ON THE TATE MODULE OF A NUMBER FIELD
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ABSTRACT. Following Kuz’'min, we investigate the Tate module of a number
field k£ in terms of certain arithmetic properties of the p-units via class field
theory. This gives rise to a relation of the Tate module of k with the conjectures
of Gross and Coates-Lichtenbaum as well as a question of Kato. We reduce the
Gross conjecture to the study of the universal norm subgroup of the p-units
over the cyclotomic Zp-extension and prove the Gross conjecture when the
number of primes of k dividing p is at most 2.

Last modified May 2013.

1. INTRODUCTION

One of equivalent forms of the Gross conjecture can be described as a finiteness
of the Galois invariant T, (k)" of the Tate module 7}, (k) of k over k¥°/k. Kuz’'min
interpreted Tp(/f)F in terms of a deep arithmetic properties of the p-units.

The purpose of this paper is to extend further this point of view in a clear way
using Hasse’s local-global norm theorem of the p-units of k£ and to prove the Gross
conjecture when the number of primes of £ dividing p is at most 2.

For a number field k, let ko, = Un kn be a Zy-extension of k with £, the unique
subfield of k., of degree p™ over k. Let Ny, , = Ny, /1, denote the norm map from
km to k, and let N, = N,, ¢ denote the norm map from k,, to the ground field
ko = k.

For a subgroup C,, of k), we define the norm compatible subgroup C:°™P and
the universal norm subgroup C1™" as follows

Ci™ = () NonnComy C52™ i= 7(lim Cpn)
m>n m>n
where the inverse limits are taken with respect to the norm maps and # = 7,
denotes the natural projection from @mzn Cm to C,, defined as
W((bm)mzn) = by.
By taking ramifications over a Z,-extension into account, we notice that
CLmY = €Y (VU (p), €S = (Co VU ()"
where U, (p) denotes the p-units of k,, and
(Cn N Un(p))*™ = m(Jim (Crn O Un(p)))-

m>n
For {C,, ® Zp}m>n, let m also denote the natural projection
T @(Cm@)zp) — Cr @ ZLp.

m>n
1
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The norm compatible subgroup (C, ® Z,)°°™ and the universal norm subgroup
(Cn ® Zp)"™ of C,, ® Z,, are defined as

Cn® Zp)univ = ﬂ N (Cm @ Zp), (Cr @ Zp) ™ 1= m( %ﬂl (Cm @ Zp)).
m>n m>n

For a finite cyclic extension K/k and for a finite set S of primes of k, let Uy(S)
be the global S-units of k. Let S’ be the set of primes of K lying over each prime
vES,

S ={wlv; ve S}
We also let Uk (S) := Uk (S’) denote the global S’-units of K. Let
Jrs = [ Uox [] %
weS’ weS’
be the S-idele group where we identify Uk (S) with a subgroup of Jk g via the the
diagonal imbedding ¢, s : Uk (S) — Jk,s.
For K =k, and S = {v|p}, we write
Un(p) == Uy, (5), ¢n = ¢k,.s-

We have the following exact sequence

1 — ker(¢n) — Us(p) 2 H(G,, Jk,,s)
where G,, :== G(k,/k) denotes the Galois group of &, /k.
Write
N, (p) := ker(¢y,).

Then Hasse’s theorem for k* implies that

NpUn(p) C Mu(p) C Uk(p) N Nukyy .
Let

En(p) :={a €k} | Ny(a) € My(p)}

be the inverse image N,; (M, (p)) of M, (p) inside k<. By tensoring with Z,, the
exact sequence induces

1 — ker(@,) = Mo (p) © 2y — Uilp) 9.2 22 (G, i, )
together with
Nu(Un(p) ® Zp) € Ra(p) © Zp = Nu(€n(p) © Zy) © (Un(p) N Nakl) @ Z.
Then
ker(do,) = ﬂ ker(¢,,) = ﬂ M (p) @ Zy) = (Ex(p) @ Zp)"™.
n>0 n>0

Now let koo = k° = U, kn be the cyclotomic Z,-extension of k. Let I' denote
the procyclic group G(k,/k) and for each n > 0, let T',, = G(koo/ky) be the unique
subgroup of I' with index p™.

Let S := S, = {v|p} be the set of primes of k,, dividing p. Let Cl(k,) be the
ideal class group of k,, and let

ClS(kn) = Cl(kn)/<d(v)>v€5'

be the S-ideal class group of k,, where cl(v) € Cl,, is the ideal class containing v.
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We define the Tate module T),(k) of k following Kuz'min as the inverse limit of
Clg(ky,) with respect to the norm maps,

T, (k) := Jim(Cls (ky) © Z,).

Using infinite class field theory we will prove the following result of Kuz'min(see
Proposition 7.5 of [18]). The statement and the proof of the result of Kuz'min will
then be more clear due to ¢_.

Proposition 1.1. Let k be a number field. Then we have the following isomorphism

T (k)F — ker(aoo) B (Sk (p) ® Zp)uniAV )
! (Uk(p) @ Zp)™™  (Ug(p) ® Zp)™™
For a finitely generated Z-module M, let M /tor(M) be the quotient of M by its

torsion tor(M) and let

ranky, M := ranky (M /tor(M))

be the Z-rank of M /tor(M). Similarly, we define rankz M for a finitely generated
Z,-module M.

Corollary 1.2. If k satisfies the Gross conjecture, then
ranky &, (p)"™ = rankg Uy (p)"™".

Finally we prove the Gross conjecture when the number r of primes of k dividing
p is at most 2.

Let k8% denote the Galois closure of k in a fixed algebraic closure k& of k and
for each n > 0, let j,, denote the group of nth roots of unity in k.

Theorem 1.3. If k is a number field such that for K := k&(u,,), there are at most
two primes dividing p in K¢ = kgal(,upoo), then the Gross conjecture is true for
kn for alln > 0.

Remark. We remark here that a great deal of progress has been made in recent
years towards proving (refined, equivariant forms of) Gross’s conjecture not only
its order of vanishing part, which is the main point of concern of this paper, but
also its leading term part, which has deep arithmetic consequences.

Refined versions of Gross’s conjecture have been showed to be consequences of
the Equivariant Tamagawa Number Conjecture and Equivariant Versions of the
Main Conjecture and the latter have been proved under the hypothesis that a
certain mu-invariant vanishes in the context of abelian CM extensions of totally
real number fields.

For details, we refer, for instance, to a series of papers (cf. [4], [5], [6]) of David
Burns.

2. THE TATE MODULE AND THE (GROSS CONJECTURE

For the local field k, which is the completion of k at a finite place v, let k, o be
the corresponding Z,-extension of k,. Let

Eloc = {a € k™| there is (aw,,) € @kv,n such that a, ¢ = « for all v}
be be the set of all elements which are locally norm comparable at all finite palces.
We need the following well known lemmas and we give here brief proofs for the
convenience of readers.
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Lemma 2.1. Let ©,, be a subgroup of U, (p) such that Ny, , : O, — ©,,. Then we
have (© ®z Z,)"™ = (O ®z Z,)*™P.

Proof. We use the fact that the p-adic completion ©,, ®z Z, = yinr @n/(@n)p’“
of ©, is compact. For r > m > 0 and for a € [, Np(0,, ®z Zp), let X, (o) =
Nym©y ®@z Zp (\Nyta where Nta = {b € Uy, (p) ®z Zy|Np(b) = a}. Since
a €, Nn(©, ®zZ,), X, (a) is non empty and compact.

The family X, («) has the finite intersection property as r > m varies because
for a finite set of numbers ng > ... > n; > m, X,,(«) is a non empty decreasing
chain. It follows that there is 3,, € (,~,,, Nr.m(©r ®z Zy,) such that Ny, 3, = a.

In this way, one can construct a norm comparable sequence whose first term is
a. This completes the proof of Lemma 2.1. O

Lemma 2.2. Let k be a number field. Then, we have k'°¢ = K"V = Uy (p) N kU0iY,
Proof. 1t follows immediately from the Hasse’s local-global norm theorem. O

Let
A B — H Eff, as (a0 )
V0o
denote the diagonal imbedding where M=M= mn M /Mp is the p-adic
completion of any abelian group M and let
N Up) @ Zy — [[ R x J[ Uoc T B2 = (T] 80"
v|p vipoo vF#00 v#00
be the induced map from A’. Note that the p-adic completion 7<;\;< of k is com-
pact and hence by the Tychonoff Theorem, [], £oo vX is compact. The topolog-
ical closure A’(Uk( )) of the image A’'(Uk(p)) of Uk(p) under A’ in the group
For

[T, kv X Totpoo U, is compact and similarly, A/ (k*) is compact in |

1);&00 v .
v1{p, U, is the p-torsion part of U, and kx is the direct sum of Z, and U

Since Uy (p) is a Z-module of finte type, the topological closure A’ (Uk(p)) is equal
to the image A/(Uk(p) ®z Z,) of

U(p) @2 Zy 25 N(Up(p) — 1.

It is well known that A’ is injective for the global units U which is a stronger
statement than the Leopoldt conjecture (see Theorem 4.4 and Remark 4.4.8 of [9])

N U, ®Zy = N(Uy).

For the reader’s convenience, we will sketch the proof of the isomorphism for
the global p-units Uy(p) following Theorem 4.4 of loc.cit. We fix a Z-basis {e;} for

Ur(p) = >, eiZ. Suppose that e = [[,e; ® oy € Ker(&) C Uk(p) ® Z,, for some
oy € Zyp. Write a; = i + p"b; p, for some a;,, € Z, b, € Zy. We have

€= Hei ®a; = Hei ® (@in +P"bin)
= J](ei®ain) H(ef’”‘ ®bin)
= Tl o )T @bin).
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For all tame primes v { p, Hensel’s lemma shows that Z\’(a) = 1 implies that

ain xp"
e; ekt .

It follows from the local-global principle for powers(see 11.6.3.3 of loc.cit) that
e € Upl(p) NK*P" = Up(p)”"
and hence, for all n > 1,
£ € (Unlp) ® Z,)""

Since Uy, := Uk(p) ® Zy, is a Zy-module of finite type, Uy, is Hausdorff(see I11.2.3.3
Exercise (ii) and its solution of loc.cit) which shows that

seﬂb{,‘fnzl.
n

This completes the proof that A is injective.

2.1. Proof of Proposition 1.1. We define the Tate module T}, (k) as
Ty(k) = @G(Ln/kn)

the inverse limit of G(L,/k,) where L,, is the maximal abelian p-extension of k,
which is unramified and all primes dividing p split completely over k,. By Class
field theory, this is equal to the one defined in the introduction.

Let X be the Galois group G(F/kZ°) of the maximal abelian p-extension F' of
k¢ = U, kn. Then X is a regular I-module, ie., for all n > 0, X' = 0, by
Kuz'min (Lemma 7.4 of [18]).

Let W denote the subgroup of X generated by the inertia groups for p { p and the
decomposition groups for p|p. The exact sequence 1 — W — X — T, (k) — 1
results in the following exact sequence

1= X" — T,(k)" — Wr 2 Xp — T, (k)r — 1.
If Fy denotes the maximal abelian subextension of F' over k, then
Xr = G(Fo/kZ°).
If Ly denotes the maximal subextension of Fy such that Ly/kSY¢ is unramified at
all primes p { p and Lo = ko over primes P dividing primes p of k¢, then
Ty(k)r = G(Lo/KLE).
For vl|p, let U, denote the norm compatible elements W(l&l kyn) C k) over the
cyclotomic Zj,-extension ki¥s, = U, kvn of ky. For the basic facts on infinite class

field theory which will be used here, we refer to §3.7 of [9].
Let Ji denote the idele group of a number &k and let

By = [\ Nuklo,

be the universal norm elements of k7Y5 = U,, kv, over k.
Using class field theory (cf. the second paragraph of page 280 of [18]), we will
prove the following claim.

G(Lo/k) = the p-part of Ji/EUse [ Us ] %o-

vtpoo v|p
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Proof of the claim. The field L} corresponds to the maximal extension of k& which
is unramified at all primes prime to p and (L), = (kX°), at all v dividing p. Since
an extension /k which is unramified at all primes prime to p and (Lg), = (kZ°),
at all v dividing p corresponds to an idele subgroup containing Hv@ U, H'U|p Ev, it
is obvious that the idele subgroup corresponding to Ly, is the closure

< TT s [T ko
vtp vlp
in the idele topology of k* Hv’(p U, Hvlp EU.

Let Uy, = HU‘OO U, = (RY)™ x C*"2 and let kX Uy denotes the closure of k* Us,
in the idele topology. It follows that

F*Use = [ E* UnUse

where m = [][p™ runs over all finite products of finite primes of k and U, =

(L + ) =TT U7
Let

Uv = n Nn Uv,n
n

be the universal local units where U, ,, denotes the local units of &k, = F%m @
Uy,n for a fixed uniformizer m, , of k,,. Since U, , is compact and norm map is
continuous, U, is compact.

Since each prime v|p is totally ramified over k, , for a sufficiently large n, we
have

ky = (mlvu,) @ U,

where m, is a fixed uniformizer of k, and u, is an element of U,. _

Note that since ij(poo U, Hv‘p U, is compact, kX Us, Hvﬁm U, Hv‘p U, is closed
by a well known fact (see Lemma 1 of page 77 of [1]). Then the quotient space

T =T/ Us [[ U] 0

vtpoo  wvp

is a topological group which is again locally compact (cf. §19 of [21]).
Since the subgroup

Q=rUx [ o[ */k*U ] U. ][0 ¢ 5
vtpoo  vlp vipos lp
is a discrete subgroup of Jj generated by {nguv}ﬂp, it is a closed subgroup of
Ji- Since the natural map p: Jp — Ji/kX U proo U, Hv‘p U, is continuous, its
inverse p~1(Q) = mnv@m Uo [ L k, of Q is a closed subgroup of Jj.
This shows that

< [Too I %o
v|p

vip

I
™
X
g

—
&

—
&

vtpoo vlp
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This completes the proof of the claim. In fact, since k* ]_[Ufp U, Hv‘p ko is locally

compact, k* [T, Us [, k, is closed in J; (see Appendix).
We have the following isomorphisms

Uso [] Us[[Fo/BUe = ®Us [[ U] F/FUsx

vipoo v|p vfpoo vlp
=TI T0eATT o IT 0 50
vipoo v|p vfpoo v|p
= T v I]ko/(T] U [T Fo 0 ()E*Un)
vipoo v|p vipoo v|p m
= [ v]]k/(T] Uo]Tke 0 (\Uk(®)Un)
vtpoo |p vtpoo lp m

where the first isomorphism follows from (G) of §20 of [21] since Jj is locally
compact which can be represented as set theoretic union of a countable number of
compact subsets.

The p-part of ([ Toipoo Uv I Ly ko N N Uk (p)Un) can be identified with ker(é..) :
N,, ker(¢,,) which is the intersection of the closure Uy(p) ® Z,, of Ui (p) with the

p-part ([0 U I 1, k,)" inside | kX
Hence we have (cf. equation 7.11 of Kuz’min [18])

k- vap Uy Hvlp ke )
kX Us
HU'prO U, Hv|p E?)
(Hv{poo Uy Hv\p F];U n nm Uk (p)Um

Im(8) = the p-part of (

>~  the p-part of (

~ (Hv{poo UU Hv\p kv)/\
- ker(¢o) '
Write
-1
Wmn = 7 7 -
) ’_yp _ 1

Then, for m > n, wy, , induces
Wit Tp (ki)' — Ty (k)™
such that the corresponding inverse limit becomes trivial

l'&n Tp(kn>rn =

using finiteness of class number of k,.
Then by replacing the ground field k by k,,, we have

W= yﬂlWFn = lim(( H Un,v HEn,v)/\/kedan,oo)

vipoo vlp

=18

i

( H Unw HEn,'U)A/@ker(an,m)~

vipoo vlp "

B
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Since

@ker(an,oo) = @(Un(p) ® Zp)univ

n

the expression of W above leads to

1 — lim(Un(p) ® Zp)™Y — lim( H Un.o 1_['15,%,,)A — W — 1.

n

vipoo vlp

The short exact sequence above yields

— (I&H(Un(p) & Zp)univ)F i> (I&H( H Un,v H%n,v)/\)l“ — WF — 1.

noupos  wlp

Since thooo Un v Hv‘p Enﬂ, is cohomologically trivial by Kuz'min (see page 302
of [18)]), it reduces via the natural projections, i.e., the norm maps to

w(im( T Unoo [ R e) = (I Vo [T F0)"

vipoo v|p vtpoo vlp

In fact, U, , is cohomologically trivial G(k,/k)-module for v { p since it is un-
ramified at v { p. For v|p, %n,q, is cohomologically trivial G(k,,/k)-module by Lemma
7.1 of [18]. Thus, the p-part ([, Unw [, Em,)/\ is also cohomologically trivial
G(kp/k)-module.

By taking the limits to the following short exact sequence

(I Uno [TFne) — (I Unio [THn)* — (T U I %)

vipoo v|p vipoo v|p vipoo v|p
we have -
(Aim( IT U [T*n)r = (TT U [T %0)"
" vipoo vlp vipoo v|p

Under the identification of above, the image of a corresponds to

Im(a) = 7(Im(Us (p) ® Zp)"™) = (Ur(p) @ Z)™™.

n

we = ([T U [Tk /(Wklp) @ Z) .

vtpoo vlp

Hence

Now the image of § reads off

Im(8) = Wr/Ker(8 H Hk: " Jker(¢

vtpoo  wlp
We have
(gk: (p) ® Zp)univ
(Uk(p) © Zp)™™™
since ker(¢..) = (Ex(p) ® Z,)"™™V. This completes the proof of Proposition 1.1.
We have the following corollary which is Corollary 1.2 of the introduction.

T, (k)" = Ker(8) =

Corollary 2.3. If k satisfies the Gross conjecture, then

ranky, E(p)"™ = ranky Uy (p)"™".
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Proof. Write A(n) := Np&En(p)NUk(p). Then the inverse limit of A(n) with respect
to the inclusion maps is E(p)"™" and the inverse limit of A(n) ® Z, with respect
to the inclusion maps is (£x(p) ® Z,)"™ " since
A(n) © Zp = Nn(En(p) ® Zp) N (Uk(p) @ Zp).
By taking inverse limits with respect to the inclusions, the exact sequence
1 — No(Un(p) ® Zp) — A(n) @ Zyp — (A(n)/Nn(Un(p)) @ Zp — 1

leads to

L (Up) @ 2,)" — (E6lp) @ 7)™ — (o 2,) — 1

= No(Un(p))

where the inverse limit is exact since A(n) ® Z,, is a compact topological group. By
the assumption and Proposition 1.1, we have

) A(TL) _ (&;(p) ®Zp)univ o
R A A AT AT

It follows from Uy (p) D A(n) D N, (Un(p)) D Ur(p)?" that A(n)/N,(U,(p)) is a

p-group and there is an isomorphism

. A(n)
@ S R GAD)

By taking inverse limits to

) 2 Jim( 2

LS A GAT) R

1 — No(Un(p)) — A(n) —
we have the following left exact sequence

1— Up(p)™ — &(p)™ — @(Z\%)'

From (1) and (2), this leads to the following identity
ranky, Uy (p)™ = ranky, & (p)"™".
(]

2.2. The Gross conjecture. We briefly introduce following Iwasawa (see §4 of [14])
and Kolster (see §1 of [17]) equivalent forms of the Gross conjecture using the coho-
mologies over I' := G(kZ°/k) from the original one which concerns the minus part
of the p-units of a CM field to the generalized form of an arbitrary number field.

From the seven term exact sequence of Auslander-Brumer and Chase-Harrison-
Rosenberg, there exists a map

Vs : H*(T,Us(S)) — Bg := ker(H*(T, k%) — H*(T, I.))

where Uy (S) and I, are the group of the S := {v|p}-units and the group of
fractional ideals of kZX° respectively. Then it can be shown that the Gross conjecture
for k is equivalent to one of the following equivalent statements;

i) 1g is surjective,

ii) Cloo(9)' < 00,

iii) HY(T, Clso(S)) = 0,

where Clo(S) is the p-part of the S-ideal class group of k¢,

iv) Tp(k)r < oo,

v) Tp(k)'' < oc.
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The equivalence of i), ii) and iii) is explained in §4 of [14] and the equivalence of
ii), iv) and v) is explained in Theorem 1.14 of [17].

If k£ is a totally real field, the Leopoldt conjecture, i.e., the uniqueness of a
Z,-extension of k, implies g is surjective.

When k is a CM field and p is odd, there exists a decomposition of +1-eigenspaces
via the complex conjugation

YE L HA(D,Us(S)* — BE.

Note that the surjectivity of the plus part w; is equivalent to Leopoldt’s original
conjecture and the surjectivity of the minus part ¢4 is equivalent to Gross’ original
conjecture.

2.2.1. Second proof of Corollary 1.2. In this subsection we prove Corollary 1.2 with-
out using Proposition 1.1. Let K/k be a finite cyclic extension and for a finite set
S of primes of k containing all ramified primes in K/k, let Ug(S) be the global
S-units of k. Let

S ={wlv; veS}
be the set of primes of K lying over each prime v € S. We also let Uk (S) := Uk (S")
denote the global S’-units of K. Let

Jrs = [ Uox [] &
w¢S’ weS’

be the S-idele group and let
Cr,s = Jk,s/Uk(5)

be the S-idele class group where we identify Uk (S) with a subgroup of Jx g via
the the diagonal imbedding ¢x s : Ux(S) — Jk.s.

Since w ¢ S is unramified in K/k, the local units U,, is cohomologically trivial
for w ¢ S. Hence by Shapiro’s lemma, we have

ﬁi<GK/k7 JK,S) = H Eri(GKw/kv,wa).
weS
Using the isomorphism above and Hilbert’s theorem 90, the exact sequence 1 —
Uk(S) ¢L>S Jr,s — Ck s — 1 leads to
Uk(S) (ZEK/IC,

1 ﬁ71 I Sl S fIO KX
3)1— (GK/k,CK,S)HNK/kUK(S) — };[s (Gry /i K)

where Ny, is the norm map of K/k and éK/k,S is the map induced from ¢x s. It
follows that

H™Y (G Ok ) = ker(bx n.s)
We let
dx /s Ue(S) — [[ H(Groyi, . K2) = T B2 /Nky 1, Ko
weS weS
denote the composition of the natural projection 7 : Ux(S) — Ux(S)/Ng/kUk (S)
and ¢x ks : Un(S)/Ni/wUx (S)— [Tyes H (Gr, i, Koy )-
Hasse’s theorem for k£* implies that

Ng Uk (S) C ker(d/k,s) C Ur(S) N N/ K.



ON THE TATE MODULE OF A NUMBER FIELD 11

For the cyclotomic Z,-extension k3¥°/k and for the set S of primes lying over p,
we write ¢, := ¢y, /x5 and

ker(¢oo) := ker(o,..5) = ﬂ ker(¢y,).

n>0

Lemma 2.4. If #(H%(G,,Cls(ky))) is bounded independently of n, then

ranky & (p)"™ = rankg Uy (p)"™V.

Proof. Let Uy, s be the compact subgroup

Uk,,s = H{l} X HUU

v|p vip
of the Jy, and let
Cs(kn) := Ji, [k Uk,.s = Cr, /Uk,.s-
We have the following exact sequence (see Proposition 8.3.5 of [20])

(4) 11— Ckn,S — Cs(kn) — Cls(kn) — 1
and the following isomorphism (see Proposition 8.3.7 of [20])
(5) H'(G, Cs(kn)) = H'(Gn, Cr, )
where

Ch, = Ju, /Ky

is the idele class group of k,,. By class field theory, we have
H™Y(Gn, Cs(ky)) 2 H (G, Cy,) = 1.
Hence the exact hexagon induced from (4) leads to

(6) H(Gn,Cs(ky)) — H(G, Cls(kn)) — H (G, Ch, 5) — 1

with R
H Gy, C,.5) = ker(én)/NpUpn(p).

s

By the sequence (3) with K = k,,, there exists a constant ¢ such that

(ker(¢n) : NoUn(p)) < c.
If o € ker(¢oo) =), ker(¢,), then a¢ € N, N,Un(p) = Ug(p)V.
Since ker(¢oo) = Ex(p)"™ is a finitely generated Z-module and E (p)"™V /Uy (p) ™™V
is p-group, we have
(Ex(P)™ : U(p)"™™) <’

where r = rankg /7 (Ex(p)™ /p - E(p)™™).
This completes the proof of Lemma 2.4. O

Since there is n > 0 such that the primes dividing p are totally ramified over
k¢ /k,, we may assume that kZ¥°/k is totally ramified at primes dividing p by
replacing the base field with &,.

Let N, : Cl,, — Cly = Cli be the norm map over the ideal class groups and
jn : Clg — Cl,, be the natural map. Then we have

Jno N, =tr, = Z o
oeG,
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and
_ CZS (kn)Gn

Let
Cls(kn)n, = {a € Clg(kn)|Nn(a) =1}

be the kernel of the norm map N,,. By Proposition 1.1, the Gross conjecture ii)
and Proposition 1.4 of [17], we have

#(Clg(ky)9") < 00
independently of n. This leads to
#(H* (G, Cls(kn))) < o0.
By Lemma 2.4, we complete the proof of Corollary 1.2.

2.2.2. Ezamples of (Uy(p) ® Z,)™" # (kX ® Z,)"™V. Proposition 1.1 leads to the
following corollary.

Corollary 2.5. Let k be a number field.
(Uk(p) ®Zp)univ — (kx ® Zp)univ — Tp(k)r — 1.
Using Corollary 2.5, we can find examples k such that
(Uk(p) ® Zp)univ # (k,x ®Zp)univ.
This is obtained by finding examples k such that T,(k)I # 1. Write A} :=
Cls(k,) ® Zy,. Let ¥y denote the kernel of the natural projection from the coinvari-
ant T, (k)r of T,(k) = I'&an 0 Al to Af. This defines the following exact sequence
1 — ¥y — T, (k)r — Aj.

In Table 2 of [8], there are examples such that ¥y is nontrivial for real quadratic
fields and p = 3. Since Greenberg’s conjecture holds for such fields, T}, (k) is finite
and hence the triviality of T},(k)! is equivalent to that of T),(k)r. Thus examples
of Wy # 1 lead to examples of T}, (k)T # 1.

It will be interesting to determine whether the following identities on rank hold.

rankz, (Ur(p) ® Zy)™Y = rankz, (k™ ® Z,)
ranky Uy (p)"™" = rankg k™Y,

2.3. The structure of the Tate module. We state the structure of the Tate
module of k,, as a Z,[G(k,/k)]-module. For a Z,-module M, we write
F(M) := M/tor(M)
for the quotient of M by its torsion tor(M). Let
Uso(p) = im F(Un(p) ® Zy)

denote the inverse limit of U, (p) ® Z, with respect to the norm maps.
The rank of U (p) as a [-module is computed in the following theorem which
is Theorem 7.2 of [18].

Lemma 2.6. Let k be a number field and let r1 and r2 be the number of real and
complex places of k. Then U (p) is a free T'-module of rank r1 + ro.
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Proof. See the proof of Theorem 7.2 of [18]. Since the weak Leopoldt conjecture
holds for the cyclotomic Z,-extension of a number field, we can find an another
proof from Corollary 10.3.24 and Theorem 11.3.11 of [20].

In fact, the statement (41) of Theorem 11.3.11 of loc.cit holds with S’ = S°¢ = @
for the cyclotomic Z,-extension over any number field (cf. Remark and Corollary
11.3.12 of loc.cit). O

In Theorem 7.3 of [18], Kuz’min proved an isomorphism

71 (Uso(p))r — F(Un(p) ® Zy)"™"

which could lead to a proof to the following theorem. We will give here a simple
proof using a result of Iwasawa together with an argument of compactness without
using the Leopoldt conjecture. The proof is different from Kuz’min’s proof.

Lemma 2.7. (Uy(p))r = F(Uk(p) ® Z,)"™.
Proof. Since Zj, is a flat Z-module and commutes with Galois actions, we have
No(k)) ®z L, = Ny (k) @z Zy)
(kX /(v = Dk} @ Zyp = (k) @ Zy) /(v — 1) (k) @ Zy).
By tensoring Z,, the exact sequence

1— H N Gkn /), k) — kX (y = DES 25 Ny (k2

)—1
leads to
1 — H Y (Glkn/k), K )OTLy — kXL (v—1) (kX L) 8" N, (kX ©Z,) — 1.
This shows the following isomorphism
H™Y(G(kn/k), k) ® Zp = H NG (kn/k), k) @ Lp).
Using Hilbert’s Theorem 90 for k¢, the above isomorphism leads to
Ker(N, ® 1) = (k) ® Z,)""".

Write
Vo = ((v = D(ky ©Zy)) N (Un(p) ® Zp).
By taking inverse limits with respect to the norm maps and using exactness of
inverse limit over compact groups, the exact sequence

1—V, —U,p)®Zy, — Uk(p) ®Zy — 1
leads to

(7) 1 — limV, — Uoo(p) — (Ug(p) ® Zyp)®©™P — 1.

We need the following result of Iwasawa.
Lemma 2.8. The order #(H"(G(k,/k),U,(p))) is bounded independently of n.

Proof. This follows immediately from [13]. More precisely, since every primes out-
side p are unramified over any Z,-extension ko, /k, Proposition 3 of [13] and the
five term exact sequence of Hochschild-Serre spectral sequence lead to the proof
(see Corollary 2.4.2 of [20] and Proposition 13.2 of [23]). O
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Notice that from Hilbert’s Theorem 90,
(v =Dk;) N Un(p)
(v = 1)Un(p)
For s > n, one can prove that the identity map induces the following injection
(v =DE7)NUnlp) |, (v = 1kJ) N Us(p)
(v = DUn(p) (v = 1)Us(p)

By Lemma 2.8, we have that for all sufficiently large s > n > 0, the inclusion map
induces an isomorphism

(v =Dki) NUnlp) = ((v=DES)NUs(p)

(v = DUn(p) (v = DUs(p)
Since H Y(G(kn/k),Un(p)) = (v — Dk N Upn(p)/(v — 1)Un(p) is a p-group and
the norm map Ny, is the p°~" power map for all sufficiently large s > n, we have

(v = Dk N Un(p) (v = Dk, NUn(p)

HY(G(kn/k), Un(p)) = H™H(G(kn/k), Un(p)) =

11—

< 00

O A B R T R
This results in the following identities
Im((y = Dk NUn(p)) = Im((y = )Un(p))
and
(8) mV, = lm(((y — Dk N U () © Zy) = lim((y — VU, (p) © Z,).

By taking inverse limits over compact groups
L Uk(p) © 2y — Un(p) © 2 7= (v = DUn(p) © Zp — 1
we have from (8),
(7 = DU (p) = im((y — DU, (p) © Z,) = lim V.
From (7), we have
1 — (v = D0Voo(p) — Uso(p) — (Ur(p) ® Z)* ™ — 1.
This completes the proof of Lemma 2.7. O

From Lemmas 2.6 and 2.7, we recover the following result of Kuz’min (cf. [18]).

Corollary 2.9. (U, (p)®Z,)"™" = Z,[G(kn/k)]" T2 tor, (U, (p)) where tor, (U, (p))
denotes the p-power roots of unity in Uy, (p).

For all m > n, there exists a natural embedding
inm : F(Un(p) © Zp) | F(Un(p) @ Zp)"™ —= F(Upn(p) @ Zp)/F(Upn(p) ® Zyp) "™
Note that if we choose ng such that koo /ky, is totally ramified, then for all n > ny,
rank(F (U, (p) ® Z,)/F (U, (p) @ Zp)™ ) =7 — 1

where r = r,, is the number of primes of k,, dividing p.
In the following, we define (&, (p) ® Z,)"™" as the same way as (E;(p) ® Z,,)"™Y
by replacing the base field k with k,,. Write

Q= F(E, (0) © Z,)" /F(Un(p) © Z,)"™.
By Corollary 2.9, it follows that 4y, ., is injective and the induced map

Tnm Q= Oy
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is also injective and
rank(Q,) <r-—1.
Hence it follows from Proposition 1.1 that the torsion subgroups tor(£,) =
tor(Ty(kn)t) = tor(Tp(k,)) " are isomorphic for all sufficiently large n.
Since F(U,,(p)®Z,)"™" is a cohomologically trival Z,[G (k,,/k)]-module by Corol-
lary 2.8, it follows that the image im(iy, ) of ip m can be identified with

M (ip,m) = HY(G(km /kn), Q).
We choose a constant p’ such that Qﬁt is torsion free for all n > 0. Now I',, acts
trivially on
O N im (i)
and hence I';, acts trivially on er’; since
(QF QP N im(ipm)) < 00
and Qﬁz is a torsion free module. Since
Ok (inm) = (U : Q5r) < (1 Q8 < plr — 1)

the cokernel cok(in,m) of iy, is bounded by a constant for all sufficiently large
m > n.

We hence conclude that for all sufficiently large m > n, the cokernel of iy, ,, is
trivial and hence %y, ,, is isomorphic. We obtain the following corollary which is due
to Kuz’'min (cf. [18]).

Corollary 2.10. For all sufficiently large m > n, the imbedding iy ., induces an
isomorphism
(Er, (p) @ Zp)"™ | (En, () @ Zip)™™

n

(Un(p) )univ - (Um(p) ® Zp)univ .

Since &, (p )“m"®Z C (&, (p)®Z, )““i" and Un(p)““iV®Zp C (Un(p)®Z, )“n“’
it follows that

Un(p) Un(p) Un(p) ® Zy
ranky ———— =ranky (————— ® 7Z,) > rank -
L Un (p)unlv Lp ( Un (p)unlv p) Lp (Un (p) ® Zp)unlv
Un(p) Un(p) ® Zy
rank - rank: —.
L ((/‘kn (p)unlv — Lyp (5an (p) ® Zp)umv

Write A, (m) := Ny Up(p). Then the inverse limit of A, (m) with respect to
the inclusion maps is equal to

lim Au(m) = Un(p) ™.

m>n

Similarly, since A, (m) ® Z, = (Npm,n Un(p)) @ Zp = Ny n (Un(p) @ Z,), the
inverse limit of A, (m) ® Z,, with respect to the inclusion maps is equal to

lim (An(m) @ Zy) = (Un(p) ® Zp) "™

m>n

By taking inverse limits with respect to the inclusions, the exact sequence

Un
1 — An(m) ® Zy — Up(p) @ Zp — (

An(m))®2p—>1
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leads to

Un(p)
A (m)

where the inverse limit is exact since U, (p) ® Z, is compact.
Since U, (p)/An(m) is a p-group, the above identity will lead to

1 — (Un(p) ® Zp)"™ — Up(p) ® Zy — lim ( ®7Z,) — 1

m>n

Un(p) Un(p)

o ) = 1 ) © )
By taking inverse limits to
1 — A,(m) — Uy(p) — Un(p) — 1
A, (m)
we have the left exact sequence
niv ; Un(p)
1 — Un(p)"™" — Un(p) — E(An(m))'

Hence it follows from Corollary 2.10 that the following inclusion

Un(p) Un(p) ® Zy

1 — - -
Un(p)roiv (Un(p) @ Zp)™™

leads to

Uap) _, Unlp)
Un (p)umv Um (p)umv
We proved the following lemma.

Lemma 2.11. H%(G p, Upn(p)™Y) = Uy, (p) .
For Ny nEm(p)° := N nEm(p) N Uy (p), we have
lim Ny (p)° = W Ny nEn (p) = Er, ()"

1—

m>n m>n
ygl N (Em(p)° ® Zp) = %1 Nown(Em(D) © Zp) = (Ek,, (p) @ Zp) ™.

By taking the inverse limits to the following exact sequence
Nm,ngm (p)o

1— Ny Un(p) — Nppnlm(p)°? — ———~
k] (p> (p) Nm,nUnL(p)

Ly — 1
we have

i i . Nm ngm °
1 —» Un(p)umv N Skn (p)umv N 1&1 ( ~ > (p)

®Z,).
m>n m,nUm(p) b

The last term is isomorphic to

Nm,ngm (p)o

by taking the inverse limits to the following exact sequence

° Nm ngm °
1 — N nUnn (D) @ Zp — Nop o (p)° © Zy — zw,,%

~ (Ek,(p) @ Zp)"™
= (Un(p) ® Zp)univ

Jim (

m>n

® Zyp)

® Zyp — 1.
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Hence it follows that there is an injective map

Ee, (D)™ (B, (1) @ 7)™
D)™ (Unlp) 2,

1—

and from Lemma 2.11 that the inclusion induces an injective map

gkn (p)univ . gkm (p)univ

1 — - —.
Un (p) univ Um (p)unlv

By Proposition 1.1, this is summarized as

Proposition 2.12. There is an injective map
gk (p)univ
Uk (p)univ

If the Gross conjecture holds for {k,}n, then for all sufficiently large m > n, the
inclusion induces an isomorphism

: . gkn (p) univ ~ gkm (p)univ
n,m U, <p)un1v U, (p) univ

1— — T, (k)*.

< 0.

Remark. As in the proof of Proposition 2.12, we obtain

Un(p) N (Un(p) @ Zp)"™ = U (p)™™
Un (P) n ((c,’k" (p) ® Zp)univ — (c/’kn (p)univ.

2.4. Proof of Theorem 1.2. It is well known that Theorem 1.2 is true for the
case r = 1. In fact it follows from Corollary 2.9 that the Z,-ranks of U, (p) ® Z,
and (U, (p) ® Z,)"™" are the same. Hence Theorem 1.2 follows immediately from
Proposition 1.1 in this case.

One can also prove this without using Proposition 1.1 as follows. Since the Gross
conjecture descents, we assume that kS¥°/k is totally ramified at primes dividing p
by replacing k by k, for sufficiently large n.

Since k, /k is totally ramified at primes over p, N,, is surjective from class field
theory. Hence we have the following exact sequences

1 — Cls(kn)" — Cls(kn) =3 (v — 1)Clg (k) — 1

1 — Cls(kn)n, — Cls(kyn) 22 Clg(k) —> 1.

)
Since (v — 1)Clgs(ky) C Clg(
#(Cls(kn)) = (Cls(kn) : (v = 1)Cls(kn))
(Cls(ky) : Cls(kn)N, ) (Cls(kn)n, : (v = 1)Cls(kn))
= #(Cls(k)) - (Clg(kn)n, : (v —1)Cls(ky)).

Let M, be the maximal unramified abelian extension of k, such that every
primes dividing p split completely in M, /k,. Since My and k,, are linearly disjoint
over k, we have

kn)nN, , we have

G(Mo/k) = G(knMo/kn).
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By class field theory we have

1 —— Clg(kn)y, —— Cls(ky) —s Clg(k) —— 1

1 -k
1 —— G(My/kyMy) —— G(M,/k,) —=5 G(Mo/k) —— 1
where the vertical map is the Artin map of class field theory. Hence we have
Cls(kn)n, = G(My/k,My).
On the other hand, we have
(v =1) - Cls(kn) = (v = 1) - G(Mp k) = G(M, [k)'

where G(M,,/k)" is the commutator subgroup of G(M,,/k). Let Mo, = |J,, M,,. By
taking the inertia group of G(M /k) into account, we have

G(Myo/k) = G(Moo koo M) =2 (7 — 1) - G(Moo /Ko ).
This proves that for all n > 0,
Cls(kn)n, = (v —1) - Cls(kn)
and

#(Clg(kn)) = #(Cls(k)).

Hence we have

#(H(G,, Cls(kn))) #Cls (k) J#(tr, Cls(Ky))
#(Cls(k))/#(inCls(k))

= #ker(jn : Cls(k) — Cls(ky)).

This shows that the zero-dimensional Tate cohomology of the S-ideal class group
is bounded independently of n. By ii) of §2.1, we complete the proof for the case
r=1.

For the case r = 2, we begin with a basic lemma which is due to Kuz’'min (see
Proposition 8.2 of loc.cit).

Lemma 2.13. Ux(p) @ Z,/(Ex(p) @ Z,)"™Y is a torsion free module.

Proof. Note that Uy (p) ® Z, imbeds into Jy s ® Z, via diagonal map. Let o be an
element of Uy(p) ® Z,, such that o?” € (Ex(p) ® Z,)"™V.
If we identify Uy(p) ® Z, with its image via the injective map of

N Up) @2, — [[R < T] Ooc T %2 = (] %9

v|p vipoo v#00 v#£00

then it follows that 3 € (Ex(p) ® Z,)™V if and only if 8 € U, for all v { p and
B €S, C k) for all v|p where S, is the group of universal norm elements of k).
Since

kY /Sy = k) /S, 22,

is torsion free module, it follows that a?” € (E(p) @ Zp)"™V if and only if a €
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From now on, we assume that r = 2, i.e., there are two primes of k dividing p
over the cyclotomic Zy-extension of k. As in the assumption of Theorem 1.2, we
assume further that k is a Galois extension containing 1, such that £3°/k is totally
ramified at primes dividing p.

It follows from the previous subsections that

rankz, (U, (p) ® Zp) = ra(n) + 1, rankg (U,(p) ® Zp)‘miv = ro(n)

where 72(n) denotes the number of complex places of k.
If we negate the Gross conjecture for k, then since the Gross conjecture descents,
Lemma, 2.13 shows that for all n > 0,

(9) Un(p) ® Zp = (&, (p) ® Zp)univ = (k, ® Zp)univ

which is of rank ro(n) + 1.
The following theorem is due to Bertrandias and Payan (see Theorem 2 of [3]).

Theorem 2.14. If K is a number field containing p, such that K/Q is Galois and
the primes of K dividing p have the same decomposition field Dec,(K), then

ranky K"V =ry —r4+1 or ro—71/24+1

according as Dec,(K) is real or imaginary respectively and K" /tor(Uk (p)) is a
direct factor of Uk (p)/tor(Uk (p)).

Note that for r = 2, the hypotheses of Theorem 2.14 are automatically satisfied
for a Galois extension K/Q since Dec,(K) is a quadratic extension (see Remark
(b) following Theorem 2 of loc.cit).

Write A,,(m) 1= Ny, k5 MU, (p). Then the inverse limit of A,,(m) with respect
to the inclusion maps is equal to

A (m) = k3.

5

3
Y

Similarly, since A, (m) @ Z, = (Npn k5 VUL D)) @ Zy = (N (k) Q@ Zy,)) N
(Un(p) ® Zy,), the inverse limit of A,,(m) ® Z, with respect to the inclusion maps
is equal to

lim (Ao (m) © Z,) = (K © Z,)™.
m>n

By taking inverse limits with respect to the inclusions, the exact sequence

Un(p)

1 — A,(m) @ Zy, — Uy(p) ® Z, — (A (m)

)®Z, — 1

leads to

n

(10) 1 — (k) ® Zp)"™ — U, (p) ® Z —> Lim ( ®7Zy) — 1

m>n n(m)

since U, (p) ® Z,, is compact.
It follows from (9) and (10) that

@(m ® Zyp) = 1.

m>n

m—

It follows from U, (p) D A,(m) D U, (p)?" " that U, (p)/A,(m) is a p-group.
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The above identity will lead to

I () = i (0 02,) =1

m>n

Hence by taking inverse limits to

Un(p)
A (m)

1— A,(m) — U,(p) —

we have the left exact sequence

Un(p)
A, (m)

Note that since the Z-rank of Z,, is infinite, we can not compare the Z-ranks in the
above left exact sequence unless the last term which is a Z,-module is finite.
In our setting, since the last term is trivial, we have the following identity

B = U (p).

It follows from Theorem 2.14 that the identity above leads to the following
contradiction

1 — K3 — U,y (p) — Jim (
m>n

).

ra(n) > rankg KXY = rankg U, (p) = ra(n) + 1.
This completes the proof of Theorem 1.2.

Corollary 2.15. Under the same condition of Theorem 1.2, we have for alln > 0,

univ

rankz &M = rankg, Uy, (p)

univ

3. APPENDIX

Let G be a locally compact Hausdorff topological group. Let H be a closed
normal subgroup of G. Then H and G/H are locally compact (see Theorem 7 and
Theorem 11 of §§ 23, 24 of [12]). We state basic lemmas of topological group which
is well known. The following lemma is Corollary 2 of § 3.3, Ch IIT of [3].

Lemma 3.1. If H is any locally compact subgroup of a Hausdorff topological group
G then H is closed in G.

The following lemma is (G) of § 20 of [21].

Lemma 3.2. Let G be a locally compact topological group and let G be represented
as the set theoretic union of a countable number of compact subsets. Let A be a
closed subgroup and B be a closed normal subgroup of G. If AB is a closed subgroup
of G, then we have the following isomorphism

AB/A~B/BnA

The idele group Jj is a locally compact Hausdorff topological group. By Lemma
3.1, k* [ 1,4, Uv I, ko is closed and hence

U [[Ro=k* U [IFe = FUxs- [ Us]] ko

vip vlp vip v|p vfpoo v|p

= U [] U] Fe-

vtpoo vlp
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Lemma 3.2, we have the following isomorphisms which was used in the proof of

Proposition 1.1

(1
2]

(8]

(9]
[10]
[11]
[12]
[13]
(14]

[15]
[16]

[17)
18]

[19]
20]

(21]
(22]

23]

k*Us - Hv’fpoo Uy HUIP ke ~ Hv’rpoo Uy Hvlp ke
k*Uss otpoo U Tlypp v N Use
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