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THE NUMBER OF Bs3;-SETS OF A GIVEN CARDINALITY

DOMINGOS DELLAMONICA JR., YOSHIHARU KOHAYAKAWA, SANG JUNE LEE, VOJTECH RODL,
AND WOJCIECH SAMOTIJ

ABSTRACT. A set S of integers is a Bsz-set if all the sums of the form a1 + a2 + a3, with a1, a2
and a3z € S and a1 < a2 < as, are distinct. We obtain asymptotic bounds for the number of Bs-sets
of a given cardinality contained in the interval [n] = {1,...,n}. We use these results to estimate
the maximum size of a Bs-set contained in a typical (random) subset of [n] of a given cardinality.
These results confirm conjectures recently put forward by the authors [On the number of Bj-sets,
submitted].

1. INTRODUCTION

Let h > 2 be an integer. A set S of integers is a Bj-set if for any z there is at most one
sequence a1 < --- < ay, satisfying z = ay + - - - + a3, if we require that a; € S for every i =1,..., h.
The study of Bp-sets goes back to Sidon [14], who asked how large Bs-sets, or Sidon sets, can be
if one imposes that they should be subsets of [n] = {1,...,n}. Let

Fpr(n) = max{|S|: S C [n] is a Bp-set}. (1)

In the case addressed by Sidon, that is, for h = 2, results of Chowla, Erdés, Singer, and Turén [3,
D, 6, 15] from the 1940s tell us that Fy(n) = (1 + o(1))y/n. The case of general h is less well
understood. Bose and Chowla [I] showed that Fj,(n) > (1 + o(1))n!/" for h > 3, while an easy
argument gives that, for every h > 3 and large n,

Fp(n) < (h-h!-n)Y" < p2pl/h, (2)
Note that, for h = 3, the first inequality in gives that Fy(n) < 3n'/3 for all large enough n. For
general h, successively better bounds of the form Fj(n) < cpn!/" have been obtained. The latest
bounds are due to Green [7], who proved that

1 3
c3 <1519, ¢4 <1.627 and ¢ < % <h+ <2 —I—o(l)) logh> , (3)

where o(1) — 0 as h — oo. For a wealth of material on Sidon sets and on Bj-sets, the reader is
referred to the classical monograph of Halberstam and Roth [§] and to a survey by O’Bryant [12].

Date: 2014/02/07, 2:59am.

The second author was partially supported by FAPESP (2013/03447-6, 2013/07699-0), CNPq (308509,/2007-2
and 477203/2012-4), NSF (DMS 1102086) and NUMEC/USP (Project MaCLinC/USP). The third author was sup-
ported by Basic Science Research Program through the National Research Foundation of Korea(NRF) funded by the
Ministry of Science, ICT & Future Planning (2013R1A1A1059913) and supported by the National Research Foun-
dation of Korea(NRF) Grant funded by the Korea Government(MSIP) (No. 2013042157). The fourth author was
supported by the NSF grants DMS 0800070, 1301698, and 1102086. The fifth author was partially supported by ERC
Advanced Grant DMMCA and a Trinity College JRF.



19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

A related problem to bounding F},(n) is the problem of estimating how many By-sets [n] contains.
In fact, this problem was raised by Cameron and Erdés [2] in 1990 for h = 2. Let us introduce the
following definition.

Definition 1.1 (Zy(n), Z,(n,s)). For non-negative integers 1 < s <n, let
Zp(n,s)=1[{S Cn] : |S| =5 and S is a By-set}|. (4)
Furthermore, let Zy(n) =Y, Zn(n, s).

In view of the fact that Fj,(n) = ©(n'/"), one sees that ¢}, n'/" < log Z,(n) < Cpn'/"logn for
some positive constants ¢, and Cj. One now knows that, in fact,

log Zy(n) < Cyn'/" (5)

for some constant C} . The case h = 2 of ({5 is proved in [I1] (see also [13]), and the arbitrary h case
is dealt with in [4]. As it turns out, to establish (5)), we considered the more refined question of esti-
mating Zj,(n,s). Roughly speaking, we obtained good bounds for Z(n, s) for s > n'/("+1)(logn)?
and derived (|5 summing over all relevant s (see [4] for details).

The problem of estimating Zp,(n, s) for the whole range of s is interesting in its own right, and
has an application to a certain problem in probabilistic combinatorics (we shall come back to this
application in Sections [2| and . To develop a feel for the problem of estimating Zj(n, s), let us

state lower bounds for this quantity, proved in [4].

Proposition 1.2 (Lower bounds for Z(n,s)). The following bounds hold for every h > 2.

(i) There is a constant ¢j, > 0 such that, for all n and s, we have

Zi(n,s) > K@?)J | (©)

1/(2h—1)

(ii) For any 6 > 0, there is an € > 0 such that, for any s < en and any large enough n,

we have
Zhtnss) = (10 (). (7)

The lower bound in @ may be proved coupling Bose and Chowla’s construction [I] and a simple
product construction. On the other hand, the lower bound in comes from the fact that, for
s < en!/(h=1 4 typical s-element subset of [n] becomes a Bj-set after the deletion of a small
fraction of its elements.

Now, the lower bound in tells us that, for s < en/(2h=1 the trivial upper bound Zp(n,s) <
(Z) is sharp up to a factor of the form (1 4 o(1))%. The problem is, then, to obtain good upper

bounds for Zj,(n,s) for s of order n!/(h=1)

or larger, perhaps coming close to matching @ We
believe that this is possible, and put forward such a conjecture in [4], which we reproduce below

for convenience.

Conjecture 1.3. Fiz an integer h > 2 and a real number § > 0. For every s > nY/h=D+0 gnd

every large enough n, we have

Zn(n,s) < <8f5>s. (8)
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Conjecture is proved for h = 2 in [10, [11]. The main result of this paper establishes Conjec-
ture [L.3] for h = 3.

Theorem 1.4 (Main result). For every § > 0, there exists an integer ng such that if n > ng and
nl/5+0 < s < 3nl/3, then

Z3(n, s) < (%)S. 9)

We believe that our methods for proving Theorem [1.4] can eventually be adapted to establish
Conjecture for every h, but the general h case brings considerable new difficulties, and will be
addressed elsewhere.

Let us compare the bounds we have for Z3(n, s) as s varies. For s < nl/s, Propositiontells
us that Zy(n, s) is, up to a multiplicative factor of (1 — 0(1))*, equal to the total number (Z) of s-
element subsets of [n]. In this range, one might therefore say that By-sets are ‘relatively abundant’.
On the other hand, for any given § > 0, for n/5+% < s < n'/3, Theorem and Proposition
applied for h = 3 determine Z3(n,s) up to a multiplicative factor of the form s°(*), and we see that
the probability that a random s-element subset of [n] is a Bs-set is roughly of the form s~(+o(1)s,
In this second range, Bs-sets are therefore scarcer. Finally, note that, by , if s > 3n/3 and n is
large, then Z3(n,s) = 0.

The discussion above tells us that there is a sudden change of behaviour around sy = n'/?. Indeed,
roughly speaking, for s considerably larger than this ‘critical’ value sg, we have that Z3(n, s) is of
the form (n / 33*0(1))8; this is in contrast to the fact that, as we have already seen, for s of smaller
order than sg, we have that Z3(n, s) is of the form (1 —o(1))*(") = (©(n/s))".

Theorem implies a result in probabilistic combinatorics, which confirms the case h = 3 of a
conjecture put forward in [4]. We shall discuss this corollary of Theorem in Section

Notation and organization of the paper. Throughout this paper we identify a graph with the
set of its edges. In particular, if G is a graph, then e € G means that e is an edge of G; moreover,
we write both |G| and e(G) for the number of edges in G. If e = {z,y} is an edge in a graph,
we sometimes write xy for e. As usual, edges are unordered pairs of vertices; however, if H is a
bipartite graph with vertex classes A and B, it will be convenient to think of the edge set of H as
a subset of A X B in the natural way. For a set A C V(G) we denote by e(A4) = eg(A) the number
of edges in the subgraph induced by A, which is denoted by G[A]. If T is a set, we denote by K (T')
the complete graph with vertex set T'. For a set W C Z and x € Z the set W + z is defined as the
set of all numbers w + x with w € W.

We write a < b as shorthand for the statement a/b — 0 as n — oo. We use the standard O,
o and ©-notation (with respect to n — o0); the implicit constants are always absolute constants.
We omit floor | | and ceiling [ ] symbols when they are not essential. We sometimes write a/bc
for a/(bc). We are mostly interested in large n; in our statements and inequalities we often tacitly
assume that n is larger than a suitably large constant.

This paper is organized as follows. In Section [2| we state and prove the result in probabilistic
combinatorics very briefly alluded to above. The remainder of the paper is devoted to the proof of
Theorem|[T.4] the structure of which is presented in Figure[l] The general approach used in the proof
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Theorem [I.4]

AN

Lemma 2] — Proposition [3.10] Proposition [3.11] «— Lemma [A.1]
Lemma [5.] Lemma [3.3] Claim (.13
N\ AN
ClL B4 BH Claim [5.2] Cor. 511 Claim [5.12]

N P
Key Lemmas |Lemma [4.5 Lemma [5.7]
Claim [6.2] CL
Claim

FicUre 1. A diagram illustrating the flow of the proof of our main result

is described in Section [3] Section {4 gives some auxiliary lemmas, one of which, Lemma plays
a central technical role. The proof of this lemma is given in Section [f] The two main propositions
that together imply Theorem [1.4] (Propositions and see Section [3)) are proved in Section[5]

2. LARGEST B3-SETS CONTAINED IN RANDOM SETS OF INTEGERS

n [10, 11], the cardinality of the largest Bo-sets, i.e., Sidon sets, contained in random sets of
integers was investigated. Given an integer function 0 < m = m(n) < n, let us denote by [n],, an m-
element subset of [n] chosen uniformly at random from all such sets. Given a set R, let Fj,(R) be the
cardinality of the largest Bj-sets contained in R. We are interested in the random variable Fy,([n]y,).

For simplicity, let us suppose m = m(n) = (14 o0(1))n® for some constant 0 < a < 1. It is proved
in [10, [I1] that, asymptotically almost surely, that is, with probability tending to 1 as n — oo, one
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has Fy([n],,) = n?2t°0) | where

a if0<a<1/3,
by =ba(a) =41/3 if1/3<a<2/3, (10)
a/2 if2/3<a<1.

Therefore, Fy([n]y) undergoes a sudden change of behaviour at @ = 1/3 and at 2/3. Furthermore,
somewhat unexpectedly, F»([n],,) does not change considerably as we vary a from 1/3 to 2/3. It
is natural to ask whether a similar result holds for arbitrary h; indeed, in [4], we put forward a
conjecture that states that this is the case. Theorem [I.4]implies that this conjecture holds for h = 3.
Our result is as follows.

Theorem 2.1 (Bs-sets contained in random sets of integers). Let 0 < a < 1 be a fized constant.

a

Suppose m = m(n) = (1 + o(1))n*. There exists a constant bs = bs(a) such that, asymptotically

almost surely, we have
Fy([n)n) = n"st, (11)
Furthermore,
a if 0 <a<1/5,
b3 =bs(a) =< 1/5 if1/5<a<3/5, (12)
a/3 if3/5<a<l.

The piecewise linear function bs in is given in Figure

Proof of Theorem[2.1. We shall be somewhat sketchy in the more routine parts of the argument.
We first observe that one may switch to the so called binomial model [n],. To be more precise,
let p=m/n = (1+o0(1))n®! and put each z € [n] in [n], with probability p, independently of all
other elements in [n]. A standard argument tells us that it suffices to prove that Fy([n],) = nt3+o(1)
with probability 1 — o(1/y/m).

The required lower bound for F3([n],) is established in [4]. Since F3([n],) < |[n]p|, standard
arguments prove Theorem in the range a € [0,1/5]. We may use Theorem to bound the
random variable F3([n],) from above, in probability, as follows. The expected number of Bs-sets
of size s in [n], is p*Z3(n, s). For any given § > 0, Theorem implies that, for s > n'/>+9 this
expectation is at most )

i) <1s>
Hence, if (1 +0(1))n® = pn < s37°, then this expectation is o(1/y/m). In particular, for every a >
1/5, with suitably large probability, the largest Bs-sets contained in [n], have cardinality at most

Hlax{nl/5+57 na/3+5} _ nbs(a)+6‘

Since d > 0 is arbitrary, the result follows. d
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FIGURE 2. The graph of the piecewise linear function b3 from Theorem

3. THE PROOF OF THEOREM [L.4]

Theorem [[.4] follows in a straightforward manner from two propositions, Propositions
and stated at the end of this section. We need some preparations to be able to state those
two propositions. The following definition introduces a central object in the proof.

Definition 3.1 (Collision graph Cr). Given a set T' C [n], we define the collision graph Cr on the
vertezx set [n] by letting {a,b} with a, b € [n] and a # b be an edge whenever there exist z1, z2, 23,
z4 € T such that

a+ 21420 =b+ z3+ 24. (14)

Proposition 3.2. Suppose that S C [n] is a Bs-set. Then for every T C S, the set S\ T is an
independent set in Cp.

Proof. Suppose on the contrary that a, b € S\ T with a # b satisfies with 21, 29, 23, 24 € T.
From the fact that S is a Bs-set we deduce that the multisets {a, z1, 22} and {b, 23, 24} coincide.
Since a € S\ T and z3 and z4 € T', we obtain that a = b, which is a contradiction. ]

In view of Proposition [3.2] our general strategy for estimating the number of Bs-sets of a given
size s will be as follows: we first enumerate seed Bs-sets T' with |T| < s and then we bound the
number of independent sets in Cr for each such 7. The following lemma, which is implicit in the
work of Kleitman and Winston [9] (see also [II, Lemma 3.1]), will be used to bound the number of

independent sets.

Lemma 3.3. Let G be a graph on N vertices, let q be an integer and let 0 < 5 < 1 and R be real
numbers with
R> e PN, (15)
Suppose
e(A) > ﬂ(%’) for any A C V(G) with |A| > R. (16)
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Then, for all integers m > 0, the number of independent sets in G of cardinality q + m is at most

()G w

When applying Lemma we shall often take R = yN = ~|V(G)| for some number v > 0.
Hypothesis then becomes
Py > 1 (18)

(VN (VN )

In order to prove our main result, Theorem [1.4] we shall enumerate all possible seed sets T

and the bound becomes

and show that the corresponding graphs Cr are quite dense. In fact, they are dense enough that
we can apply Lemma [3.3] to establish that the number of extensions of T to a significantly larger
Bs-set S is rather small. More precisely, for every Bs-set 1" we are interested in proving lower
bounds for ec, (A) for arbitrary but somewhat large A C [n]. It turns out that we shall need to
consider two separate cases, depending on the structure of 7. We now need some definitions.

Let G be a graph on the vertex set T C [n] and let 2 € [n] be arbitrary. Denote by G? = G x G
the Cartesian product of the edge set of G with itself.

Definition 3.4 (Representation count Rg). Let
Ra(2) = |{(z122, 2324) € G? : 2= (21+2) — (23 + 21), all zs distinct}|. (20)

Clearly Rg(—z) = Rg(z) for every z. In what follows, T" will always be a Bs-set, and hence
we shall always have Rg(0) = 0. Finally, we mention that we shall only be interested in Rg(z)
forze {-n+1,...,-1}U{1,...,n—1} C [-n,n].

Definition 3.5 (Collision multigraph 5@) Let Cq be the multigraph with vertex set [n] in which
the multiplicity of each {a,b} € ([g]) is exactly R (b — a).

The reason we introduce this multigraph version of Cr is that it will be easier to estimate from
below the number of multi-edges that are induced by subsets A C [n]. We can then establish
bounds for Cr through the following proposition.

Proposition 3.6. For every non-empty graph G C (g) and A C [n] we have
ecr(A) max Ra(z) = ez (A). (21)

z€[—n,n]

Proof. Note that {a,b} € Cg[A] implies that Rg(b— a) > 1 which means that b —a = (21 + 22) —
(23 + z4) for some 2; € T, and thus {a, b} € Cr[A] (see Definition [3.1)). The proposition follows. [

A substantial part of this paper is dedicated to proving the existence of suitable graphs G for
which we can bound max.¢[_y, ) Rg(2) and then apply Proposition

Remark 3.7. Note that, in the definition of Rg(z), the elements z1, z9, z3 and z4 are required

to be all distinct. This restriction allows us to avoid the “degenerate” case in which z = 23 — 23
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for z1,2z3 € T. In this case, for every © € Ng(z1) N Ng(z3) we have z = (21 + x) — (23 + x) with
(212, 232) € G?, which means that, without the restriction, the value of Rg(2) could be as large
as |[Ng(z1) N Ng(z3)|, which, in turn, could be as large as |T'| — 2.

We now define a quantity Q¢ that will help us bound max,¢[_y, ) Ra(2).

Definition 3.8 (Moment generating function of Rg). Let
Qc = Y expRa(2). (22)
z€[n]
As already observed, Rg vanishes at 0 for any Bs-set T' and is an even function. Thus
max Rg(z) = max Rg(z) < logQq. (23)
z€[—n,n] z€[n]
In view of the definitions above and Proposition [3.6] and Lemma [3.3] our goal is to enumerate Bs-
sets T' C [n] and graphs G C (:g) such that log Q¢ is not too large, while at the same time €., (A)
is large for every “large enough” set A C [n]. This discussion motivates our next definition.

Definition 3.9 (Bounded set). Let

13 and o; = §2i+1_1 fori >0, (24)

= 106 logn
and let € > 0 be a fived constant. Given A\ > 1 and a non-negative integer i, a set T is said to

satisfy Py, if it is a Bz-set and there exists a graph G; on the vertex set T' such that

T
(a) e(Gi) > (1 — ) <|2|>,
T 1
(b) Qg, < enexp <)\n“ Z )
=17
A set T is called (X, e)-bounded if it satisfies Py, fori=0,1,...,[1/e].
We now summarize our strategy for proving Theorem Fix a positive constant § > 0. We
may and shall suppose that § < 1. Let ¢ = §/13 and note that
1 1

< - —13=3—-90<3—12¢. 2
5_25€_5+5 and 3—13e=3-6<3 € (25)

Let s be an integer satisfying the assumptions of the theorem. In particular, s > n'/6-2%) by our
choice of e. Our goal is to estimate the number of Bs-sets of cardinality s. For the remainder of

the paper, we let

857255

A=A(s) =

We classify the Bs-sets of size s into two types, depending on whether or not the cardinality of their

> 1. (26)

largest (\, e)-bounded subsets is greater than s'=%°. We shall prove the following two propositions,
estimating the number of Bs-sets of cardinality s of each type separately. These two propositions
together easily imply Theorem

Proposition 3.10. Let ¢ > 0, let n be a sufficiently large integer, and let s € [nl/(5_255),3n1/3]
be a given integer. Let A be as defined in . The number of Bs-sets of cardinality s contained
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1—-6¢

in [n] that contain a (A ¢)-bounded set larger than s is at most

n s
<8312€o(1) > ’ (27)

Proposition 3.11. Let ¢ > 0, let n be a sufficiently large integer, and let s € [nl/(5*255),3n1/3]
be a given integer. Let A be as defined in . The number of Bs-sets of cardinality s contained

1—6¢

in [n] that do not contain any (A ¢)-bounded set larger than s is at most

n s
<83—85—0(1) > ’ (28)

Before we proceed with the formal proofs, let us briefly discuss our general approach. Every Bs-
set with s elements that contains a (),e)-bounded set with at least s'~% elements will be shown
to contain a set T' with |T'| = s17 which satisfies Pigox 0 (see Lemma. Using Lemma, we
shall be able bound the number of possible extensions of any such set 1" to a Bs-set with s elements.
This is because the graph Cr will be shown to satisfy an appropriate local density condition (see
Lemma. Showing this is the main difficulty in this part of the argument. The details are given
in Section [£.11

The proof of Proposition |3.11] is somewhat more complicated. First we show that any Bs-set
of cardinality s must contain a (\,e)-bounded subset of size at least s'/7 (see Lemma . In

17 elements.

particular, every such Bs-set contains a mazimal (), £)-bounded subset with at least s
Our strategy will therefore be to estimate, for each Bs-set T' with |T'| < s'7% the number of Bs-
sets S such that 7' C S and T is a mazimal (X, e)-bounded subset of S. The maximality of 7" will
be shown to imply that the set of elements that can appear in S\ 7" admits a certain structure
(see Definition and Lemma . More concretely, we shall show that S\ T C T for some set
T C [n] such that the graph Cp[T] satisfies certain local density conditions that allow us to use
Lemma to bound the total number of such possible extensions S of T appropriately (the precise
local density condition is given in Corollary

The remainder of the paper is devoted to proving Propositions and

4. AUXILIARY LEMMAS

We now give three auxiliary lemmas. The two lemmas in Section [4.1] are quite simple, while the
lemma given in Section Lemma is somewhat more technical. However, Lemma, [£.2] will be
one of the key lemmas that will allow us to prove local density results for certain induced subgraphs

of the collision graph Cr.

4.1. Bounded sets. Our first lemma states that for any A > 1 and any ¢ > 0, every Bs-set S

contains a (A, e)-bounded subset whose size is at least a small power of |S].

Lemma 4.1. For any A > 1, ¢ > 0, and Bs-set S C [n] there exists a (A, &)-bounded set T C S of
cardinality |T| > |S|Y/7.

Proof. Observe that S contains a By-set with [|S|*/7] elements. Indeed, one may construct such

set greedily by starting from an empty set and sequentially adding to it elements of S. As long as
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the constructed set T has fewer than |S|*/7

elements, one can always add to T" an arbitrary element
from the (non-empty) set S\ (47" — 3T'), which assures that 7" remains a By-set.

Hence, we may choose a By-set T'C S with |T| = [|S|"/7]. Let G be the complete graph on the
vertex set T'. The fact that 7" is a By-set implies that Rg(z) € {0,1} for every z. Indeed, if some

(2129, 2324), (2124, 252) € G?, with |{21, 29, 23, 24}| = 4 and |{2}, 25, 2}, 2} }| = 4, satisfy
(21 4+ 22) — (23 + 24) = 2 = (2] + 25) — (24 + =), (29)
then
21+ 20+ 25 + 2 = 2] + 25 + 23 + 24. (30)
Since T is a By-set, we must have, as multisets,
{21, 20, 25, 24} = {21, 25, 23, 24 }. (31)

This forces {z1, 22} = {21, 25} and {z3, 24} = {24, 24 }. Consequently R (z) < 1.

1

In particular, Q¢ is a sum of n terms which are either € = 1 or e! = e. Therefore,

Q¢ < en. (32)
Clearly, G; = G = K(T') satisfies both [(a)] and [(b)] of Definition [3.9)for any i > 0, A > 1, and & > 0.
Hence, T is a (A, €)-bounded set. O

The second lemma allows one to pass to subsets of a convenient cardinality when dealing with
(A, g)-bounded sets. Moreover, we shall see that we may carry out this procedure without signifi-
cantly affecting the “boundedness” parameters.

Lemma 4.2. Let A > 1 and an integer i > 0 be given and suppose that T C [n] satisfies Py ;.
For every m satisfying n'/10 < m < |T|, there exists T' C T with |T'| = m such that T' satis-
fies Prooxe,i-

Proof. Let G; be a graph whose existence is asserted in the definition of Py . ;. A simple averaging
argument shows that there exists a 77 C T with |T”| = m such that

ez 6o (T 2) (M) < een(7) (1) (33)

Taking G} = G;[T"] and recalling that G; satisfies [(a)| of Definition [3.9] yields

== (5)(5)(5) o
= (1-a) (?)

Using the facts that n'/190 < m < |T'| < 3n'/3, that G; satisﬁes@of Deﬁnition and well-known
estimates for the harmonic numbers, we obtain, for every large enough n,

T ||

) 1 . 1
Qc; < Qq, < enexp ()\nle Z > < enexp <1OO)\n7’6 Z > (35)
=17 =17
It follows from (34]) and (35]) that 7" satisfies Pigoxe,i- O
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4.2. A technical lemma on the local density of Cr. We now state a key technical lemma that
will help us give lower bounds for the local density of the collision graph Cr. We need the following
definition.

Definition 4.3 (Bipartite graph Hr (A, B)). Given a set T C [n], we define the graph Hr on the
verter set ([n] x {1}) U ([2n] x {2}) by letting {(a,1),(b,2)} be an edge whenever b —a € T. For
A C [n] and B C [2n], we denote by Hp(A, B) the subgraph of Hy induced by (Ax {1})U(B x {2}).

Remark 4.4. In the definition above, we wish to have the disjoint union of [n] and [2n] as the
vertex set of Hp. The standard way of producing such a disjoint union involves the use of the
Cartesian product, as above. In what follows, we shall be less formal and we shall refer to vertices
as a € A, b € B, etc, instead of (a,1) € A x {1}, (b,2) € B x {2}, etc.

The following technical lemma allows us to obtain a lower bound on ec,(A) in terms of the
edge-density of the graph Hr (A, B) for every sufficiently large Bs-set 1" that satisfies Py . ;. When
applying this lemma, we have to come up with a suitable set B (see the proofs of Claim and
Corollary . Recall that £ and the o; are defined in

Lemma 4.5. The following holds for every integer i > 0, and every € > 0, A > 1, D > 5000
and § € (0,1] satisfying 6> > «;/100¢. Suppose that a set T C [n] with at least n'/1% elements
satisfies Py e ,i. Moreover, suppose that A C [n] and B C [2n] are such that the graph H = Hy(A, B)
satisfies

(I) every vertex of A has degree at least 6 |T)|;

(IT) the average degree of the vertices in B is D.

Then

§2|A| D?|T|?
cer(t) = 2 St )

An‘(logn)3
The proof of Lemma [£.5] will be given in Section [6

5. PROOFS OF PROPOSITIONS [3.10] AND [B.11]

5.1. Sets containing a large bounded subset. Let us now prove Proposition [3.10} which deals
with the case in which the “seed” set contains a (), e)-bounded set of cardinality greater than n!=6¢.
Our main tools will be Lemma [3.3] and the following estimate on the number of edges induced by

small sets of vertices in the collision graph Cr when T is a bounded set.

Lemma 5.1. There exists an absolute constant C > 0 such that the following holds. If T satisfies
Piooreo and |T| > n'/10 then for any A C [n] with |A] > (C/|T*)n, we have

[APIT]*

A= ————= |- 37

cer () = (S (37)
We give the proof of Proposition before proving Lemma [5.1

Proof of Proposition[3.10. We wish to estimate the number of Bs-sets S of size s that contain a

(), €)-bounded subset with more than s'~5 elements. Suppose that T' C S is a (), &)-bounded

11
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292

293

294

298

299

300

301

302

set with |T'| > s!7%. By Definition T must satisfy Py.; for i = 0. By Lemma we may

assume without loss of generality that the cardinality of T is exactly s'—6¢

Lemma then implies that Cp satisfies with

and T satisfies P1gox,e,0-

Cn Cn
and | ‘4 ( 1 65)4
T (216) s 1
= s | =AU | = —— . 39
7= stogrr) ® O eogr) = () 5
Take
¢ = (logn)/B = O((logn)"s'~%) = o(s). (40)
Note that is satisfied. Hence, Proposition and Lemma yield that the number of Bs-sets
of cardinality s that contain a set T" satisfying Pioorc,0 With cardinality 5176 is at most

1—6¢

(Sln6€) <Z> <£nq/s—2;286€> =1 <8212€(8 c = slee)y_q_s
- ”S{ <82_126(1Ci 0(1))3>(S_q_8 )/S}S: {n((l - 0(?;53—1%) 1_0(1)}8 (41)

JE— n ’
T\ g3-12e—0(1) | °

By the discussion above, this completes the proof of Proposition [3.10 O

It now remains to prove Lemma

Proof of Lemma[5.1. Let C' = 10°. We shall show that this choice of C will do. Suppose that T
satisfies Pioox 0 and let A C [n] with |A| > Cn/|T|? be arbitrary. Recall that, by definition, there
exists a graph Gg C (g) satisfying and of Definition with ¢ = 0 and A replaced by 100\.

Our goal is to establish a lower bound on €ee (A) and then apply Proposition to obtain the
0

lemma. Let H = Hr(A,[2n]) (recall Definition [4.3)). Let ¢ = 10~* and let
W = {w € [2n] : degy(w) > c|T|*|A|/n} (42)

(the vertices in W have very large degree). Notice that, since |H| < |A||T|, we have |[W| < n/(c|T|).
Also, set
A'={ae€ A : |Ny(a)nW|<0.1|T|}. (43)

Claim 5.2. If |A'| < |A|/2, then the conclusion of the lemma holds. More precisely,
52|A|2|T|4>

An(logn)3 (44)

cer(a\ ) =

Proof. We apply Lemma [4.5] to the graph H' = Hp(A\ A, W) C H with i = 0, B =W, 100\ in
place of A, and A\ A’ in place of A. We proceed in steps.

(i) Set § = 0.1 and notice that % = 0.01 = ap/100¢, and thus § satisfies the condition of the

lemma.

12
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(74) We assumed that T satisfies Pigore0 and that |T'| > n1/100 and therefore T satisfies the
conditions of the lemma, with 100\ in place of A.

(iti) From the definition of A’ in (43), it follows that degpy(a) = |Ng(a) N W| > 6|T| for all
ac A\ A.

(iv) Finally, the average degree of the vertices in W is

) JA] 04[] _ el A|T]

D= 45
Wi — 2 (W[ =  20n (45)
As C =10 ¢=10"% and |A| > Cn/|T|?, we have D > cC/20 = 5000.
From Lemma with D = Q(|A||T|?/n) as in and |A| > Cn/|T|?, we conclude that
APIT| 2| AP T

A\ A =Q 62|7 =0 ————= 46
eer(A\A) ( An2(logn)3 An(logn)? )’ (46)
as required. ]

In view of Claim let us assume that |A’| > |A]/2.

Definition 5.3 (Auxiliary graph AuX). Let AUX be a bipartite graph with classes consisting of A’
and a disjoint copy of [3n] as follows. For x € A’, the neighbors of x in AUX are all elements
of the form y = x + z1 + 22 for some z120 € Gg such that x + z1, x + zo0 ¢ W. In other words,
2129 € Go[T\ (W — l’)]

Suppose that a pair of distinct z, 2’ € A’ is connected by a path of length two in Aux. We
classify this path as follows:

non-degenerate path: if the path is of the form
T, T+ 21+ 20 =2 + 23+ 24, ¥’ with (2129, 2324) € G(Z) and z;s distinct;
degenerate path: if the path is of the form
T, x4+2+z2=a +2+2 7 with (212, 202) € G2. (47)

Note that the two cases above are exhaustive since elements in an edge of Gy are necessarily distinct
(i.e., Go has no loops). Denote by d(z,z’) the number of degenerate paths between x and 2’ and
by p(x,z’) the total number of 2-paths connecting them.

Note that a non-degenerate path between x,z’ corresponds to an ordered pair of edges of Gy
counted by R, (2’ — ) = Re,(z — 2') (see (20]). Therefore,

Rg,(z — ') > p(z,2") — d(z, 2). (48)

(We have an inequality instead of equality in above because, owing to the definition of AUX,
the first edge of the pair must come from Gy[T \ (W — z)] and the second edge of the pair from
Go|[T\ (W —2')], and hence not all pairs counted by R, (z—2') yields appropriate 2-paths in AUX.)
In order to estimate Ces, (A') = >, wea Ray(x — 2') we bound the number of degenerate paths
and estimate the total number of 2-paths. Here and in what follows, we write ), 4 for the sum

over all unordered pairs {x,2'} C A (x # /).
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T 1;/ X $l

A/ . .
o
Aux —_— Hr(A,[2n] \ W)
[3n]
r+zn+z=a0+2+z T+ =2+ 2

FIGURE 3. Owing to the definition of AUX, we know that x + 21 = z’ + 29 does not
belong to W. Consequently, (z,z + z1,2’) is a two-path in Hp(A,[2n] \ W), and
hence a member of P.

Let D denote the set of all degenerate paths in AUX, so that [D| =3, 4 d(z,2'). Also, let P
be the set of all paths of length two in Hp(A’, [2n]\ W) with both endpoints in A’. We will provide
an upper bound for |D| by defining a map ¢: D — P, estimating |P| and bounding |¢~*(P)]| for
all P e P.

Claim 5.4. We have
c|AP[T|*

D] <
n

Proof. First we define a map ¢: D — P as follows. For a degenerate path in AUX between z, 2’ € A’
as in , we infer that x, 2’ are connected by a path of length two in H (i.e., z, z 4+ 21 = 2’/ + 29,
2'). Given the definition of AUX, we also know that x+21 = 2'+ 22 ¢ W. Let ¢ map the degenerate
path o,z + 21 +2 = 2’ + 29+ 2,2’ to the path x,z + 21 = 2’ + 29, 2/, which indeed belongs to P—see
Figure 3| Since there are at most |T'| choices for z € T such that both {z1, z} and {z2, 2z} are edges
in Go, we conclude that |¢~1(P)| < |T| for any P € P. Hence |D| < |T||P].

The cardinality of P can be bounded from above by |A’||T| - c¢|T|?|A|/n. Indeed, there are at
most |A'||T| choices for the first edge of the path and since the path’s middle vertex, which is
determined by the first edge, is not in W, it follows from that the number of choices for the
second edge is at most ¢ |T|?|A|/n. Consequently,

0

c|TPIA] _ c|AP|T|*

DI < |T|[P| < |T]- A |T] - < -
n n

Claim 5.5. The number of 2-paths between vertices of A’ in AUX, namely the sum Y-, .c 4 p(,2'),

is at least ARITIA
T
7 %X 64n
Proof. The total number of 2-paths between pairs of vertices of A’ in AUX can be bounded below

by using Jensen’s inequality:
Z (degAUX(y>> > 3n<|AUX|/3n> > ‘AUXP (50)
2 - 2 - n
y€[3n]

The claim will follow after we obtain a lower bound for |Aux].
Note that by construction (see Definition and the fact that T is a Bgs-set, the degree of
any z € A’ in AuX is precisely eg, (T \ (W — z)). Since |[Ngy(x) N W| < 0.1|T| and Ng(z) =
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T + x C [2n], we have
T\ (W —2)| =|T| = TN (W —2)| = |T| = (T +z) N W| .
=|T| — |[Nu(z) "N W| > 0.9]T.

Since G satisfies @ with ¢ = 0, we must have

degpoxte) = ey (0 =) 2 (V=) —ieayvaop = (1) —ao (1) > BE

2 2
(52)
Since # € A’ was arbitrary, we have |Aux| > |A/||T|?/4.
Therefore Aux? (4] [T/
, UX T|/4
> > .
zx' €A
Since |A’| > |A]/2, the claim follows. O
It follows from Claims and together with and ¢ = 1/10000, that
@ o1 BA&ES | A2 | T4
! / /
eC~GO(A) > eévGO(A) > ,ZEA, (p(z,2") — d(z,2")) > ~500m (54)
Since Qq, satisfies @ with 4 = 0, and 100\ > 1, we have
Qo < enexp(100A(1 + log |T'])) < exp(200Alogn). (55)
It follows by and Proposition that
es (A) es (A) A2 |IT1A
cc(d)> Lo 5 Lot AP (56)
log Qc, — 200X\ logn — 105Anlogn
Hence Lemma |5.1] is proved. t

5.2. Sets not containing a large bounded subset. We now turn to the proof of Proposi-
tion that is, we enumerate Bs-sets such that all of its (A, e)-bounded subsets have fewer

1—6¢

than s elements. We shall do this by bounding, for any given (), £)-bounded set T, the number

of ways one can extend 7' to a Bsz-set S in such a way that 7" remains a maximal (), €)-bounded
subset of S.
In what follows, we show that extensions preserving a (\,e)-bounded set 7' as maximal must

admit certain structural properties that severely restrict the number of possible extensions.

Definition 5.6. Given a (A, e)-bounded set T, let
T = {z €[n] : TU{a} is a Bs-set but not a (\,e)-bounded set}. (57)
Also, forie{0,1,...,[1/e]|}, let

T, = {z e T : i is the smallest index such that T U {z} does not satisfy Prei} (58)

15



371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

Note that, by definition, if a Bs-set S contains 7" and T is a maximal (A, €)-bounded subset of S,
then S\ T C T. Note that, clearly, the sets T; partition T’ and

- 7T (59)

The next lemma gives us important information on the sets T;. The sets B;, whose existence is
asserted in this lemma, will be crucial for us to prove that CT[ ;] satisfies a local den51ty condition,
as specified in Corollary [5.11] The B; will be used in an application of Lemma [£.5]in the proof of

Corollary

Lemma 5.7. Let i € {0,1,...,[1/e]} and suppose that a set T satisfies Px.;. There ezists a
set B; = B;(T) C [2n] with
e2(e+1)|T|*

‘B” < A\nte

(60)

such that, for every x € ﬁ,
(T +x)N B;| > oy |T). (61)

Proof. Since T satisfies Py . ;, there exists a graph G; on the vertex set T' that satisfies @ and @
of Definition [3.9] Let us fix such a graph G; for the remainder of the proof of Lemma For
technical reasons, it will be convenient to introduce the following definition: for each w € [2n] and
z € [n], set
1 if z = +(w —a —b) for some {a,b} € G;,
filw, z) = ' (62)

0 otherwise.

Also, for each w € [2n], let
Uiw = 3 (exp Rt (2)) i (w, 7). (63)
z€[n]
In what follows, we will show that the set B; defined by

A Qg
B; = {w € 2] Uiw > 7o 1)’T|?‘%| - 1)} (64)
satisfies the conclusions of the lemma.
Claim 5.8. We have |B;| < €?(e + 1)|T|*/(An?).
Proof. We start by proving the following inequality, which will be used shortly:
for any z € [n], we have Z fi(w,z) < 2e(Gy). (65)

we[2n]

This inequality holds since each edge {a, b} of G; may only contribute to the sum on the left hand
side with the two entries f;(a + b+ z,2) and f;(a + b — z,z). Now observe that

Z Uiw = Z Z (exp Rg, (2 efi(w,z)

we[2n] we[2n] z€[n]

= ¢? Z exp Rg, (z Z fi(w,2) < e*Qq,2e(Gy) < 2 |T|(IT] — 1)Qg,. (66)

z€[n] wE[2n]
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On the other hand,

)\ni'an.
Z Uiw > Z Uiw > |Bil - ; (67)
o e e+ DITI(T]+ 1)
which implies , concluding the proof of the claim. ]

It remains to prove that for every z € T;, we have |(T+z)NB;| > o; |T|. Fix an arbitrary = € T;.
For y € T, denote by G; U {zy} the graph with vertex set V(G;) U {z} and edge set E(G;) U {zy}.
Let

Di,xy = QGiu{my} - QGi- (68)
Expanding, we obtain
D; 2y = Z exp(RGi(z)) {exp (RGiU{zy}(Z) — Rg, (z)) — 1} . (69)

z€[n] ~~

®

The following claim relates D; ;. and U; 4y .

Claim 5.9. We have
Dz‘,xy < Ui,a:er- (70)

Proof. Let w = x +y. We shall prove the claim by showing that every term in the sum (69) is
bounded above by its corresponding term in the sum defining U; . Let z € [n] be arbitrary.

Note that any difference between Rg, .y} (2) and R, (2) must be either due to a pair (zy, z122),
2129 € G, satisfying

z=(x+y)— (21 +22) =w— (21 + 22), (71)

or due to a pair (z122,zy) such that z = (21 + 22) — w, where, in both cases, we require {z,y} N
{21, 22} = 0. If fi(w,z) = 0 then there are no such pairs and we must have R, 2,1 (2) = R, (2).
In this case, the term (i) in is 0.

Since T is a Bs-set, there can be at most one edge {a,b} € G; such that z = w —a — b and
at most one edge {da’,V'} € G; for which —z = (¢ + y) — @’ — V'. Therefore, we always have

Ra,u{ayy(2) < Rg,(2) + 2. Consequently, in this case
Rg,(2) < Rg,ufay} (2) < Rg,(2) + 2. (72)
In particular, the term (I) in is0,e—1ore>—1.
To summarize, regardless of whether f;(w,z) is 0 or 1, we have
() < e fi(w, 2). (73)

Therefore,
Diay <Y (exp Ra,(2)) € fi(w, 2) = Uiy = Ui.apy- O

z€[n]

Next we show that the effect in the moment function caused by adding multiple edges incident

to x to the graph G; is essentially the sum of the effects of each edge xy being added.
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Claim 5.10. For any Y C T, letting G}, = G;U{xy : y € Y}, we have

QG; - QGZ' < (6 + 1) Z Di,xy- (74)

yey

Proof. Since G;\G; = {zy: y € Y'} contains only edges incident to z, the difference Rg: (2) — R, (2)
equals the number of solutions to z = £(x +y — a — b) for some y € Y and {a,b} € G; with
{z,y} N{a,b} = 0. Let us bound the number of such solutions. To this end, suppose that

z=z+y—a—-b=x+y —d -V (75)

for y, v € Y and {a,b}, {d/,b'} € G; with {z,y} N {a,b} = 0 and {z,y'} N {d’,b'} = 0. Then
y+a +b =y +a+b and, since these elements come from the Bs-set T', we conclude that {y, a’,b'} =
{y/,a,b}. Tt follows that y = ¢’ and {a,b} = {a/,b'}. Hence, there is at most one solution
to z = x+y—a—>b and at most one solution to —z = x+y—a—>b. Consequently, Rgg(z)—RGi(Z) <2
and

A. = exp R (2) — exp R, (2) < (exp Rai () (¢ — 1). (76)
Moreover, Rg:(2) > Rg,(2) only if Rg,u(zy<}(2) > Re,(2) for some y* € Y, and, therefore, in that

case, we have

A, < (e+1) exp(Rg,(2)) - (e —1)
=(e+ 1){exp(RGi(z) + 1) — exp RGZ.(Z)}
< (e +1){exp Rg,ufay+1 (2) — exp Rg,(2) } (77)
<(e+1)- Z{exp Re,utayy(2) — exp Ra, (2) }.

yey
Note that if R¢:(2) = Rg,(2), then both the left-hand and the right-hand side of are zero. In

other words,

A, <(e+1) Z (exp(RGiU{zy}(z)) — exp(RGi(z))) (78)
yey

holds for all z € [n]. Consequently,
QG; - QGi = Z Az
]

z€[n

< Z (6 + 1) Z (exp(RGiU{my}(z)) - exp(RGi(z)))

z€[n] yey
=(e+1)>_ Djay. O
yey

Setting
Y={yeT :z+yec2n]\B;} (79)
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429 in Claim yields that G, = G; U {zy : y € Y} satisfies
Qay < Qai+(e+1)) Digy

yey
S QGi + (6 + 1) Z Ui,x—l—y
yey
9+ A Q.
< Qg +(e+1) :
2 eF I D
)\nis (80)
< 14+
: QGZ( 7]+ 1)
' |T| ;
Def. B40)] - 1 An'e
< A € - o
< enexp( n ;j)eXp<|T\+l)
|T|+1 1
< enexp </\ni6 > ,

430 which means that G/ satisfies [(b)] gf Definition [3.9| with 7'U {z} in place of T'.
431 Since our assumption that z € T; implies that T'U {z} does not satisfy P . ;, the graph G must
432 fail @ of Definition |3.9, Thus

(6 = e(G) + 17| < (1= (11)7) (51)

433 and, as (G; satisfies @, we conclude that

vl<(1- ai){ <‘T’2+ 1) _ <‘§’>} = (1-a)[T). (82)

434 From the definition of Y in and the fact that T C [n], x € [n], it follows that

Y =T\ (B; — ). (83)

435 Hence
(T +a)NBi| =[TN(Bi —a)| = |T| = Y] = o |T]. (84)
436 Since x € ’1~} was arbitrary, the proof of Lemma is complete. O

437 Recall Definition from Section Lemma implies that for every ¢ € {0,1,...,[1/e]},
438 there exists a B = B; with |B| = O(|T|*/(An’)) such that for every A C T},

|Hr(A, B)| > ai |T| Al (85)

439 Together with Lemma this yields the following corollary.

a0 Corollary 5.11. Suppose that T is a (A, &)-bounded set with cardinality at least n/190 and less
a1 than s'75. For every i € {0,...,[1/e] — 1} and any set A C T; with
Al > 572, (86)
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we have

[ adlap
er(4) = Q(mww)' (87)

Proof. Fix i € {0,...,[1/e] — 1} and let B = B;(T') be the set from Lemma In particular,
|B] = O(|T|*/(An'€)). Also let

J = . (88)
We now show that the the graph H = Hp (A, B) satisfies all the conditions of Lemmawith 1+1
in place of .. We proceed in steps. From , we have

i+ i+2_ Qitl Qi
§2 = o = 2@ _ 22 g 1055 (89)
Our assumptions that i < [1/¢] and that T is (), e)-bounded imply that T" satisfies Py .41 (see
Definition . Moreover, we also assume that |T'| > n'/190 " Lemma implies that every a €
A C T; satisfies
degy(a) = [(T'+a) N B| > 6|T. (90)
Finally, recalling that A = s°725¢/n > 1 (see ) and that s > n!/=2%) e have that the average
degree D of the vertices in B satisfies
—2+8¢ —248¢, \ i€ 3—17¢,,ic
where we used that |T| < s~ and that n is large. By Lemma (with 7 4+ 1 in place of i), we

have
Al|T|? |H|\?
A) = ofs | Ll
er(4) ( An(+D:(log n)? \ | B]

) (52 AT 6|7 !A!>
Qo . -D
( An(1z (log ) | Bl

_ of s DIARITP
| B|An(it1e(logn)3

&

D il
= Qf o —|A?).
(e g B ")
Since |B| = O(|T|*/(An’®)), the term |T'|*/|B|An‘® on the right hand side of can be replaced
by 1. Hence, from and it follows that holds and the corollary is proved. O

E

Let s € [nl/(5*25€), 3n1/3] be fixed and ¢ < s' 7% be an integer. In order to prove Proposition
we will estimate how many Bs-sets have a maximal (A, £)-bounded set 7" with cardinality ¢. As we
observed above, if T'is a maximal (), e)-bounded subset of S, then S\ 7T C T (recall Deﬁnition.
Therefore, it suffices to prove an upper bound for the number of Bs-sets S satisfying S\ 7T C T. For
that we shall apply Lemma [3.3/to the graph Cp[T]. Therefore we have to show that Cp[T] satisfies

the conditions of the lemma. We need the following claim.

Claim 5.12. The set Tﬂ/s} s empty.
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Proof. Recall that f[l/ﬂ is the set of all x such that TU{z} is a Bs-set and there is no graph Gy /. C
(Tu2{a:}) satisfying both conditions and |(b)|of Definition 3.9\ with i = [1/e| and T'U{x} in place

of T'. The claim will follow after we show that for any x such that TU{x} is a Bs-set, if we let Gy ¢
be the complete graph K (T'U {z}) on T U {z}, then conditions [(a)| and [(5)] hold. Condition [(a)|
follows immediately for Gy = K(T' U {z}). As for @ observe first that, as a little thought
shows, we have Rg, ., (2) < |T| +1 for all z since T'U {z} is a Bz-set. Hence

IT]+1
1
Qe < el < enexp (Y D), (93)

j=1
which establishes @ and proves the claim. ]

The following claim is a simple consequence of Corollary and Claim [5.12]

Claim 5.13. Suppose that T is a (A €)-bounded set with cardinality at least nt/100 gnd less
than s'=%. For any set A C T with
|A| > [1/&13_%8%, (94)
we have 5 AP
Q@
M/e]-1
A =Q —————|. 95
ot =0 ) %)

Proof. Let A C T be as in the statement of the claim. By Claim and the pigeonhole principle,
there must be some i € {0,1,...,[1/e] — 1} such that |[ANT;| > |A|/[1/e] > s~2"8n. Applying
Corollary to ANT; in place of A yields that

Since a; > afy /-1 and [AN T;| = ©(|Al), the claim follows. O
We are finally ready to prove Proposition
Proof of Proposition[3.11. In view of Claim the graph Cr [f] satisfies for
B = Q(M) and R =n=[1/e]s 2 %n > 1. (97)

Set ¢ = (logn)/f and note that is satisfied as well. Moreover, since the assumptions of
Proposition require that s > n'/® and |T| < s'7%, we have

4
q= 0<m n“”)) 2 051557 (log )™+ = (). (98)
ATy /e1-1
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From Lemma[3.3] we conclude that the number of extensions of T" into a Bg-set of size s such that T'

is a maximal (A, e)-bounded subset is at most

(Z) (qu_TT\n) <nl7! (ﬁ—sagf]f— |Tr>)s_q_|T| (99)

e 1Y
- g3—8e—o(1) | °

In view of Lemma a maximum (A, €)-bounded subset of a Bs-set of cardinality s always contains
1/7

at least s'/ elements, hence we can assume, without loss of generality, that
/100« T < ¢ = IT| < 5170,

In particular, considering all possible choices of seed set T', the number of Bs-sets that do not
1-6¢

contain any (A, e)-bounded subset of size larger than s is at most
1—6¢
¥ N\ ot 1 3 < n 3
Z t n g3—8e—o(1) — \ g3-8—0(1) | °
t=s1/7
This completes the proof of Proposition [3.11 U

6. PROOF OF LEMMA

Fix an integer ¢ > 0 and real numbers ¢ > 0, A > 1, D > 5000 and ¢ € (0, 1] satisfying 5% >
a;/100€. Suppose that a set T' C [n] with at least n1/100 glements satisfies Pic,i- Moreover, suppose
that A C [n] and B C [2n] are such that the graph H = Hp(A, B) satisfies the two conditions
from the statement of the lemma. The fact that 1" satisfies Py . ; means that, in particular, we may

choose a graph G; on the vertex set 1" that satisfies @ and @ of Definition
Definition 6.1 (Special paths). A 4-path (a,b,a’,b’,a") in H is said to be a G;-special path, or
simply a special path, if

(a) a, d', a" € A andd, V € B,

(b) {b—a,t/ —d'} and {b—d',V/ —a"} are edges of G;, and

(¢) the differences b —a, b —a', b—ad’, and b’ — o’ are all distinct.

Note that a 4-path (a,b,d’,b’,a”) between a and a” € A is special if, letting 2y = b—a, 20 = V' —d/,

z3=b—d,and z4 = b — d”, we have
(2122, 2324) € G2, a" —a = (21 + 22) — (23 + z4) and the zs are all distinct. (100)

We claim that for any a, a” € A, the number of special paths from a to a” is at most 4R¢, (a” — a).
Indeed, if an ordered 4-tuple (z1, 22, 23, 24) is a solution to (100)), then the sequence of elements

a,b:=a+z,d =a+z—23, b :=a+2—2m3+2,d =a+z—23+2— 2 (101)

forms a special path in H provided that a’ € A and b, ¥ € B. Any solution to (100)) remains
a solution after swapping z; with 29 or z3 with z4. Therefore, it follows from the definition of
Rg, (see (20)) that the number of solutions to (100) is exactly 4R¢,(a” — a). (For completeness,
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F1GURE 4. Counting semi-special paths extending P = (a,b,a’) in the graph H’
from Claim The first two edges are determined by P and the third edge {a’, b’}
must be such that {b — a,b’ — d'} € G;. In view of the properties of H', most
of the H’-neighbors of a’ produce extensions of P to a semi-special path. Note
that the fourth edge may be any edge incident to b’ except for {a’, b’} and possibly
{V/;a+b =0}, {V/,d +V —b} and {V/,a}. For instance, if a + b — b is a neighbor
of o/, then it cannot be used to produce a semi-special path since the difference
b — (a+ b —b) = b— a would repeat the difference of the first edge {a, b}.

we remark that not all solutions need to define paths in H since A and B are just subsets of [n]
and [2n].) We conclude that the total number N of special paths in H satisfies

N = 0(ICe) (102)
(see Definition . Recalling , given that G; satisfies @ of Definition we have
||
. 1 .
4Rg,(a" — a) < 4log Qg, < 4An™ Y " = < 4An“logn. (103)
— J
7j=1

In view of Proposition inequalities (102)) and (103) tell us that Lemma will be proved if we
establish the following claim.

Claim 6.2. The total number N of special paths satisfies

52| A| D?|T|?
N:Q('(llg)") (104)

In order to prove Claim [6.2] we will first construct a subgraph H' C H satisfying certain prop-
erties that will enable us to estimate the number of special paths N in H.

Claim 6.3. There exists d > D/16 and H' C H with vertex classes A" C A and B’ C B such that

(i) degg,(b—a) > (1 —4a;/8)|T| for every (a,b) € H';
(id) |H'| > |H]/Slogn;
(#1) degyy(a) > 8|T|/161ogn for every a € A';
(i) d < degg (b) < 12d for every b € B’.

We postpone the proof of Claim and now establish Claim

Proof of Claim[6.2. Let P = (a,b,a’) be an arbitrary path of length two in the graph H’ obtained
from Claim [6.3| with a,a’ € A’ and b € B’. Consider all possible extensions of this path to a path
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of length four, say (a,b,a’,V/,a”) with the condition that the differences
b—a,b—d, b —d, vV —d (105)

are all distinct and, moreover {b — a,b’ — a’} € G;. Call such (oriented) paths semi-special. Note
that if both P~ = (a,b,d,b/,a") and P = (a”,V',d,b,a) are semi-special, then we must have
both
{b—ab —d}, {V —d",b-d} eq, (106)

and the differences b —a, b — a’, b/ — d’, ¥’ — a” are all distinct. This means that the paths P~
and P* are in fact special (recall Definition [6.1)). We shall later use this simple fact.

Since H' satisfies we have degy/(a’) > |T|/161ogn. Moreover, by condition we have
degg, (b —a) > (1 —40;/0)|T|. As we require that 6% > «;/100¢, it follows that the number of
non-neighbors of b — a in G; is at most

4oy @D degyy (o))
150

Consequently, at least 99.3% of the neighbors b’ of @’ in H' are such that {b —a,b —d'} € G;. Let

57| < 400¢5 |T| (107)

X ={VeNg(d)\{b} : {b—a, b —d}€G} (108)

and X¢ = Ny (a’) \ X. Note that |X| > 0.993 [Ny (a’)| =1 > 0.99|Ng(a’)|. For each b’ € X, we
have at least degy (b') —4 > d — 4 possible choices for a” € Ny (b') that produce a semi-special
path, namely, the only requirement is that b — a” must be different from the other three differences
and a” cannot coincide with a (in fact, one sees that this last condition is automatically satisfied,
if one recalls that T is a Bs-set). See Figure {4| for an illustration.

From the discussion above, the number Np of semi-special paths that start with P satisfies
Np > Y (degy: (V) — (1 — ) > deg (V) > 0.98 ) degp (), (109)
bex vex vex
where in the last inequality we used the fact that d > D/16 > 200.
On the other hand, the total number of 4-paths starting with P is at most

> degy (V) =) degyi (V) + > degp (V). (110)
YENy (a’) vex pexe
Since the degrees in B’ are all in [d, 12d], we get
D degy (V) < 12d | X7 <1 d|X| <12 Z deg (V). (111)

- 99
beXe beX

Hence, the total number of 4-paths starting with P = (a,b,a’) is bounded from above by

12 (109) 100
1+ — (V) < 1+ — | —N N 112
<+99>b;degH<b> < (+99) O Np < 2Np. (112)

Let Ny be the total number of paths in H’ of length 4 starting and ending in A’. We proved
above that the number Np of semi-special paths that start with P corresponds to more than 3/4

of the total number of 4-paths that starting with P. Since our argument holds for every P, we
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conclude that there are more than 3N4/4 semi-special paths in H'. Considering the involution that
takes 4-paths P = (a,b,d’,b';a”) to their reverse P = (a”,',d’,b,a), we see that more than 1/2
of the 4-paths in H’ starting and ending in A’ are semi-special in both directions, and thus are
special. That is, there are more than N,/2 special paths in H’'. Finally, we estimate Ny by first
picking an edge ab € H', then picking a neighbor a’ # a of b, and so on. This yields

Ny > ﬂ(d—l) (W—1> (d—2), (113)

~ 8logn 16logn
whence the claim follows. g
It only remains to prove Claim

Proof of Claim[6.5 This proof will be divided into three simple steps. First we define a set L of
low degree vertices in GG; and show that this set is quite small. In the second step, we partition
the class B according to the degrees of the vertices in Hp\ (A, B) and select one part B; that is
incident to a good fraction of the edges while at the same time B; has vertices with roughly the
same degree. Finally, we delete the vertices of low degree in Hrp\ (A, B;) to obtain the desired
graph.

We assume that n, and therefore |T'|, are sufficiently large for the calculations that follow to
hold. Let

L={zeT : degg,(z) < (1—40;/0))|T|}. (114)

Note that
4041‘

0

2¢(G;) = ) degg,(w) < |L|(1—4a;/6)|T| + (IT| — |L|)|T| = |T|* —
zeT

On the other hand, it follows from the assumption on G; (see Definition |3.9(a)|) that

T 1L (115)

2e(Gy) > (1 — ) |T|(|T| - 1) > |T|* — 204 | T (116)

A straightforward comparison of the two inequalities above yields the following (non-tight) bound
0 | H|

L < T < — 117

21 < 51T < 5 (17)

and hence |L||A] < [H|/2. Let H* = Hp\1(A, B) C H be the subgraph of H consisting of all the
edges ab€ H (a € A, b€ B) such that b—a € T\ L. It follows from (117)) and the assumption of
the lemma that
e(H") = e(H) — |L[|A] = e(H)/2. (118)
Since the graph H' that we construct in what follows is a subgraph of H*, it will satisfy
Let In = [0, D/4), and I; = [(D/4)e’~1,(D/4)e?) for j > 1. For j > 0, let
Bj={be B : degy-(b) € I;}. (119)

Note that B; = ) for j > log|T| since the maximum degree is at most |T'|. Moreover, the number

of edges incident to By is at most |B|D/4 = e(H)/4. In particular, by the pigeonhole principle,
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there exists 1 < j <log|T| such that there are at least
e(H") —e(H)/4 _ e(H)
log |T| ~ 4logn

(120)

edges of H* incident to B;.
Set d = (D/16)e~!, and H = H*[A U Bj]. Since we assume that H satisfies |(I)} it follows

from (120 that
oL SITIIA

e(H) (121)

~ 4logn
In particular, the average degree of vertices of A in H is at least 0|T|/4logn and the degrees
of vertices in Bj are all in [4d,12d]. While there exists a vertex from A with degree smaller
than %|T|, or a vertex from B with degree less than d, remove the vertex from the graph H ,
together with all the incident edges. The number of edges deleted by this procedure is at most

A

~

1
7| +|Bld < e(H). (122)

16logn

~

Hence, at least e(H)/2 > e(H)/8logn edges remain after the deletion procedure above. Let H' be
the graph obtained after the procedure and observe that it satisfies |(¢2)}, |(222), and |(2v)} O

7. CONCLUDING REMARKS

In this whole paper, we considered § to be an arbitrary, but fixed positive real number. Our
argument allows one to take some function 6 = §(n) with § — 0 as n — oo. Here, we opted for
simplicity and did not attempt to optimize the argument to obtain the smallest possible 6 = §(n).

We close by restating our conjectured answer (see [4]) to the problem addressed in Section
We believe that Theorem [2.1] concerning the cardinality of the largest Bs-sets contained in the
random sets [n],, is a particular case of a more general result.

Conjecture 7.1. Let h > 2 be an integer. Suppose 0 < a <1 is a fized constant and m = m(n) =
(14 o(1))n®. Then, asymptotically almost surely, we have F,([n]m) = n®T°W) where b = b(a) is

given by
a for0<a<1/(2h—1),
bla) =4 1/(2h —1) for1/(2h—1) < a < h/(2h — 1), (123)
a/h for h/(2h —1) < a < 1.

The fact that b(a) is at least as large as stated in is proved in [4]. On the other hand, a
routine argument shows that, if true, Conjecture implies the upper bound for b(a) conjectured
in . The case h = 2 of Conjecture is proved in [10, [I1] and we established the case h = 3
in this paper.
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