Gross conjecture for
(kZ°, p) and Hilbert’s theorem 90 for A(U,(p)) over kZ¢/k, for all n > 0.

(i) If k is a CM-field with a mazimal real subfield k* then the affirmation of
the Leopoldt conjecture for (kX° p) is equivalent to the affirmation of the Gross
conjecture for (ki°,p) and Hilbert’s theorem 90 for A(U,+(p)) over k¢ /k} for
allm > 0.

As special cases of Corollary 1.3, if the number ro,(p) (resp. ro+(p)) of primes of
ke (resp. kXe¢ ) dividing p is one, then we have more simple descriptions.
(i) If k is a totally real field with ro(p) = 1, then the affirmation of the Leopoldt
conjecture for (k¢ p) is equivalent to Hilbert’s theorem 90 for A(U,(p)) over
ke /k,, for all m > 0.
(i) If k is a CM-field with the maximal real subfield £* such that ro.+(p) = 1, then
the affirmation of the Leopoldt conjecture for (k&Y¢, p) is equivalent to Hilbert’s
theorem 90 for A(U,+(p)) over ki /k;} for all n > 0.

In §2, we recall the generalized Gross conjecture and the Leopoldt conjecture.
In §3, we prove Theorem 1.2 and Corollary 1.3.

2. CONJECTURES OF GROSS AND LEOPOLDT

Leopoldt made his conjecture for the units of a totally real field, and Gross made
his conjecture for the minus part of the p-units of a CM field. Two conjectures were
generalized independently to a number field k. Let koo = ,,~ kn be a Z,-extension
of k with k,, the unique subfield of ko of degree p™ over k and G,, = G(kn/k).

Following Iwasawa (see §4 of [13]), we briefly explain how the two conjectures are
connected using the cohomologies over I' = G (ko /k). From the seven term exact
sequence of Auslander-Brumer and Chase-Harrison-Rosenberg, one can define

Vs H*(T,Us(S)) — Bg := ker(H*(T, kX)) — H*(T', I.))

where Uy (S) and I are the group of the S := {v|p}-units and the group of frac-
tional ideals of ko, respectively (see Proposition 2.1 of [5] or Proposition 1 of [13]).
Then there are three equivalent conditions;

i) 1g is surjective,

ii) Cloo(9)! < 00,

iii) HY(T, Cl(S)) = 0,

where Clo(S) is the p-part of the S-ideal class group of koo

If ko is equal to the cyclotomic Z,-extension k¢, then the generalized Gross
conjecture for (k,p) is equivalent to one of the three conditions (i), (ii) and (iii)

above. When k is a totally real field, the Leopoldt conjecture, i.e., the uniqueness
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of a Zy-extension of k, implies 15 is surjective. When k is a CM field and p is odd,
there exists a decomposition of +1-eigenspaces via the complex conjugation,

Wi HY(I, U (S))* — BE.

The Leopoldt conjecture implies the surjectivity of the plus part w; as above and
the surjectivity of the minus part 15 is the Gross conjecture. Hence when k is
a CM field, the conjectures of Leopoldt and Gross implies the generalized Gross
conjecture.

2.1. We introduce briefly the generalized Gross conjecture with its reformulation
in terms of the Tate module. For an arbitrary number field &, let S denote the set
of the primes of k dividing p. We denote by Uy (p) the group of S-units of k.

For each finite prime v of k, let k™" denote the group of universal norms from
the cyclotomic Z,-extension kg¥5, of the local field k,. Let log, denote Iwasawa’s
p-adic logarithm normalized by logp(p) = 0. Thus it induces an isomorphism from
Q) /PP1(Q,) = 1+ pZ, to pZ, where 1(Q,) denotes the torsion subgroup of Q-
It also follows that for each v|p,

ac kll;lniv S qa € ker(logp ONku/Qp)'
Let

Ak = log, 0Ny, s, : k™ = Dyjplog, Ny, g, (k) -v = Tk 7k
v|p vlp
be the map defined by Ax(a) = }_,, log, 0Ny, /g, (a)v.

If we restrict A\, to Ug(p) and extend it Uy(p) ® Z,, by Z,-linearity, then we can
obtain a homomorphism gj, of Z,-modules

gk : Uk(p) ® Zp — ©y)plog, oNy, o, (k) - v.

Let r = r(p) denote the number of primes of &k dividing p. By the product formula
of the Artin map, the image of g has a Z,-rank at most » — 1 (see page 455 of [6]
and page 11 of [17]). Let di(p) > 0 be the nonnegative integer such that

di(p) = r — 1 — rank (im(gg))-

Let 71 and 7o denote respectively the number of real and complex primes of k.
Notice that by Dirichlet’s unit theorem, Z,-rank rank (ker(gy)) of the kernel of gy
is given by

rank (ker(gx)) = 1 + ro + di.

The generalized Gross conjecture for (k,p) is then equivalent to

di(p) = 0.

This is an extension of a conjecture of Gross (see [10]) due to Jaulent (see [14]
and [17]). In fact, Theorem 1.14 of [17] shows that the condition di(p) = 0 is
equivalent to one of the three conditions (i), (ii) and (iii) defined in the beginning
of §2 for koo = kZ°. For absolute abelian fields, the proof of Gross conjecture is
due to Greenberg (see [8]).

Let koo = k3 = U,,>0 kn the cyclotomic Zj,-extension of a number field k = ko
with k,, the unique subfield of ko, of degree p™ over k. Let I denote the procyclic
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group G(koo/k) and for each n > 0, let T';, = G(kwo/ky) be the unique subgroup of
I" with index p™. We recall the Tate module

of k where K, is the maximal abelian unramified p-extension of k, such that all
primes dividing p split completely.
We now introduce the following equivalence of the generalized Gross conjecture
for (k,p)
f (Tp(k)r) < .

This follows from the following well known proposition using class field theory (see
Proposition of 1.2 of [17]).

di(p) =0 if and only if § (T,(k)r) < cc.

The generalized Gross conjecture can also be described in terms of the invariant
of the Tate module, i.e.,
§ (Tp(k)") < oo
which follows from the identity rank T,(k)r = rank T}, (k). This follows directly
from the finiteness rank T,(k) < oo (see Theorem 5 of §3 of [12]) and the exact
sequence

1— Ty(k)" — Ty (k) =3 T, (k) — T,(k)p — 1.

3. PROOF OF THEOREM 1.2

As explained in the introduction, the general strategy to relate the two con-
jectures is applying infinite class field theory over k&Y¢ = (J,,~o kn. The Leopoldt

conjecture which concerns on the ranks of two modules U, (p) and A(U, (p)) reduces

to the ranks of the universal norms U, (p)*™v and A(U, (p))uan through the weak
Leopoldt conjecture and Hilbert’s theorem 90 over k%Y°/k. These universal norm
groups finally are related to T}, (k) which can be related to the generalized Gross
conjecture through infinite class field theory.

In §§3.1 and 3.2, we recall the condition so-called (HNT) for p-units and respec-
tively Hilbert’s theorem 90 over a procyclic extension.

We prove Theorem 1.2 in the separated subsections. In §3.3, we prove that the
affirmation of the generalized Gross conjecture for (k%¥°, p) and Hilbert’s theorem
90 for A(U,(p)) over k&°/k for all n > 0 implies the affirmation of the Leopoldt
conjecture for (k¢ p). In §3.4, we prove the first claim of Theorem 1.2 that the
affirmation of the Leopoldt conjecture for (k,p) implies Hilbert’s theorem 90 for
A(Ug(p)) over kS¥¢/k. This will complete the proof of Theorem 1.2.

In §3.5, we prove Corollary 1.3 of the introduction and explain special cases of
the corollary. In §3.6, we explain that results of Jaulent can also be used to prove
part of Theorem 1.2.

3.1. In this subsection, we will define a condition for the p-units which will be
called simply as (HNT) over a procyclic extension.

Let K/k be a finite cyclic extension and for a finite set S of primes of k containing
all ramified primes in K/k, let Ui (S) be the global S-units of k. Let

S" ={wlv; veS}
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be the set of primes of K lying over each prime v € S. We also let Uk (S) := Uk (S")
denote the global S’-units of K. Let

JK,S = H UUX H kj
we¢S’ weS’
be the S-idele group and let
Ck,s = Jr,s/Uk(S)

be the S-idele class group where we identify Uk (S) with a subgroup of Jg s via
the the diagonal embedding

¢K,S : UK(S) — JK,S~

Since w ¢ S is unramified in K/k, the local units U,, is cohomologically trivial
for w ¢ S. Hence by Shapiro’s lemma, we have

H(G(K[k), Jx,s) = H(G(K/E), [] Ko) =[] H(GU/K), Indgus/ ) (K.,))

G(K/k)

weS’ vES
= ] B (G k). )

veS

where w is a chosen prime of K above v.
Using the isomorphism above and Hilbert’s theorem 90, the exact sequence 1 —

Uk (S) trg Jr,s — Ck.s — 1 leads to

Uk(S) s

1 — B Y (Grop Crcg) —s —22)
(Gr/k, Ck,s) Ny xUr (5)

H EO(GKw/kU ? Kl)lj)

veS

where Ng i, is the norm map of K/k and Q;K/k75 is the map induced from the
diagonal embedding ¢x 5. It follows that

H Y (G, Crs) = ker(dx i)

We let
d)K/k,S:Uk( — HH GKw/kU’ Hk /NK /K K
weSs weS
denote the composition of the natural projection 7 : Ux(S) — Ux(S)/Ng Uk (S)
and drc ks 1 Up(S)/Nic/xUs (S)— Tlopes H (G, jr, K2). (HNT) for k> implies
that
Ni/kUk (S) C ker(ég k,s) C Ur(S) N N/ K™

Definition 3.1. For a finite cyclic extension K/k, if (ZBK/k’S is injective, i.e.,
ker(¢x/k,s) = Nx/rUk(S),
then we say that U (S) satisfies (HNT) over K/k.

We extend the definition into an infinite Galois extension such that the Galois
group is an infinite procyclic group, a topological closure of an infinite cyclic group.
For an infinite procyclic extension K/k, let

ker(¢x/k,s) ﬂker (Pr/k,s)s Ur(S)™ = ﬂ Nr/xUL(S)
L
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for all finite cyclic subextensions L of K/k. For a finitely generated Z-module M,
let M /tor(M) be the quotient of M by its torsion tor(M) and let

ranky (M) := rankyz (M /tor(M))
be the Z-rank of M /tor(M).

Definition 3.2. For an infinite procyclic extension K/k, if

ranky (ker(¢x /5,)) = rankz (U (S)"™),
then we say that Uy (S) satisfies (HNT) over K/k.

If we denote by ker(¢x /k,5) the kernel of ¢x /i g, then we have
1 — ker(¢x/k,s) ® Zy — Up(S) @ Z, — ‘]IG(,(g/k)/NK/kJK,S ® Zp
by tensoring with Z,, to the following exact sequence,
1 — ker(¢xe/n,5) — Un(S) — J &™) /N jp i s.

If we denote by $K/k,5’ = @K /k,s @1 the map induced from ¢ /i g, then the exact
sequence above shows that
ker(EK/k,s) = ker(dx/n,5) ® Zp.

For an infinite procyclic extension K/k, let

ker(d g1, 5) ﬂ ker(¢pp. 5), (Ur(S) @ Zy)"™ := ﬂ Nip(UL(S) ® Zy)
L

for all finite cyclic subextensmn L of K/k. Then (HNT) for Uy (S) implies that
Ni /(U (S) @ Zp) C ker(dgj.5) C (Ur(S) N N/ K*) @ Zy.
Definition 3.3. For an infinite procyclic extension K/k, if
rankyz (ker(@K/,as)) = rankz, ((Ur(S) ® Z )“““’)
then we say that U(S) ® Z,, satisfies (HNT) over K/k.

For a Z,-extension ko /k and for the set S of primes lying over p, we write
On = Op, /1,8 for the map

p) — [T H(Cro s ki) = TR N e

v|p

and write

ker(¢oo) := ker(¢ ﬂ ker (o).

n>0

Similarly, we write ¢,, := ¢,, ® 1 for the map
G Uk() @ Zp — [[H Gy Kikons) = [T 2/ N e Bk

v|p vlp
and write

ker(é.,) := ker(¢ ﬂ ker(o,

n>0

Remarks. 1. It is well known that the generalized Gross conjecture for (k,p)
and Hasse’s norm theorem(HNT) for Uy, (p) over kZ°/k are equivalent (cf. [9], [18]
and [24]). All proofs use the Kuz'min’s result on the invariant of the Tate module
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of k. In fact, independent of this, one can prove it in a more simple and direct way
not using the structure of Tate module but using cohomology of the p-idele class
group of k.

2. Notice that in general the first equality in the following equation does not
hold

rankz, (ker(¢.)) = rankz, (ker(¢oo)® Zp)
= rankg, (U (p)"™ @ Z,,).

For an abelian field k&, since the conjectures of Leopoldt and Gross are true, we can
apply the remark after Theorem 1.2. Then when k is abelian and ko, = k2, a
counterexample to the above equality can be found easily by computing the ranks
using Theorem 1.2, and Theorem 2 of [2], i.e.,

rL+re = rankzp (ker(goo)) > ry—1 +1= rankZ(kX)univ
> ranky(Ug(p)"™") = rankz (ker(¢oo))

where 7' = r or r/2 according as the decomposition field at p is real or imaginary.

3.2. In this subsection, we will recall Hilbert’s theorem 90 for compact submodules
over a Zy-extension ks = |J,,¢ kn of k. Let A, be a compact Zy|G (kn/k)|-module

with the norm maps Ny, ,, : Ay = A, for all m > n. If we define Af!.}) = I'&n8>n A,

to be the inverse limits of {4} s>, with respect to the norm maps Ny, then A(()Z)

isaA:= @sZn Z,|G(ks/ky)]-module.

Since A,, is compact, we have AM™Y = AS°™P and hence we have
(m) _ 13 . univ _ 1: comp
ALY = lim A, = lim AZ™ = lim AP,
n>m n>m n>m

As in the introduction, we say that Ay satisfy Hilbert’s theorem 90 over koo /k if
the following isomorphisms hold for all n > 0,

(A)r = A3

where (Aco)r = Aoo /(7 — 1) A
Note that Hilbert’s theorem 90 for each finite level of compact group A, will

show that
AL

fm_ (77"~ 1)A,)

In fact, by taking inverse limits in the following commutative diagram

g Azmv .

1 _— (")/pn —1)At At Ne Nt(At) _— 1
J{Nt,s th,s J{id
1 —— (" —1)A, A, Ny N4 —— 1

we have the exact sequence
1 — lm((y"" = 1)A,) — AL — [ No(Ay) = A — 1
s>n s>n

where inverse limit is exact over compact groups.
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Since we have the natural inclusion
(77" = 1AL C lm(("" — 1)4,),
s>n

Hilbert’s theorem 90 for A, over ko /ky for all n > 0 will be satisfied if Hilbert’s
theorem 90 for A,, is satisfied for all n > 0, and if the above inclusion becomes
equality

(77" = DAL = lim((+"" — 1)4y).

s>n
Notice that the equality above is neither obvious nor easy to determine in general
settings. We will show that the modules studied here satisfy the equality.
Let B,, be a compact Z,[G (k. /k)]-module with norm maps defined as above and
let f, : A, — B, be the Galois equivariant map so that the following diagram is

commutative

fw+1
An+1 —_— Bn+1

Nn+1,nl J/Nn+1,n

A7l f’ll B
Note that if we further assume that there is a A module isomorphism
Ao & By
such that A, and B, also satisfy Hilbert’s theorem 90 over k., /k for all n > 0,
then we have Z,[G(ky,/k)]-module isomorphism

AN 2 (Aso)r, = (Boo)r, = By™ for all n > 0.

n

For the global p-units U, (p) of k,, let A,, = U, (p) = Un(p) ®Z, and let f, = A,
be the map

A, Un(p) — [ %
vlp
This is the Z,-linear extension of the diagonal embedding
Ay, Uy( —>Hknv, a— (a, )
vlp
where Erfv =lim k7, / k,ff)n denotes the p-adic completion of the local field k,; ,
Let B, = U,(p) :== A (Un(p )) be the image. Then U,,(p) is the topological closure

of Un(p) under Ay, in [, , ko
We have the commutative diagram

Apy1 —
Un1(p) T Unt1(p)

Nn+1,nJ/ an+1,n

R
Upn(p) ——= Unl(p).
Write

and
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The isomorphism of two inverse limits above is known as the weak Leopoldt con-
jecture for ko /k and p,
AU 2 U .

It is well known that the weak Leopoldt conjecture is true for the cyclotomic Z,-
extension kZ°/k for any number field k and p (cf. §3 of Ch 10 of [22]).

3.3. In this subsection, we show that the affirmation of the generalized Gross con-

jecture for (kZ¥°, p) and Hilbert’s theorem 90 for A(U,(p)) over kZ¥°/k, for all
n > 0 implies the Leopoldt conjecture for (kY¢, p). We start with the basic lemmas
without proofs which are well known.

Lemma 3.4. Uy (p)"™ = Uy (p)°o™P.

For the local field k, which is the completion of k at a finite place v, let k; o
be the corresponding Z,-extension of k,. By the definition, we have k{°™P =
W(@ln k) where k, ,, is the subfield of k, o, of degree p" over k,. Write kloc =
k>, kgo™P for the set of elements which are locally norm comparable at all finite
places of k

kloc = {a € k| there is (o ) € %iglk‘v’n such that «, ¢ = « for all finite places v}.

n

By Hasse’s local-global norm theorem, k'°¢ is equal to the group k" of the uni-
versal norms of k*. Since it is well known that k"™V is contained in the group of
p-units (see Proposition 2.1 of [2]), we obtain the following lemma.

Lemma 3.5. k'°¢ = k" = U (p) Nuso Nukyy

Let L be the maximal abelian unramified p-extension of k., where all primes
dividing p split completely. Then, obviously,

G(L/koo) = Ty(k)
and L is Galois over k with the following exact sequence
1 — G(L/ks) — G(L/k) — T — 1.
Let Ly denote the maximal abelian subextension of L over k. Thus we have
(1) G(Lo/kw) = Ty(k)r
and the exact sequence
(2) 1 — G(Lo/koo) — G(Lo/k) — T — 1.

Let Fj denote the maximal abelian extension of k containing k., and unramified
outside p, such that F'/k., splits completely at all primes dividing p. Let H denote
the maximal unramified abelian extension of & such that all primes dividing p split
completely and K the maximal p-extension of k in H.

Let S, denote the kernel of the Artin map k) — G(koo/k). Then, the class
field theory says that S, is the group of universal norm elements of k¢ over koo /k.
By the class field theory, we have the following isomorphism

G(Fo/k) = Ji, /A
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where A = k¥ [, Uy [1,), Sv is the topological p-adic closure of k* Hv,fp Us [T, So
(see the last line of page 455 in [6] or the equation 3.4 of page 280 in [18]). There
is exact sequence for the G(H/k)

1— kX [[U [[ /A — Ju/A — G(H[k) — 1
vip vlp
induced from 1 — k* [[,,, Us I1,, k5 — Ju — G(H/k) — 1.

vlp "v
Let V' be the subgroup of I1.,, Uy which are = 1 mod p"

vlp
={ac HU“| a =1 mod p"}.
vlp
Then the groups V,'k* Hv)m U, Hv\p S, forms a fundamental system of neighbor-
hoods of the topological p-adic closure A of £* HU@ U, Hv‘p S, and its closure is
given as follows (see the proof of Theorem 7.8 of [21])
U TS0 = ﬂ v [T U T S0)-
vtp vlp vip v|p
The first term G(Fo/H) = k* [[,4, Uo 1, k' /% Iy Uv 1, So of the short

exact sequence above leads to the following exact sequence (see page 456 of [6] or
page 280 of [18])

1— X — [[(k)/Ss) — G(Fo/H) — 1

vlp
where
X =[[5:W:p)/ ] 5
vlp vlp

denotes the topological p-adic closure of the image Uy (p) — [, (kJ/Su)-

In fact, we see that the first term k™ [, Uo [ 1., ko' /6 [y, Uo 1, So s iso-
morphic to

Hk Tk e TT0I1S = TIr/T1R nO\vew TIv IS

v|p vip v|p v|p v|p otp vlp
= J[&/ TSIk Ve [T U
vlp vlp vlp vfp
Since
HSU(ﬂVpn(Hk;; Nk> HUv)) = HSU(ﬂVp"(é(Uk(p))))
v|p vlp vip v|p
= H&,(S(Uk(p))
vlp

the first term above is isomorphic to

| § (CYERICAPNES § (CYENA | [ERICADIED!

v|p v|p vlp
From the identities above, the Artin map induces the exact sequence above. More-
over, it was shown from this that G(Fy/H) is a p-group (see page 456 of [6]), i.e.,

G(Fo/H) = G(Lo/K).
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Let r be the number of primes of k dividing p. By the assumption of Gross con-
jecture, the Z,-rank of G(Fy/H) is equal to one since the Z,-rank of G(L¢/koo) =
T, (k)r is zero. Then, since G(K/k) is finite, the rank of the topological p-adic
closure X (p) of X is given by
(3) rank (X(p)) =r — 1.

It follows from the isomorphism

X =[] 5.6k /Hsv_5 Ur(0)/6(Uk(p)) N T ] S
vlp vlp

that there exists a short exact sequence for §(Ux(p)) N Hv|p Sy

1— 6(Uk(p) N ][ 8o — 6(Uk(p)) — X — 1.

vlp

Note that the topological p-adic closure 6(Uy, (p))A of 6(Uk(p)) in,, kX is equal
to A(Uk(p)),

3(Un(p))" = AUn(p)).

We can compare the Z,-ranks of the topological p-adic closures of each terms above
rank (A(Uk(p))) = rank (Q) + rank (X (p))

where € denotes the topological p-adic closure of 3(Uy(p)) N [T, Sv

We may assume that ko, /k is totally ramified at primes d1v1d1ng p since the
Leopoldt conjecture descends to a subfield (see Corollary 10.3.11 of [22]), i.e., the
validity of the Leopoldt conjecture for a number field K implies the validity of the
Leopoldt conjecture for any subfield of K. We will use the same notation v for the
prime of k,, lying over p as that of k.

It follows from §3.1 that

AT Nno kY = ker(en)
vlp

and that & induces &
1 — Uk(p) /ker(¢n) —2 T k7 /Nu, &

Ny Yn,v
vlp
where k,, , denotes the completion of k,, at a prime dividing v and N,,, denotes the
norm map from £, , to k,. By taking topological closure inside Hv| v N, kX, to

UZ R N )
the above identity, we have

((5( mHNnvk;l(U)_é Uk: HNnukgv_m

v|p v|p

ST NIIS = M) NNk

vlp n vlp

M 30ker(6.))

This leads to

By the generalized Gross conjecture, it follows that

(O(ker(dn)) : 6(Nn(Un))) < (6(ker(¢n)) : 6(Nn(Un))) < 00




14 SOOGIL SEO

independently of n > 0 and that
rank 6(Ug(p)) ﬂHS = rank ﬂé ) = rank ﬂN 5(U,))

univ

= rank 6(Uy(p))

By taking closures, the inclusion above results in

univ

rank Q = rank (6(Ux(p)) N HS”)/\ = rank (6(Ux(p)) )"

vlp
= rank A(Uk(p))umv
Here, the identity (5(Uk(p))umv)/\ = A(Uk(p))umv follows from the the following
argument using the assumption that k. /k is totally ramified at all primes dividing
p.
By the local Kronecker-Weber theorem, the intermediate field k, ., /k, is con-
tained in a composite field kf,{,)le of the field L,, of the n"™-division points of
Lubin-Tate extensions and the unramified extension k:(f )

of Corollary 7.7 of [21]).
(f)

By taking the ramification indices and linear disjointness over k, of L,, and k)
into account, we see that k, , is contained in L,,. Since the prime element 7, is
a norm element of a prime element A, of L,, (see Theorem 7.4 of [21]), 7, is the
norm of the prime element Ny /r.  Am of k; 5. It follows that any prime element

of degree f(see the proof

7, dividing p is a universal norm element over ky oo /k,. Since the p-adic closure EU
of kX = w2 @ U, is given by
kyp = nle QUL
where U} is the principal unit at v, we have
(%U)univ _ 7'('%? & (Uq})univ
using universal norm property of m,. Since the norm map is continuous, it follows
that (U1)™" is a closed subgroup of U} = U, and that ((U})"™)" = (U})wniv,

i.e.,

univ

U;}Jniv — (:uq x (Uq})univ)/\ _ (U&)univ =0,

where U, = py x U} for ¢ = #(U,/U}). Tt follows that the p-adic closure (k/};m) of
kil is given by

(k,/g—rE) — (ﬂ.% @ Usniv)/\ _ W%p ® <U5>univ _ (/];U)univ.
Note that the difference between §(Ux(p)) C [] k) and A(Uk(p)) C [] 755 occurs

only in the cyclic groups generated by each prime 7, dividing p, one 7% and the

other W%” which are, by the assumption, already norm comparable, and its tor-
sion subgroups in unit-parts which are also norm comparable. Hence the closure

(6(Ug (p))univ)/\ is equal to A(Ug (10))univ as was claimed. It follows from Theorems
3.6 and 3.7 of §3.4 that

rank Uy (p)™" = rank (U (p) ® Z,)"™" = rank (U )r = r1 + 72
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Since the weak Leopoldt conjecture is true for the cyclotomic Z,-extension of any
number field, we have (see Corollary 10.3.24 and Theorem 10.3.25 of [22])

AU () = lm AT () 2 B (U () = Use.

The above isomorphism and Hilbert’s theorem 90 for A(U(p)) lead to the fol-
lowing lower bound of rank (€2)

univ

rank (Q) > rank (A(Uk(p)) ) = rank (A(Us(®))r
= rank (Ux)r
rank Mk: (p)univ

= 11 +7ro.

Hence it results in the Leopoldt conjecture

rank (A(Uk(p))) = rank (X(p))+ rank (£2)
> r—1+4+ry+re.

This shows that if we assume that ko, /k is totally ramified, then the generalized
Gross conjecture and Hilbert’s theorem 90 imply the Leopoldt conjecture. Since
for an arbitrary number field k, there exists a sufficiently large n such that koo /ky
is totally ramified at all primes dividing p (cf. §83.4 and 6.2 of [12]), we have shown
that for such n, the assumption implies the validity of the Leopoldt conjecture for
ky. Since the Leoplodt conjecture descends to a subfield, we obtain the validity of
the Leopoldt conjecture for k from k,. This completes the proof. O
3.4. In this subsection, we will show that the Leopoldt conjecture for (k,p) implies
Hilbert’s theorem 90 for A(U(p)) over kZ¥°/k.

For the p-units U, (p) of ky, let U/ (p) = U, (p)/u(Un(p)) be the quotient of U, (p)
by its torsion u(U,(p)), i.e., the Z-free part of U, (p) and let

UL, = im(U,(p) © Z,)

denote the inverse limit of U}, (p) ® Z, with respect to the norm maps. The rank
of U’ as a T-module is computed in the following theorem which is Theorem 7.2
of [18]. He proves this over the cyclotomic Z,-extension of k. This is reproved in a
generalized form by Greither (see Theorem of [9]).

In Theorem 3.7, we give a proof of the rank of (Ui (p) ® Z,)"™" for any Z,-
extension of k using a result of Iwasawa together with an argument of compactness
and hence different from those of Kuz’min and Greither. Note that the proof of
Greither uses the direct limits rather than the inverse limits of ours. Even if it
seems to be dual each other, the proof given below we think is more simple and
direct.

Theorem 3.6. Let k be a number field and let 71 and ro be the number of real and
complex places of k. Then U’ is a free T'-module of rank ri + rs.

Proof. See the proof of Theorem 7.2 of [18]. Since the weak Leopoldt conjecture
holds for the cyclotomic Z,-extension of a number field, we can find another proof
from Corollary 10.3.24 and Theorem 11.3.11 of [22].

In fact, the statement (i) of Theorem 11.3.11 of loc. cit holds with S, = S°¢ = &
for the cyclotomic Z,-extension over any number field (cf. Remark and Corollary
11.3.12 of loc.cit). |
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Theorem 3.7. Let ko, = UnZO ky be an arbitrary Z,-extension of k. Then
rank (U )r = rank (U},(p) ® Z,)"™ = ry +ro.
Proof. For a Z|G(ky/k)]-module M, we have
1 — H Y (G(ky k), M) — M/(y— )M 25 N, (M) — 1.
Since the Z-module Z, is flat (see (iii) of Theorem 3 of §3.4 of [4]), we have
N.(M)®z Zy, = Np(M &z Zp)
(M/(y = D)M) @ Zp = (M & Zp)/(y = 1)(M @ Zy).

By tensoring Z,, the exact sequence leads to

1 — H G (kn/k), M)®Z, — M®Z,/(v—1)(M®Z,) =3

This shows the following isomorphism
H™ Y (G(kn/k), M) ® Zy = H(G(kn/k), M © 7).

By putting M = k¢ and using Hilbert’s theorem 90 for k)¢, the above isomorphism
leads to

Np(M®Zy) — 1.

ker(N, @ 1) = (y = 1)(k) @ Zy).
Hence we have the following commutative diagram
1l —— (('Y - 1)(k;+1 ® Zp)) mZ/{71+1(p)UlniV — un+1(p)univ

Nn+1,nJ/ Nnti,n

L —— (v = D(ky @ L)) NUn(p)™  ——— Un(p)™™

Np1®©1 Z/{k(p)univ 1

|

Nn®1 uk(p)univ 1
where the surjectiveness of each rows follows from

un (p)univ _ Un (p)comp
which is Lemma 3.4. Write

Vi = ((v = Dk ©Zyp)) NU(p)-

By taking inverse limits with respect to the norm maps and using exactness of
inverse limit over compact groups, we have

L— lmV, — Uy, — Up(p)™Y — 1.
n

Lemma 3.8. lim V, = (v —=1U.
Proof. To prove Lemma 3.8, we need the following result of Iwasawa.

Lemma 3.9 (Iwasawa). The order #(H(G(k,/k),U,(p))) is bounded indepen-
dently of n.

Proof. This follows immediately from [12]. More precisely, since every primes out-
side p are unramified over any Z,-extension ko./k, Proposition 3 of [12] and the
five term exact sequence of Hochschild-Serre spectral sequence lead to the proof of
Lemma 3.9 (see Corollary 2.4.2 of [22] and Proposition 13.2 of [25]). O
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Notice that from Hilbert’s theorem 90,
(v = Dk7) N Un(p)
(7 - 1)Un (p)

We claim that for s > n, the following inclusion map induced from the identity
map is injective

HY(G(kn/k), Un(p)) = H™ (G (kn/k), Un(p)) =

(v =Dki) O Ualp) (v = DES) N Us(p)
(v = DUn(p) (v = DUs(p)
For an (y — 1)a € (y — D)k} N U, (p), let
(y—Da=(y—1e
for some e € Uy(p). Then aa = e € Ug(p) N k) = Uy (p) for some a € k™. Hence
(v —Va = (v =1)(ae) € (v = 1)Un(p).
which leads to the injection of the natural map induced from the inclusion
(v = Dky) N Un(p) (v = DES) N Us(p)
(v = DUn(p) (v = DUs(p)
By Lemma 3.9, we have the following lemma.

11—

Lemma 3.10. For all sufficiently large s > n > 0, the inclusion map induces an
isomorphism
(v =Dki) NUnp) = ((v=DkS)NUs(p)
(v = DUn(p) (v = DUs(p)
Since H=Y(G (kn/k),Un(p)) = (v = DEkX NU,(p)/(y—1)Uy,(p) is a p-group and the
norm map N, is the p*~" power map for all sufficiently large s > n by Lemma
3.10, we have

. (y=Dk; NnUn(p)
dm (v = D)Un(p)

This results in the following corollary.

Corollary 3.11. lim((y — 1)k N U, (p)) = lim((y — 1)U, (p))-

)=1.

Since Z,, is flat over Z, we have

(v =Dk N Un(p)
(v = DUn(p)
By taking inverse limits with respect to the norm maps over compact groups, we

have

L — (y=D)Un(p)®Zp — (v—=1)k; NU(p))DZp — ( )®Zyp — 1.

1= lim((y = DUn(p) @ Zp) = Lm(((v = Dk N Un(p)) ® Zyp) —

. (y =1k NUx(p)
— lm(( (v = DUn(p) )€ Ly) = 1

Since H (G (kn/k),Uy,(p)) is a p-group, it follows from Corollary 3.11 that
(v = Dk N Un(p) (v = Dk NUn(p)
(v = 1)Un(p) (v = 1)Un(p)

and hence the exact sequence leads to the following isomorphism

lim Vi, = lm(((y — DA N Ua(p)) © Z,) = lim((y — 1)U (p) © Z,)

i

)®Zp):££n(

) =1
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where we used
(v =Dk NUn(p) ® Zp = (v = Dk @ Zp) N (Un(p) ® Zyp) = Vir
since Z,, is a flat over Z (see Remark 1 of §2.6, Chapter I of [3]).

The exact sequence 1 — Ug(p) — Un(p) = (v = 1)U, (p) — 1 leads to

1— Up(p) ® Zy — Un(p) @ Zp 23 (v — 1)U (p) ® Zpy —> 1.
By taking inverse limits over compact groups, we have
(v = Do = @((7 = DU (p) ® Zyp).
We obtain the proof of the claim
lim V,, 2 (7 — 1o

and thereby complete the proof of Lemma 3.8. (]

Lemma 3.8 and Theorem 3.6 complete the proof of Theorem 3.7. O

From the weak Leopoldt conjecture for (k,p), Theorems 3.6 and 3.7 lead to

rank(l(iLn A(U,(p))r =71 + 72

).,miv

It follows from the natural surjective map an AU, (p))r = A(Uk(p) — 1

that A(Uy (p))univ has Z,-rank at most 71 4+ ro. From the Leopoldt conjecture for
(k,p), Ay induces an injection 1 — (U (p))"v — A(Uyg (p))unlv which shows from

Theorem 3.7 that A(Uk(p))umv has Z,-rank at least r; 4+ ro and hence exactly
r1 + ro. It follows that
AT@) " = Us(p)™ = Uso)r = (im AT, ()))r

which is Hilbert’s theorem 90 for A(Uy(p)). This completes the proof of Theorem
1.2 (]

Remark. We notice from the proof of Theorem 1.2 that if £&°/k is totally ram-
ified then the affirmation of the Leopoldt conjecture for (k,p) is equivalent to the
affirmation of Hilbert’s theorem 90 for A(Uy(p)) over k¥°/k.

3.5. In this subsection we prove Corollary 1.3 of the introduction and explain
special cases of the corollary. We recall Corollary 1.3 of the introduction.

Corollary 3.12. (i) If k is a totally real field then the affirmation of the Leopoldt
congecture for (k&Y°,p) is equivalent to the affirmation of the Gross conjecture for
(kZ°,p) and Hilbert’s theorem 90 for A(Uy,(p)) over kZ¢/k,, for all n > 0.

(ii) If k is a CM-field with a mazimal real subfield k* then the affirmation of
the Leopoldt conjecture for (k& p) is equivalent to the affirmation of the Gross
conjecture for (kX¥¢, p) and Hilbert’s theorem 90 for A(Uy+(p)) over kI /K for
allm > 0.

Proof. Tt is well known that the Leopoldt conjecture implies the generalized Gross
conjecture when the base field k is totally real. In fact, we immediately recover
this from the equations (1) and (2) in the proof of Theorem 1.2 since the Leopoldt
conjecture is equivalent to the claim that k has only one Z,-extension when £ is
totally real. Hence from Theorem 1.2, we prove the first claim of the corollary.
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For a CM-field k with its maximal real subfield kT, it is also well known that
the affirmation of the Leopoldt conjecture for (k,p) is equivalent to the affirmation
of the Leopoldt conjecture for (k™,p) (see Corollary 10.3.11 of [22]). Note that for
each n > 0, the intermediate field k" of kTv¢ = kTQ%¢ is totally real. Hence from
Theorem 1.2 and the first claim of the corollary, we can prove the second claim of
the corollary. This completes the proof of the corollary. ([l

When the number ri(p) of primes of k dividing p is one, we have the following
lemma which is well known. We prove this using a remark of Iwasawa.

Lemma 3.13. For a number field k, if ri,(p) = 1, then the generalized Gross
conjecture holds for (k,p).

Proof. Let u(koo/k) be the set of primes of k which are ramified in ko /k. Then it
follows from the elementary Iwasawa theory and the class field theory that u(koo/k)
is a nonempty subset of the set of primes of k dividing p. By the assumption of the
lemma, the cardinality #(u(koo/k)) is equal to one for any Z,-extension ko, of k. We
recall the observation of Iwasawa that a Zj-extension ko, of k such that #(u(ke/k))
is minimum in the family of all Z,-extensions of k must satisfy one of the equivalent
conditions (i),(ii) and (iii) of §2 (see page 804 of [13]). By taking ko, = k¥, we see
that the generalized Gross conjecture holds for (k,p). This completes the proof of
the lemma. ]

Remarks. 1. For every Zj,-extension of k, there exists an integer n(k) > 0 such
that every prime which ramifies in ko /kyx) is totally ramified (see Lemma 13.3
of [25]). Hence note that for all n > n(k), the number r(p) of primes of ko, lying
over p is equal to that of k,, i.e., 7o (p) = 7%, (D).

2. As special cases of Corollary 3.12, if the real subfields in (i) and (ii) of
Corollary 3.12 have only one prime lying over p, then Lemma 3.13 provides us with
more simple descriptions.

(i) If k is a totally real field with 7o (p) = 1, then the affirmation of the Leopoldt
conjecture for (k¢ p) is equivalent to Hilbert’s theorem 90 for A(U,(p)) over
k%Y /ky, for all n > 0.

(i) If k is a CM-field with the maximal real subfield £* such that r.+(p) = 1, then
the affirmation of the Leopoldt conjecture for (k&Y°, p) is equivalent to Hilbert’s
theorem 90 for A(U,+(p)) over k1Y /k;} for all n > 0.

3. Now let k be an arbitrary number field which is not necessarily totally real
with roo(p) = 1. We notice that due to Lemma 3.13, if ro(p) = 1, then the
affirmation of the Leopoldt conjecture for (k¥¢ p) is still equivalent to Hilbert’s
theorem 90 for A(U,(p)) over k°/k, for all n > 0. This statement can also be
recovered in the proof of Theorem 1.2. In fact the proof of Theorem 1.2 use the
generalized Gross conjecture essentially only for (3) in the proof of Theorem 1.2
which is automatically satisfied when 7o (p) = 1.

4. Finally let k be an arbitrary number field which is not necessarily totally real
with 7o (p) > 1. In this case, we may apply a result of [24] with the assumption
that k is Galois containing p, and r.(p) = 2. In this case the result shows that
the generalized Gross conjecture holds for (k¢ p). In fact if k is Galois containing
pp With 7o (p) = 2, then it follows that for each n > 0, k,, is also Galois containing
wp and r, (p) = 2. Hence if k is Galois containing p, with 7o (p) = 2, then the af-
firmation of the Leopoldt conjecture for (k&X¢, p) is equivalent to Hilbert’s theorem
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90 for A(U,(p)) over kZ¢/k, for all n > 0.

3.6. We are informed that results of Jaulent (cf. [15] and [16]) can also be used to
recover a part of Theorem 1.2 using results of [18] and [24]. Under the assumption
of the generalized Gross conjecture for (K¢, p), we will show that the Leopoldt
conjecture for (K, p) implies the condition of Hilbert’s theorem 90 for A(U(p))
over kZ¥°/k.

We use the logarithmic description introduced by Jaulent in [15] to compute here
the Zy-rank of 2. Let 71,72 and s be the numbers of real places, complex places
and respectively places dividing p in K. We use the following definitions from [15].
(i) px the p-subgroup of the group of roots of unity in K;

(ii) & = Z, @z E; the p-adification of the group of p-units E}, & ppZmTr2s—1
(iii) Ex the subgroup of logarithmic units of K;

(iv) e = (Z @ K*) O[T o

(v R = lep Ry the p-adic compactification of the semi-local product lep Ky;
(vi) pp = 1), e the torsion subgroup of R,,.

Frorn the proposition 1.1 of [24], it follows that the I-invariant T,(K)I' of the

Tate module T,,(K) of K is given by
Ex
(UK(p> ® Zp)univ :
If we denote by dg(K) the defect of the generalized Gross conjecture(GGC) of K,
ie.,

Tp(K)F =

dc(K) := rankz, T,(K)
then it follows from Theorem 3.7 that
gK ~ NKZ;1+T2+5G(K)'

This is in fact Proposition 3.4 of [15].
Since pl2¢ is the kernel of the semi-localization homomorphism
Sp : gK — Rp/,up,
we can write
e = KZf,L(K)
where 07, (K') denotes the defect of the Leopoldt conjecture(GLC) of K (cf. Scolie
2.13 of [16]) and hence

sp(Ex) 2 Exc e = g t72 = (BL(K) =00 (K))

where sp(gK) is just the group Q. Hence we obtain immediately the following
statement. If one assumes rkz, (2) = rkz,(s,(Ex)) = r1 + 72, then it follows that
oL (K) = da(K).
In special this implies that (GLC) <= (GGC).
Moreover under the assumption (GGC) for (K2, p), we will show that (GLC)
for (K¢, p) implies the condition of Hilbert’s theorem 90(H90) for A(Uy(p)) over
kX/k. Put G, := G(K,/K). By Proposition 2 of [9], the generalized Gross

conjecture for (K¢, p) implies that the quotients £k /uk, are free over the group
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algebra Z,|G,] of rank r + 7. Thus, in this case, the logarithmic groups & k,, have
trivial cohomology.

It follows from the weak Leopoldt conjecture over K&Y¢/ K that the defect /Jl]?i /K,
of the Leopoldt conjecture stabilizes in K¥¢/K.

Hence the exact sequence

loc

1l — pgl — gKn — Sp(gKn) — 1
and the well known fact that H*(G,,, ux, ) = 1 for all i > 0 result in the following
isomorphisms
Hl(Gm Sp(gKn)) = Hz(GnaﬂlI?i) = HQ(Gm:ulI?i//‘Kn) = (Zp/pnzp)éL(Kggc)~
It follows that B
HY(Gp,sp(Ex,)) =1 <= 6.(K,) =0.
By taking inverse limits to the exact sequence of compact modules obtained from
Hl(Gna Sp(gKn)) =1,
1— (0 — Dsp(Ex,) — 5p(Ek,) — Nusp(Ex,) — 1
it follows that

univ

1 — lim(y, — 1)s,(Ex,) — AU) — AOxp)" — 1.

The exact sequence 1 — ker(y — 1) — 5,(Ex,,) = (v — 1)sp(Ek,) — 1 leads
to

(= VA=) = im((y — sy(Exc,)
since I'Lnker(’y — 1) = 1. Hence we have

0r(K,)=0for alln > 0 <= Hl(Gn,sp(gKn)) =1for alln > 0= (H90).
For the reverse direction (H90) = 61 (K,,) = 0, we need to apply again §3.3.

Acknowledgment.
We would like to thank the referee for helpful comments and suggestions.

REFERENCES

[1] E. Artin and J. Tate, Class field theory (2nd edition), Addison-Wesley, 1990.
[2] F. Bertrandias and J. Payan, ['-extensions et invariants cyclotomiques, Ann. Sci. Ecole Norm.
Sup. 5 (1972), 517-543.
[3] N. Bourbaki, Elements of Mathematics: General Topology Part 1, Addison-Wesley 1966.
[4] N. Bourbaki, Elements of Mathematics: Commutative Algebra, Addison-Wesley 1972.
[5] A. Brumer, Galois groups of extensions of algebraic number fields with given ramification,
Michigan Math. J. 13(1966), 33-40.
[6] L. Federer and B. Gross (with an appendix by W. Sinnott), Regulators and Iwasawa modules,
Invent. Math. 62 (1981), 443-457.
[7] G. Gras, Class field theory, Springer-Verlag, 2003.
[8] R. Greenberg, On a certain l-adic representation. Invent. Math. 21 (1973), 117-124.
[9] C. Greither, Sur les normes universelles dans les Zy-extensions. J. Théor. Nombres Bordeaux
(1994), 205-220.
[10] B. Gross, p-adic L-series at s = 0, J. Fac. Sci. Univ. Tokyo IA 28 (1981), 979-994.
[11] T. Husain, Introduction to Topological Groups, W. B. Saunders Company (1966).
[12] K. Iwasawa, On Z;-extensions of algebraic number fields. Ann. of Math. 98 (1973), 246-326.
[13] K. Iwasawa, On cohomology groups of units for Z,-extensions, Amer. J. Math. 105 (1983),
189-200.
[14] J.-F. Jaulent, L’arithmetique des l-extensions. These, Université de Franche Comté, 1986.



22

SOOGIL SEO

[15] J.-F. Jaulent, Classes logarithmiques des corps de nombres, J. Théorie des Nombres de Bor-

deaux 6 (1994), 301-325.

[16] J.-F. Jaulent, Théorie l-adique globale du corps de classes, J. Théorie des Nombres de Bor-

deaux 10 (1998), 355-397.

[17] M. Kolster, An idelic approach to the wild kernel, Invent. Math. 103 (1991), 9-24.
[18] L. Kuz’min, The Tate module of algebraic number fields, Izv. Akad. Nauk SSSR Ser. Mat.

36 (1972), 267-327.

[19] S. Lang, Cyclotomic Fields I and II (with an appendix by K. Rubin), GTM vol. 121, Springer-

Verlag 1990.

[20] H. Leopoldt, Zur Arithmetik in abelschen Zahlkérpern. J. Reine Angew. Math. 209 (1962),

54-71.

[21] J. Neukirch, Class field theory, Grundlehren der Math. (vol. 280), Springer-Verlag 1986.
[22] J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of Number Fields (2nd edition), Springer-

Verlag 2008.

[23] L. Pontriagin, Topological Groups (2nd edition), Gordon and Breach 1966.
[24] S. Seo, On the Tate module of a number field, preprint.
[25] L. Washington, Introduction to Cyclotomic Fields (2nd edition), GTM vol. 83, Springer-

Verlag 1997.

DEPARTMENT OF MATHEMATICS, YONSEI UNIVERSITY, 134 SINCHON-DONG, SEODAEMUN-GU,

SEOUL 120-749, SOUTH KOREA e-mail: sgseo@yonsei.ac.kr



